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Preface

The condensed matter consists of enormous number of interacting electrons together
with neutralizing positive ions. As a consequence, there emerges an abundant variety
of phenomena in condensed matter. Some of these can be understood in terms
of single-electron picture that replaces the inter-electron Coulomb interaction by
its average, or by a classical mean field. Realistic description of energy bands in
simple metals and semiconductors is one of the most successful examples of the
mean field theory. Other phenomena, however, require treatment that goes beyond
the classical mean field scheme. Examples of the latter include high-temperature
superconductivity, heavy electrons, and fractional quantum Hall effect.

The main purpose of this book is to provide a compact tutorial for basic concepts
and tools of quantum many-particle physics, which focuses on correlation effects
caused by mutual interactions. The book tries to explain important concepts in depth
for serious reading. Since the quantum many-particle physics has expanded to a
large complex, it may be most important for a textbook to select the material for
learning in a reasonable span of time, a year or so.

The book has grown out of my lectures on condensed matter theory mainly
delivered in the graduate school of Tohoku University, Sendai, Japan. The original
version of the book was published in Japanese. In writing this English version,
I have made substantial revision, adding new topics and improving descriptions.
The readership is assumed to be of late undergraduate level and graduate level.
The book intends to be useful also for those who have already learned condensed
matter physics, but try to acquire coherent image of the quantum many-particle
systems. Within a compact size, the book intends to let the reader acquire not
only the fundamental concepts but also useful theoretical tools of many-particle
physics. The description makes minimum use of technically sophisticated setup.
Although the concept of Green functions appear in the early stage (Chap. 3), it is not
linked with perturbation expansion with the use of Feynman diagrams. The reader
can proceed until the second last chapter without encountering the full-fledged
field-theoretical formalism combined with Feynman diagrams. Instead the book
uses mostly a more intuitive (younger) cousin, called Goldstone diagram, which
is faithful to each perturbation process. I thus hope that the book is more accessible
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to the readership with the background of experimental physics. The book touches
on some recent topics such as room-temperature superconductivity at high pressure
so that the reader can feel the atmosphere of the research frontier. Most materials,
however, are selected for their importance in longer time span.

In each topic, concise but self-contained account is provided so that the reader
need not refer to other textbooks and original papers. In particular, I explain in
detail those items which may well arouse confusion during learning. Such items
are selected according to the experience of my own confusion, and secondly of
the graduate students around me. The following two concepts thread through most
topics discussed in the book. The first is the renormalization which guides our
attention to relevant energy range by successive elimination of high-energy states.
The second is the quasi-particle, by which one concentrates on excitations from the
ground state as a collection of smaller number of virtual particles. Both concepts
are essential for extracting manageable degrees of freedom out of a huge number
inherent in many-particle systems.

The content of the book is roughly classified into three parts. The first part
provides a review of basic theoretical concepts and tools. In order to learn the
quantum many-particle physics, it is indispensable to have reasonable knowledge
of both quantum mechanics and statistical physics. The first part is designed to
review the basics of these subjects in the course of reading. As a start, the first
chapter deals with perturbation theory. The treatment also aims at concise review of
elementary quantum mechanics. We reformulate the perturbation theory in such a
manner that evolves into the renormalization theory. As specific examples, we take
hydrogen and oxygen molecules, and discuss their spin and orbital states. In Chap. 2,
we discuss basic properties of electrons in solids. Under the periodic potential, a
single electron itinerate on many atomic sites by forming the energy band. However,
with Coulomb interactions among electrons, each electron may localize spatially by
losing its itinerant character. In order to deal with many particles, we need statistical
physics as an indispensable tool. Among various subjects in statistical physics,
Chap. 3 discusses the linear response theory, which is heavily used in the rest of
the book.

In the second part, we deal basically with mean field treatment of itinerant
electrons. As the simplest framework that can deal with their interaction effects, the
Fermi liquid theory is outlined in Chap. 4. It is known that the Fermi liquid theory
becomes exact in the limit of low excitation energies, in spite of its approximate
nature as a mean field theory. We proceed in Chap. 5 to superconductivity. Since
a lot of textbooks and monographs are already available about superconductivity,
we try to make least duplication with these books. Hence, we focus on the effect
of Coulomb repulsion among electrons and ensuing structure of Cooper pairs. The
emphasis on this aspect reflects our hope to promote better understanding of high-
temperature superconductivity in cuprates and iron pnictides, both of which are
subject of recent active research. On the other hand, the hydride superconductors
with transition temperatures near 300 K are briefly mentioned in the context of the
isotope effect.
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In the third part, we discuss quantum fluctuation effects beyond the mean
field picture. The conflict between itinerant and localized characters of interacting
electrons leads to interesting physical phenomena. In most cases, these proper-
ties can be fully understood only by going beyond the mean field treatment.
Chapter 6 discusses Kondo effect due to magnetic impurities in a metal. The
renormalization effect appears most dramatically in this problem. We proceed
then to low-dimensional systems, where fluctuation effects are essential. Chapter 7
explains a powerful method called bosonization which provides exact solution for
certain models such as the Tomonaga—Luttinger model and the Kondo model with
special value of interaction parameters. In Chap. 8, we first explain one-particle
physics such as Aharonov—Bohm and Berry phases, and proceed to Laughlin states
in two dimensions. The interaction effects appear there as exotic statistics which
are neither Fermi nor Bose. We then discuss a one-dimensional model which we
can solve exactly and obtain free quasi-particles with exotic statistics. Chapter 9
deals concisely with many-body perturbation theory with the use of path integral
formalism. The diagram method invented by Feynman is the most convenient in
systematic perturbation analysis to infinite order. Then in the final part, Chap. 10
deals with the dynamical effective field theory which becomes exact in the limit of
large number of neighboring sites, as in large spatial dimensions. Interestingly, the
high-dimensional limit connects to the zero-dimensional one which is nothing but
an impurity system. Hence, Kondo effect emerges again as an essential ingredient
in systems in large dimensions.

To use the book as a lecture material, only the first and second parts may
be selected depending on the situation, since the content after Chap.6 is more
advanced. We assume the second-quantization method as known by the reader. We
use the natural units with i = ¢ = kg = 1 except for cases stated otherwise,
as in estimating numerical values in conventional unit systems. Each chapter has
problems and their solutions to help in the understanding of the reader. Some
problems with asterisk (*) are more advanced. It is advised that the reader tries
to solve the problem before reading the solution.

Since the description of the book is mostly self-contained, the number of
references is limited to a minimum. The list refers to original papers on the subject,
however old they may be, together with a few of comprehensive reviews and
monographs. I find it more useful for beginners to combine the original work and
good reviews in a concise manner, rather than to give the exhaustive list. In addition,
the book does not try to be encyclopedic. Let us make explicit some important
topics that we do not discuss. First to mention is the topological insulator and
related topics. Since topological aspect of the electronic structure is primarily of
single-electron property, we just refer to a good textbook for the topic.! We do
discuss, however, elementary topological concepts such as the winding number and
the Berry phase in the context of many-particle physics. Other omissions include

1A recent textbook on the subject: D. Vanderbilt, Berry Phases in Electronic Structure Theory,
(Cambridge University Press, 2018).
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quantum spin systems such as Kitaev spin liquid,”> quantum phase transitions,’
disordered systems,* and nonequilibrium systems such as optical lattices.” The
selection of advanced topics in the book obviously reflects my own taste and limited
competence.

Finally, I would thank many people in various generations who have kindly
helped me to acquire my viewpoint on physics. The first occasion for me to study
seriously the physics around Kondo effect was in Germany many years ago. I owe
very much to E. Miiller-Hartmann, J. Zittartz, D. Wohlleben (deceased), and F.
Steglich for introducing me to the field. My further education on the subject owes
mainly to working for original results with my colleagues and previous students,
including J. Akimitsu, M. Arikawa, N. Fukushima, H. Harima, C. Horie, S. Hoshino,
K.-I. Imura, T. Inoshita, K. Itakura, K. Iwasa, R. Kadono, T. Kasuya, Y. Kato,
N. Kawakami, C.-I. Kim. A. Kiss, H. Kojima, H. Kono, K. Kubo, T. Kuromaru,
H. Kusunose, S.W. Lovesey, S. Mao, K. Miyake, Y. Murakami, O. Narayan, K.
Nomura, J. Otsuki, S. Ozaki, R. Peters, Y. Saiga, O. Sakai, A. Sakuma, G. Sakurai,
H.J. Schmidt, T. Seki, N. Shibata, Y. Shimizu, S. Suzuki, G. Uimin, S. Watanabe,
T. Watanabe, A. Yamakage, T. Yamamoto, S. Yamazaki, H. Yokoyama, and many
others to whom I would express my sincere gratitude. Lastly, I thank the editors
of the book for their constructive criticism which has motivated me to upgrade the
content substantially from translation of the Japanese edition.

Yoshio Kuramoto

2 An example of a recent monograph on related subject: T.D. Stanescu, Introduction to Topological
Quantum Matter & Quantum Computation, (CRC Press, 2017).

3 A representative monograph on the subject: S. Sachdev, Quantum Phase Transitions, Second
Edition, (Cambridge University Press, 2011).

4 A collection of review papers: 50 Years of Anderson Localization, edited by E. Abrahams (World
Scientific, 2010).

5 An example of the monograph: M. Lewenstein, A. Sanpera, and V. Ahufinger, Ultracold Atoms
in Optical Lattices: Simulating quantum many-body systems, (Oxford University Press, 2012).
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Chapter 1 ®
Perturbation Theory and Effective e
Hamiltonian

Abstract Perturbation theory is one of the standard subjects in elementary quantum
mechanics. The connection to renormalization emerges naturally if one adopts a
generalized view on perturbation theory. While the ordinary perturbation theory
derives approximate eigenenergy and the corresponding eigenfunction, the gener-
alized view derives an operator called the effective Hamiltonian. In this chapter we
reformulate the perturbation theory by introducing the concept of model space. As
a simple application of the effective Hamiltonian, we discuss the spin structure of
hydrogen and oxygen molecules.

1.1 Projection onto Model Space

When considering physical phenomena, it is seldom that all energy ranges are
relevant. In most cases, information on limited range of energy is sufficient. For
example, the specific heat at low temperature is determined only by excitation
spectra extending up to the energy range corresponding to the temperature. In such
cases, instead of dealing with all states in the Hamiltonian, we may focus only at
low-energy states. The effective Hamiltonian serves precisely for such purpose.

Let us start with the Schrodinger equation Hyr = E, with eigenfunction v for
the whole system. The model space is defined so that eigenfunctions in the model
space have the same eigenenergies as those of original states within a specified
energy range. The fundamental requirement for the effective Hamiltonian Heg in
the model space is that each eigenvalue E is reproduced within the restricted energy
range. Namely, introducing the projection operator P onto the model space, we
require

H Py = EPY, (1.1)

which defines He. It is possible to derive Hegr explicitly (at the formal level). For
this purpose we split the Hamiltonian as H = Hp + V where the unperturbed part
Hj can be diagonalized within the model space, which means [Hy, P] = 0. We
introduce another projection operator Q so that the relation P + Q = 1 holds.

© Springer Japan KK, part of Springer Nature 2020 1
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2 1 Perturbation Theory and Effective Hamiltonian

Fig. 1.1 Projection of the Q
eigenfunction v to the model A
space P and its P
complementary space Q. The QU f-rerrierie _
wave operator §2 restores ¥ :
from Py

P

Namely, the states projected by Q are orthogonal to those in the model space. We
may then rewrite the Schrodinger equation as

(E — Ho)Qy = QV, (1.2)

where we have used the relation [ Hy, Q] = 0.

Next we introduce an operator §£2 which is called the wave operator [1]. As
illustrated in Fig. 1.1, §2 recovers the original eigenstate ¥ by operating on a state
P in the model space. As is clear from Fig. 1.1, there are apparently infinite
number of different states that give the same P1i, provided Qv is arbitrary.
However, the condition that v is an eigenfunction of H makes the strong constraint
on Q, which leads to the recovery of ¥ by 2.

From the definition of the wave operator §2, we obtain the relation

QPYy =Py + 0Oy =Py +(E—Hy) 'QVy, (1.3)

where the last term in the rightmost side results from eliminating Qv with use of
Eq. (1.2). We substitute v = Py + Qv in the last term, and eliminate Qv using
Eq. (1.2) again. Repeating this process, we arrive at the closed form of §2 as

e¢]

QUE)=Y_[(E—-Hy) 'ov]". (1.4)

n=0
Thus the effective Hamiltonian is obtained in the power series as
Het(E) = PHS2(E) P, (1.5)

with use of P2 = P.
Note that Hegr(E) contains the exact energy E, which is to be obtained as the
eigenvalue. This characteristic becomes most obvious in the simplest case where
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the model space consists of a single state |0). Namely, we obtain the condition to
determine Heg(E) = E as

E = (0|Hy + V|0) + (O|V(E — Hy)"'QV|0) +..., (1.6)

which is different from the more familiar framework, called the Rayleigh—
Schrodinger perturbation theory, where the right-hand side (RHS) would have
the unperturbed energy Ej instead of E.

An advantage of the present framework, often called the Brillouin—Wigner
perturbation theory, is demonstrated by a simple example where the second-order
perturbation theory gives the exact result. Let us take a single-particle system with
energy levels €y and €1, which are connected by the matrix element V. Using the
creation (c;r ) and annihilation (c;) operators for each level i = 0, 1, the Hamiltonian
is written as

H = eocgco + E]C-ll-Cl + V(Cgcl + c_ll-co). (L.7)

The diagonalization of the Hamiltonian gives the energy levels as

1 1
Ei = 5(60+61):i:\/z(61 —€0)2 + V2. (1.8)

Amazingly, these eigenenergies are reproduced by the Brillouin—Wigner perturba-
tion theory in the lowest order. The confirmation is the subject of Problem 1.1.

1.2 Rearrangement of Perturbation Series

In many cases other than those demonstrated above, it is more convenient to deal
with the effective Hamiltonian which does not involve the unknown energy to be
derived. The goal is achieved by adopting the Rayleigh—Schrodinger perturbation
theory to the formalism of effective Hamiltonians [1]. We start from the Schrédinger
equation in the form

(E — Hy)y = Ey — HyQ Py = VR PV, (1.9)

where we have used the property 2 Py = i for an eigenstate i of the operator
Hp + V. We apply the operator product §2 P from the left of Eq. (1.9) to obtain

2(E — H)Py =Ey — QHyPYy = Q2PV2PY, (1.10)
using the relation P Hy = Hp P. Subtraction of Eq. (1.10) from Eq. (1.9) gives

[£2, H)]PYy = (1 - 2P)V2Py. (1.11)
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We now expand the wave operator as 2 = 20+ £21 + £22+. . . where £2,, is O (V")
and 20 = 1. By comparing the terms with the same order in V in both sides of
Eq. (1.11), we obtain

n—1
(24, Hyl = OV 2,1 —Zgjpv:zn,j,l. (1.12)
j=1

Using this result iteratively, the n-th order term £2,, can be derived successively from
lower order ones. Furthermore, using the relation H, = PV £2,,_1 P, we obtain the
expansion Herf = P(Ho+ V)P + Ha+ H3 +. . . explicitly. Examples of lower order
terms are given by

(a|Ha|b) = (alV (e, — Ho)~' QV|b), (1.13)

1 1
H3|b) = (a|V Vv Vib
(@l Hsb) = (alV e OV ——- OV Ib)

1 1
—Z(aIV QVic){c|V|b), (1.14)

€, — Hy e — Hy

where states such as |a), |b), |c) all belong to the model space. Equation (1.13)
is familiar in the elementary quantum mechanics as the perturbation theory for
degenerate levels. In H3, the first term in the RHS of Eq. (1.14) takes the same form
as in the Brillouin—Wigner framework except for the energy denominator, while the
second term is specific to the Rayleigh—Schrodinger framework.

1.3 Hydrogen Molecule

Before discussing complicated behavior of electrons in solids, it is useful to consider
the electronic state in a molecule. Let us first take the simplest model for the
hydrogen molecule H,. This example demonstrates the usefulness of the effective
Hamiltonian approach.

The energy levels of excited states such as 2s, 2p are lying much higher than the
low-lying states of our interest. Hence we focus only on wave functions of 1s sates.
When two hydrogen atoms come close, it becomes possible for 1s electrons to go
from one proton to the other. Taking account of this hopping effect by the parameter
t, we consider the following model:

H=—t Z (CTUCQO- + C;aclg> +U (annu —}—nngu) , (1.15)
I

where clT . 18 the creation operator of the 1s electron with spin o, which is bound to

a proton specified by i = 1, 2. Each proton is assumed to be fixed at its respective



1.3 Hydrogen Molecule 5

position, which is called the site. The configuration (1s)? around each proton has
the extra energy U associated with the Coulomb repulsion between the electrons.
We take ¢ > O for the transfer energy, and take the 1s level as the origin of energy.

This model of Hy corresponds to the two-site version of the Hubbard model
[2-4], which will be explained in Chap.?2 in more detail. The two-site model can
be solved exactly for arbitrary magnitude of U. However, in order to obtain clear
physical image, we consider two limits # 3> U and 0 < t < U separately. If we
have U = 0, the eigenstate consists of the antisymmetrized product of one-electron
states, each of which has the eigenenergy +¢. The wave function with energy —¢ is
called the bonding orbital since the charge density tends to accumulate in the center
of protons, while the other wave function with energy ¢ is called the anti-bonding
orbital since the charge density is zero in the center. Both are examples of molecular
orbitals, which have been used most popularly in chemistry [5]. If two electrons
have different spin states, the Pauli exclusion principle allows both electrons to enter
bonding orbitals. The resultant ground state has energy —2¢ and spin O (singlet). The
effect of Coulomb repulsion is negligible as long as U < t.

In the opposite limit of + = 0, the electronic state is reduced to that of two
hydrogen atoms. Then the ground state has the four-fold spin degeneracy, which is
broken by even tiny ¢ # 0. The resultant energy gain with the singlet state causes
bonding of the two atoms to hydrogen molecule. It is amazing that essentially
the same idea was already put forward by Heitler and London [6] in the primary
stage of quantum mechanics. We take the effective Hamiltonian approach which is
convenient for discussing the spin configuration. With ¢ regarded as the perturbation
parameter and the model space taken as (1s)! at each site, we construct the effective
Hamiltonian in the second order in . Among the four combinations up and down
spins, only the singlet pair of electrons has intermediate states where either of
hydrogen atoms has two electrons. Figure 1.2 represents pictorially the perturbation
process corresponding to Eq.(1.13). This is the simplest example of Goldstone
diagrams [1, 7].

1 7
—t —t —1 —t
> > J
j——>— —

(a) (b)

Fig. 1.2 Examples of second-order perturbation processes by 7. In (a), the 1s electron bound to
the proton site i hops virtually to the other site j and comes back to i, while (b) shows the exchange
of s electrons at i and j
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On the other hand, the triplet pair does not have a configuration with two
electrons per hydrogen atom, hence no shift in the second-order energy. Thus the
effective Hamiltonian is given by

1
Heff:J<Sl.Sz—Z), (1.16)

with J = 412/ U. Since we have J > 0, the ground state is the spin singlet with
energy —J. This is because only the singlet can take the intermediate state (1s5)>
without violating the Pauli principle. Hence it gains the second-order perturbation
energy. Problem 1.3 deals with a more complicated case of oxygen molecule, which
may also help to derive Eq. (1.16).

As we have seen, the contrasting limiting pictures called molecular orbital and
Heitler—London both give the spin-singlet ground state. Since it is possible to solve
this simple model for arbitrary value of U/¢, we can see how these limiting states
are connected to each other. The ground state energy Ej is exactly derived as

E —IU ,/1U2~|—4t2 1.17)
0—2 4 . .

The derivation is the subject of Problem 1.2. The limiting values at U/t — 0, oo
are given, respectively, by —2¢, —4¢2/ U. Namely, the molecular orbital and Heitler—
London pictures are connected continuously. In the case of a crystalline solid, the
former goes over to the itinerant picture, while the latter (Heitler—London) goes over
to the localized picture. In contrast with the molecule system, however, the smooth
connection between the two limiting states is not guaranteed because of collective
interaction effects.

1.4 Oxygen Molecule

The oxygen molecule O has spin 1, and is paramagnetic. This section clarifies the
origin in terms of a simplified model. A neutral oxygen atom has the electronic
configuration (2p)*. This is interpreted as having two holes in the 2p orbitals. We
take the axial direction of the diatomic molecule along the z axis. Then the anti-
bonding orbital 2 p, has a hole per oxygen, namely two holes per O,. The remaining
hole at each oxygen atom enters into either 2 p, or 2 p,, orbital. These orbitals extend
perpendicularly to the bonding axis, and are energetically degenerate, which are
illustrated in Fig. 1.3.
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Fig. 1.3 Illustration of 2p 2p.

hole wave functions in O».

Either of 2p,, 2p, orbitals

has a hole per oxygen atom 2

Dy

In order to discuss the paramagnetism of O, we focus on holes in 2py, 2p,
orbitals with the spin degrees of freedom remaining. We take the following model:

1 2
H = _IZ(mePMo +p;cwplao> +H,'(,,I)+H[(m)y (1.18)
Qo
; 3
Hi(rlzz =U Z”iaT”iw + U'njxniy — Ju (Six - Siy + Znixniy> , (1.19)
o

where @ (= x, y) distinguishes two kinds of 2 p orbitals, and p}a - (Piac) TEpTESENtS
the hole creation (annihilation) operator at site i (= 1, 2), orbital «, and spin o.
The corresponding spin and number operators are given by S;, and n;y (Or njqo
for a spin component), respectively. The Coulomb repulsion is given by U for two
holes in the same orbital, and U’ (< U) for those in different orbitals. The positive
parameter Jy represents the Hund’s rule which favors parallel spins for two holes in
different orbitals 2 p,, 2 p,. Note that the axial symmetry of the molecule allows the
hopping —¢ only between the same kind of orbitals.

Assuming U > U’ > t > 0, we derive energies of all (=16) eigenstates. Use of
the pseudo-spin t for orbital degrees of freedom simplifies the calculation. Namely,
using the vector o composed of the Pauli matrices, we define the pseudo-spin for a
site i

1 ¥
Ti=5 Zzpiapaaﬂpiﬁ/”
aff P

and the total pseudo-spin L; = 71 4 77 of the molecule. Then by analogy with the
case of two spins, we can represent the 2 x 2 = 4 orbital states in terms of the orbital
singlet L, = 0 and the orbital triplet L, = 1 with three states.
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Let us introduce the orbital projection operators as follows:

1 1
P(Ly =0)=—71 T2+, P(Ly==%1)=2r{5 + 5,

1
P(Ly=1,L:=0) =1 12— 21{75 + e
Note that the sum of these three operators gives the identity operator. Using
analogous projection operators for spin degrees of freedom, we obtain the effective
Hamiltonian:

412 4¢2 .
Hefr = — mP(S =1,L; =0) — P8 =017 =D
412 .
— 7 P(§=0.Lc =11 =0). (1.20)

The derivation of energy of each spin and orbital configuration is the subject of
Problem 1.3 with the solution given by Eq. (1.28). Each projection operator onto a
given configuration (S, L) is the product of spin and orbital projection operators.
An example is given by

3 1
P(S=1,L,=0)= (S] -Sz+Z> <—1'1 -rz+Z>. (1.21)

Then Hegr in Eq. (1.20) is written in terms of the product of spin and orbital operators
involving two sites. According to Eq. (1.20), the two orbital states with L; = 1
favor the singlet state of spins. On the other hand, the orbitals singlet (L, = 0)
favor paramagnetism (S = 1) by the effect of Jy.

Replacing the oxygen pair by a pair of transition metal ions in the crystal, Hegr
in Eq. (1.20) can be applied to systems such as a perovskite LaMnO3 which has
orbitally degenerate electrons in the 3d shell [8]. The 3d orbital has the five-fold
orbital degeneracy under the rotational symmetry, but is split to two levels with
three- and two-fold degeneracies under the cubic symmetry. With further lowering
of the symmetry, it may happen that the orbital degeneracy disappears completely. If
the energy gain by this lowering is more than the loss of the elastic energy, the crystal
deforms spontaneously. This is called the cooperative Jahn—Teller effect. The name
comes from the work of Jahn and Teller who discussed the distortion of molecules
with orbital degeneracy [9]. Thus, consideration of orbital degrees of freedom is
necessary for understanding rich phenomena of magnetic ordering in perovskites
and other transition metal systems.
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1.5 Itinerant vs. Localized Limits in a Molecule

The picture of molecular orbitals is connected to the energy band picture for
electrons in crystals, while the Heitler—London picture has more similarity to
localized electron picture in solids. We have seen in Hy molecule that the spin-
singlet state changes continuously from the one limit to the other. We now consider
the fate of the paramagnetic (S # 0) ground state as the transfer ¢ grows. In this
connection we mention the sulfur molecule, S, where each S atom has (3 p)4
configuration. Because the 3p orbital is more extended than the 2p orbital of
oxygen, t/U in S is larger than that in O,. It is known that the S, molecule is
also paramagnetic with spin 1.

Let us start with the extreme case ¢ > U, U’, Jg > 0 in the model given by
Eq. (1.18). It is legitimate to keep only the bonding orbitals of a hole with energy
—t. With two holes in these orbitals, the Pauli principle allows either S = 1, L; =
Oor S = 0,L; = 1. Hence in the non-interacting limit the ground state is six-
fold degenerate. With finite interactions Jy, the degenerate energy level splits into
different spin states with S = 1 and S = 0. The latter with L, = 1 splits in general
further into levels with L% = 41 and with LZ = 0 because of the different Coulomb
repulsions U and U’. Absence of the SU(2) symmetry for pseudo-spins allows the
difference. The shift of each energy level by interactions is summarized as

/
AE(S =0, Lizil):%, AE(S=0, L, =1, ngo)z%,
/

U
AE(S =1, LT=0)=?—JH. (1.22)

Namely, the ground state in the weak-coupling limit has spin triplet and orbital
singlet (S = 1, L; = 0), which has the same quantum numbers as those of the
ground state in the localized limit.

If one hypothetically increases the number of atoms in a molecule, the sys-
tem connects to a crystalline solid. Then the state with finite spin connects to
ferromagnetism, which can change continuously from the itinerant to localized
limits. These examples suggest important role of the orbital degeneracy to realize
ferromagnetism.

Problems

1.1 Derive the effective Hamiltonian for the ground state of Eq.(1.7), and its
eigenvalue.

1.2 Diagonalize the pair Hamiltonian H> given by Eq. (1.15), and derive the exact
ground state energy given by Eq. (1.17).



10 1 Perturbation Theory and Effective Hamiltonian

1.3 Derive the energy of a hole pair in Eq.(1.18) by performing second-order
perturbation expansion with respect to ¢.

Solutions to Problems

Problem 1.1

The model space P is chosen as [0)(0]. With only the single state involved,
the effective Hamiltonian is a scalar with energy E. According to Eq.(1.4), the
perturbation series terminates at O (V?), resulting in

2
(O Hefr|0) = €0 + =E. (1.23)
E —¢€
This quadratic equation for E has two solutions:
1 1
E= §(€0+61):|: Z(el —€0)2 + V2. (1.24)

By continuity with vanishing V, we should choose the solution with minus sign.
The result agrees with the exact ground state energy derived by diagonalization of
the 2 x 2 Hamiltonian matrix. Note that the other solution with the plus sign in
Eq. (1.24) tends to € with vanishing V. The latter solution gives the exact energy
of the excited state, which belongs to the orthogonal space |1)(1] projected by Q.

Problem 1.2
We construct the two-electron states |1), |2), |3) with spin O by the product of spin
states | 1) and | |) at each site as

IH=1M)®10), [2)=0)®][1]), (1.25)
1
= — - . 1.2
13) ﬁ(IT)®|¢> e 1) (1.26)

Since the charge distribution of |3) is symmetric about the center of two sites,
the hopping ¢ mixes |3) only with another symmetric state defined by |4) =
g0 +12))/ V2. Therefore with the basis set |3) and |4), the two-site Hamiltonian
for the spin singlet is represented by a 2 x 2 matrix as

0 -2t
<_2t I ) (1.27)

The lower eigenvalue the matrix corresponds to the result given by Eq. (1.17).
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Problem 1.3
The Pauli exclusion principle decides whether two holes can enter the same site.
Hence according to the spin and orbital quantum numbers, the two-hole intermediate
state has the energy specified by U, U’, Jy. The Pauli principle also demands
different parities between the orbital and spin exchanges, which guarantees the
antisymmetry of the wave function. As a result, states with § = 1, L; = 1 or with
S =0, L,y = 0 are forbidden. For example, the Coulomb repulsion is U in the case
of L = %1, while itis U "with L, =1, L% = 0 since two holes are in different
orbitals. Note that there is no rotational symmetry in the pseudo-spin space.

Figure 1.2 in p.5 illustrates the second-order perturbation processes by ¢, also in
the presence of orbital degeneracy. With the help of these figures, the energy Epair
of a hole pair is derived as

—4¢2 /(U — Jy), (S=1, Ly =0)
Epair = { —4%/U, (§=0,L. =1, L:=1), (1.28)
—412/U’, (§=0, L, =1, L: =0)

where the factor 4 in front of #> accounts for equivalent hopping processes from j
to i. From Eq. (1.28), we conclude that the most favorable state for the interaction
energy is the spin triplet configuration with (§ = 1, L, = 0).
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Chapter 2 ®
Itinerant and Localized Characters Chock or
of Electrons

Abstract Crystalline solids are composed of a huge number (~10%%) of electrons
and nuclei, which make up quantum many-body systems with rich properties. For
intuitive understanding of the electronic property of actual solids, it is necessary to
extract only essential ingredients out of a large number of degrees of freedom. In
this chapter we take a simplified model where positively charged ions form a simple
lattice. We discuss basic effects of kinetic energy of electrons, potential energy from
ions, and mutual Coulomb interaction energy among electrons. Special attention is
paid how the attractive and repulsive Coulomb interactions from ions and other
electrons combine to work on each electron. Depending on relative importance of
kinetic and mutual interaction energies, electrons take either itinerant states forming
energy bands, or localized states around each ion. The discussion in this chapter is
restricted to absolute zero of temperature.

2.1 Model of Electrons in Solids

Crystalline solids consist of many electrons and nuclei with opposite charges. In this
Chapter we focus only on electrons in solids, and neglect all dynamics of positive
ions for simplicity. Namely, we assume unit point charge for each of positive ions
that are fixed at lattice sites R; (i = 1,2,---, N) with N > 1. The number of
electrons is also taken to be N so that the system is neutral as a whole. The operators
ll/; (r) and ¥, (r), respectively, represent creation and annihilation of electrons at
position r with spin o. Then with v(r) = e?/|r|, the Hamiltonian is given by

H:Z/drwj(r) [-%-Zm-m} Wy (r) + Ve + Vi 2.1)

© Springer Japan KK, part of Springer Nature 2020 13
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. (i) ‘ (i)
pla) \/\/\/\ p(a)

Fig. 2.1 Illustration of the density p(x) of electrons in a one-dimensional lattice for (i) a < ap
and (ii) a > ap

where A is the Laplacian and V¢ represents the Coulomb repulsion among electrons,
while V1 among ionic charges. They are explicitly written as

Vo = %/dr/dr’ Zv(r — r/)lllj(r)wtj,(r/)lllg/(r/)lllg(r), (2.2)
1
Vi = §§U(Ri —R)). (2.3)
i#]

The wave function of an electron bound to an ion has the extension of the order
of ag = 1/(me*) ~ 0.5 A, which is called the Bohr radius. Figure 2.1 illustrates
the density profile of electrons in one-dimensional lattice with the lattice parameter
a being either small or large as compared with ag. Although most of actual solids
have comparable values for a and ag, it is instructive to consider the limiting cases
such as (i) a < ag, and (ii) a > apg.

2.2 Formation of Energy Bands

Let us first consider the case (i) @ < ap. The wave functions of nearby sites are
overlapping strongly. As a result, the ground state wave function deviates much
from collection of the atomic 1s orbitals, and mixing with excited orbitals such as
2s and 2 p becomes substantial. The wave function of the crystal may even be closer
to a plane wave rather than atomic orbitals if the kinetic energy dominates over the
periodic potential.

In such a case, the interaction energy Vc is mostly determined by the average
(ng(r)ng (r')), but is less influenced by (8n, (r)dny (r')) where

Sng(r) = W, (MW, (r) — (¥, (N, (r))
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represents the density fluctuation operator. The neglect of fluctuation contribution
corresponds to the approximation

Wi (W ()W (r) W, (r)
= 1o (1) (e (1)) + (6 (Mg () — (1 (1) (1 (F)), (2.4)

which amounts to replacing the inter-electron interaction by an effective potential
felt by each electron. This scheme is called the Hartree approximation. The effective
potential is an example of the molecular field. We shall later explain an improved
approximation that takes account of another contribution, called the exchange term,
in addition to Eq. (2.4).

In the Hartree approximation, the original Hamiltonian H is replaced by

Hy = /dr Z W (r)hy(r)Wy (r) + Ep, (2.5)
o
where Ep = Nep is the constant term given by

€D v(R;—R; )——/dr[dr v(r— r)Z ng (F))(ng(r)).  (2.6)
I#J

In the thermodynamic limit N — oo, each term in Eq. (2.6) is divergent because
of the long range of the 1/r interactions. However, the sum ep converges to a finite
value. This is because the ionic repulsion given by the first term in the RHS cancels
with the second term owing to the charge neutrality. The origin of the second term
with the negative sign becomes clear in the following discussion of Ay (r).

The motion of each electron is controlled by the one-body Hamiltonian

A
hu(r) = ~ oy T (), 2.7)

where the Hartree potential vy (r) is given by

va(r) =/dr’v(r—r’) Z ng (1)) ZS(r —Rj)|. (2.8)

o

The first term in the square bracket originates from the repulsive interaction in
Ve, while the second term represents the attractive potential provided by positive
ions. The potential v (r) becomes finite only by combination of both terms, each
of which is divergent in the thermodynamic limit as in the case of ep. Note that
Vc is counted twice in the integral of Eq.(2.8), which is corrected by the final
term in Eq. (2.6) with negative sign. Provided the charge density has the periodicity
(ns(r' + R)) = (ns(r")) for any lattice vector R, the Hartree potential also has the
same periodicity: vg(r + R) = vg(r).
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The one-body Schrédinger equation is given by

hH(r)¢n(r) = En¢n(")v (29)

where the eigenvalue E, is indexed as Eq, E», ... from lower to higher energies.
For definiteness, we take the cubic shape of the system with each edge length L,
and impose the periodic boundary condition along each direction. Strictly speaking,
we have to modify the Coulomb interaction in the periodic form as well. However,
we use the original form e?/r assuming L is much larger than the characteristic
length which determines the property of the system. Since vy (r) has the crystalline
periodicity, each eigenfunction ¢, is given as a Bloch state characterized by the
wave number k in the Brillouin zone. As we shall show below, the N-body state in
fact satisfies the assumed periodicity in (ny (*')).

With use of the complete set {¢,}, the field operator ¥, (r) of electrons is
expanded as

Wo(r) =) caohn(r), (2.10)

where ¢, is the annihilation operator of the corresponding state. In the Hartree
approximation, the N-particle ground state |g) is constructed by starting from the
vacuum |0) and filling the electronic states successively from the lowest level:

NJ2

l&) =[][]eio10- Q.11)

o n=1

Here we have assumed N even. In the first-quantized notation, the state |g) is
described by a Slater determinant. With the coordinates r; for spin up electrons
and r; for spin down ones withi = 1,2, ..., M = N /2, we obtain

/

(Fiooras ) Pylg) = We(ry e Ty ry)

¢1(ry) - o1rm) | | o1 () -+ P1(r)))

== : - . (2.12)

pm ) - dun| du ) - ()

From the antisymmetry of the determinant against exchange of two columns, the
wave function vanishes with r; = r; or r; = r’;, while it can remain with r; = r’j.
This property corresponds to the Pauli exclusion principle.

The electronic density is the same for both spin directions o, and is given by

M
(1o (r)) =Y I, (2.13)
n=1
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where |, (')|? has the crystalline periodicity, and depends obviously on the Hartree
potential vy (7). On the other hand, Eq. (2.8) shows that vy (r) in turn is specified by
(ns(r")). Specifically, if (n, (")) has the crystalline periodicity, the same applies to
vp(r). Namely, the density and v (r) are determined self-consistently.

In the ground state of N electrons, they occupy the one-electron states with
energies E, E2, ..., Enj2, each of which is doubly degenerate by spin degrees
of freedom. If the lowest energy band has no overlap with other energy bands, this
lowest band is half-filled by N electrons, since each band can accommodates up
to 2N electrons. The set of k, which has the highest energy of the occupied states,
forms the Fermi surface. The volume VF surrounded by the Fermi surface is related
to the electron density n = N/L> as

Vi) =n/2. (2.14)

The Hartree approximation successfully gives a finite self-consistent potential
in the simplest manner. However, it has a defect that becomes serious if one looks
more carefully into quantum mechanical nature of electrons. Namely, vy is finite
even for N = 1, which means a self-interaction in contradiction with the basic
principle of quantum mechanics. Although crystalline solids have N > 1, the self-
interaction spoils the accuracy especially for low density of electrons. The defect of
self-interaction can be remedied by including the other terms (called exchange) in
approximating Vc:

W (MW ()W, (r)W, (r) = (direct terms) — (W) (1) W, (r )W, (r') W, (r)

— U (P ()W (1) + (0 ()W (P (., (W (1), (2.15)

where “direct terms” means those in the RHS of Eq.(2.4). Note that the aver-
ages in Eq.(2.15) are taken over non-local quantities with different coordinates.
The framework to consider the exchange terms as well is called the Hartree—
Fock approximation. The Hartree—Fock approximation can deal with magnetically
ordered states. Namely, the effective potential may depend on spins through the
spin-dependent exchange term (lI/oT, (r')¥s(r)). In an ordered state, the effective
potential can break the crystalline symmetry spontaneously. The framework with a
broken symmetry is often called the unrestricted Hartree—-Fock approximation.

In the Hartree—Fock approximation, the effective single-electron Hamiltonian is
represented by

Hyp = /dr / dr’ Z W (Mg (r, r)W, (r') + Epx, (2.16)
g0’
where the constant term Epy is given by

1 ’ / T T ’
Epx = ED—i—E/dr/dr v(r—r)Z(lI/U,(r Wo (M)W, (N (r)). (2.17)
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The effective potential, with exchange terms included, acts not only on the density
operator n, (r) but also on the non-local part. Therefore, the one-body Hamiltonian
hgo! (r, r’) also becomes non-local. Explicitly, we obtain

hoo (. 1) = hi(1)8e.08(r — 1) — v(r — F) (W], (r') W4y (r). (2.18)

The resultant the Schrodinger equation is given by

Enopu(r, o) = / dr' Y " heor (r, F)gn(r', o)

= hit(r)gn(r) — / dr' " v — r) (W)W (M) o),
0 (2.19)

which is a complicated integro-differential equation. In the case of small number of
electrons, the exchange compensates partially the Hartree potential that has been
overestimated. The inspection is the subject of Problem 2.1. The Hartree—Fock
approximation can also describe a magnetically ordered state with spin-dependent
average in Eq. (2.18). For real materials, however, it requires a lot of computational
resource to derive the non-local average self-consistently. Hence it is usual to
employ a local approximation for the exchange terms to make the calculation
feasible. In deriving energy bands of actual solids, most calculations use the so-
called density functional theory [1], combined with the local approximation. We
refer to recent reviews [2, 3] and an extensive monograph [4] for highly sophisticated
details of practical calculation.

Without symmetry breaking, the eigenfunction ¢, (r,c) of Hyr is a Bloch
function. Then the N-electron ground state is described by the Slater determinant
as in the case of the Hartree approximation. It often happens that self-consistent
solutions are not unique. For example, a solution corresponding to the paramagnetic
state exists even though the magnetic state is more stable. It is necessary in such
a case to examine the change of energy against variation of the solution. Even if
the stationary solution gives the local minimum against infinitesimal variation, it is
possible that other solution gives the global minimum of the energy.

With a < ag, the magnitude of average interaction energy among electrons
becomes much smaller than the band width. Then the picture of almost free (non-
interacting) Bloch electrons emerges as the zero-th order approximation. Here the
difference between the Hartree and Hartree—Fock approximation is small. However,
it does not exclude the importance of fluctuation effects due to the mutual interac-
tion. Since the excitation energy in the metallic state has no gap, perturbation theory
with a vanishing energy denominator may encounter divergence. In one spatial
dimension, the divergence commonly occurs even in the lowest-order perturbation
theory. As a result, the starting ground state in the Hartree—Fock approximation
becomes unstable. Another case with important fluctuation effects is the system
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where an impurity spin is screened out by the surrounding conduction electrons,
which is known as Kondo effect. These fluctuation effects will be discussed in later
Chapters.

With increasing interactions in any dimension, the ground state may have ordered
phases such as magnetic or superconducting states. If there is no symmetry breaking,
the size of the Fermi surface is independent of the strength of interaction, and
remains the same as given by Eq. (2.14) [5]. This situation is described by the Fermi-
liquid theory as explained in more detail later.

2.3 Localized Orbitals and Hopping of Electrons

In the case (ii) a > ap, we start from the atomic picture of the ground state in
which each electron is in the 1s orbital, and the influence from other sites is a
small perturbation. In this case the ground state should be insulating. According
to Mott [6], such insulating state can be found in actual materials, although the
electronic state is much more complicated than the hydrogen lattice. In the energy
band picture, the insulating state needs either even number of electrons per unit cell,
or a symmetry breaking order so that the new unit cell contains even number of
electrons. In reality, certain materials such as CoO, with odd electron number per
unit cell, remains insulating even above the Neél temperature. On the other hand,
systems such as V,03 change into a metal from the antiferromagnetic insulator if
one applies pressure, or replaces constituent atoms to cause equivalent chemical
pressure. The class of such systems is often called Mott insulators [6, 12].

We inspect how to deal with the case of a > ag more systematically. If we start
from the paramagnetic ground state, the many-electron wave function given by the
Slater determinant of Bloch states has substantial probability of both up- and down-
spin electrons present in each 1s orbital. However, with a >> ag, the energy loss by
the double occupation should be much larger than the gain by forming Bloch states.
Hence there should be either up or down spin but not both at each site.

The Hartree approximation cannot deal with the situation properly because
vy (r) cannot distinguish spins. The exchange potential, on the other hand, cancels
most of the direct Coulomb interaction from nearby electrons with the same spin.
As a result the Hartree—Fock Hamiltonian reproduces the limit of weakly coupled
hydrogens as long as the spin is completely polarized. Therefore we consider
artificially the situation where all electrons have spin up [7]. This observation
enables us to define the basis functions which are necessary to establish the
localized picture. Suppose we have solved the Hartree—Fock equation assuming a
fully polarized ground state. Then the lowest energy band is full, which consists
dominantly of the 1s state at each site. The next lowest bands separated by the
energy gap consist of 2s and 2p states. In the case of a > ag, the gap should be
about 0.75 Ryd, which is the difference between the 1s and 2s, 2p states. From the



20 2 Itinerant and Localized Characters of Electrons

Bloch functions Y (r) of the lowest band we construct the Wannier function by [7]
1
wi(r) = — r(r)exp(—ik - R;) (2.20)
O R

which is similar to the 1s wave function at site R;. In contrast to the atomic
wave function, however, the Wannier functions constitute an orthogonal set. The
annihilation operator c;, corresponding to this Wannier state is defined with use of
the field operator ¥, (r) by

Cig = /drw;‘(r)llld(r). (2.21)

The eigenenergy Ej of the first band is Fourier transformed to give
1
VN

lij = Z Exexplik - (R; — Rj)]. (2.22)
k

Here the diagonal element #;; = ¢, represents the 1s level with a possible shift, and
t;j withi # j is the hopping energy between the sites i, j. Explicitly, #; is given by

tij = /dr/dr’w;"(r)hm(r,r’)wj(r’), (2.23)

We are now ready to represent the original Hamiltonian given by Eq.(2.1) in
terms of the Wannier basis, which has the form analogous to the tight-binding
approximation. Since we are interested in the ground state and low-lying excitations,
we consider the subspace consisting of 1s states given by Eq.(2.20), but with
arbitrary spin configurations. We introduce a projection operator Py to this
subspace, and obtain

P\yH Py =Hy + H + Epx, (2.24)
H| = Zeuc;facig + Z fi(.;’)c;hgcjg, (2.25)
io i#j,0
1 .. t
Hy=2 ) ) (ijlviml)ci,c o morcis. (2226)
ijlm oo’

where the matrix element of the Coulomb interaction is given by

(ijlvlml) = /dr/dr’v(r—r’)w;*(r)wjf(r’)wm(r’)wl(r). (2.27)
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Note that we use the ordering convention of basis in the bra as defined by (ij| =
|ji)T throughout the book. The transfer fl.(j‘.r) may be different from the one given by
Eq. (2.23) since the latter is defined for the fully polarized state. In the Hartree—Fock

approximation, we obtain

(o)

t; = tij+ > (Gimlvlm)nmg: — (im|v|jm)8nmedaor) (2.28)

mo’

where 6n,,, denotes the deviation of the occupation number from the fully
polarized state. For qualitative argument, we identify fl.(]f’) with #;;, neglecting the
dependence on spin polarization.

Since w; (r) is localized around R;, most of (i j|v|m!) is short-ranged for different
sites. However, terms of the type (ij|v|ji) remain significant even for a pair of
distant sites i and j. This type is called the Coulomb integral and is responsible
for charge fluctuations like the plasma oscillation. Another important contribution
comes from the type (ij|v|ij) for neighboring sites. The matrix element is called
the exchange integral, which acts in favor of parallel arrangement of spins at
neighboring sites.

In order to go beyond the mean field approximation, we take the drastic
approximation. Namely, among (ij|v|m!) in Eq. (2.27), only the largest term is kept
withi = j = [ = m. Then we obtain

H, - U Z(nian —njy —n;y) = Hy — UN,, 2.29)

1

where U = (ii|v]ii), and n;, = cjgcig. The model Hy + Hy is often called the
Hubbard model [8§-10]. Namely, we define Hyyp as

Hywp = Zeacjdcig + Z t,'jClTHng +U annu. (2.30)
io i#j,0 i

The electron number N, can be different from the number N of the lattice sites.
In real systems, the difference is caused by doping, or by reservoir bands which
are neglected in the model. The fully polarized Hartree—Fock state becomes an
eigenstate of the Hubbard model. However, this ferromagnetic state should have
higher kinetic energy than that of paramagnetic and antiferromagnetic states. In
one dimension, for example, the ground state does not have a spin polarization
according to available exact solution [11]. Moreover, the ground state is insulating
if the occupation number of electrons is unity per site. This paramagnetic insulating
state is consistent with the picture proposed by Mott [6].

Let us return to more general forms of the Coulomb interaction than in Eq. (2.29).
The simplest way to see the effect of each term in Egs. (2.25) and (2.26) on the spin
configuration is to take N = 2, which makes possible the analogy with the hydrogen
molecule. In the two-body interaction Hp, we keep U = (11|v|11), K = (12|v|21),
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Jg = (12|v]12) and equivalent ones, all of which are positive. In this case exact
solution of Hj 4 Hj is easily obtained. Since the total spin is conserved, we classify
the states into spin triplet (S = 1) and singlet (S = 0). The three triplet states have
the energy E; = 2¢, + K — J;. Among the three singlet states, the lowest one has
the energy

1/2
ES=26a+K+Jd+U_/2—(U3/4+4t2) , 2.31)

witht = tjp and U_ = U — K — J;. The result can be derived by analogy with the
simpler case of Eq. (1.17). The derivation is the subject of Problem 2.2. The double
occupation of a site tends to zero in the limit @ >> ag. In this limit U is much larger
than |z|, J4, and K. Then we may expand the square root in Eq. (2.31) to first order
in 2. It is convenient to use the projection operators P; and P; to the singlet and
triplet pairs as given by

1 3
PS=Z—S1'S2, Pz=Z+S1'S2~ (2.32)

The effective Hamiltonian describing these states is then given by

Heft = EsPs + E; P = E; + (Es — E¢) Ps

4

412 1
~2,+K—J;+ U——2Jd S1-S—-), (2.33)

which can also be derived by perturbation theory in 7 as in Eq. (1.28). The coefficient
of the spin-dependent term forms the effective exchange interaction. Two competing
effects are present; the part with the transfer ¢ is called the superexchange interaction
which favors the singlet pair. This is because the doubly occupied site can occur
as the intermediate state by perturbation in terms of #. On the other hand, the
Coulombic exchange J; favors the triplet pair. This gain of energy originates from
the Pauli principle which discourages the overlap of wave functions with the same
spin. Depending on the parameters in the system, either of them can dominate over
the other.

In the Heitler—London theory for the bonding of hydrogen molecule, the stability
of the singlet state is interpreted in terms of Coulomb attraction due to accumulated
electrons in between the protons. The stabilization by the kinetic exchange repre-
sents the same accumulation effect in different terms. In the case of general N, the
competing exchange mechanisms described above are also present. Since J; should
decay faster than t122 as a/ap increases, the kinetic exchange wins in the case (ii).
As a result, antiferromagnetism has more chance to be realized for larger a/ap than
ferromagnetism. If the average occupation number per site is less than unity, it is
possible for electrons to propagate by using empty sites, thus avoiding the large
Coulomb repulsion associated with the double occupation. Hence working with the
model space without double occupation of any site, one often uses the following



2.4 Density of States of Electrons 23

effective Hamiltonian:

1
H,J=H,+JZ<Si-Sj—Zninj>, (2.34)
(ij)

which is called the 7-J model [12]. Here H, takes the same form as in the Hubbard
model, except that it works in the subspace without the double occupation. The
exchange term gives —J if the nearest-neighbor sites (ij) are occupied by the singlet
pair, and becomes zero otherwise. The number operator n; for the site i takes either
0 or 1. The #-J model is regarded as the effective model for the Hubbard model if
J = 4t*/U « t. However, t and J are usually treated as independent parameters
in the 7-J model.

2.4 Density of States of Electrons

The density of states p(€) of electrons plays a fundamental role in determining
the property of the system, as will be discussed in later chapters. Let us derive
the explicit form of p(e) for representative lattices, restricting to non-interacting
electrons [13]. The Fourier transform of #;; gives the spectrum € as

€k = ﬁ Xi:zl-j exp[—ik - (R; — R})], (2.35)

where N corresponds to the number of lattice sites R;. The density of states per spin
and per unit cell is given by

1
ple) = Xk:a(e — ). (2.36)

For convenience we introduce the quantity G(z) defined by

G(z) = l Z 1 , (2.37)

N €—¢€
T k

with z being complex energy. We defer discussion of the detailed meaning of G(z)
to Sect. 3.7. Here it is sufficient to recognize that G (z) is analytic function of z with
a cut along the real axis. The density of states p(¢) is obtained by

pe) = —%ImG(e +1i04), (2.38)

with 04 positive infinitesimal.
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We begin with the one-dimensional system with only the nearest-neighbor
hopping ¢, and the lattice constant a. The spectrum is given by

€ = 2t cos(ka). (2.39)

We introduce the notation D; = 2|¢| to represent the maximum of €. It is easy
to derive p(€) = pi(e) analytically in this case. Introducing the complex variable
¢ = exp(ip) with ¢ = ka, we obtain the expression

G()_/znd_‘p;__yﬁd_f; (2.40)
9= o 2mz—2tcos¢p = Je2mic2—c¢z/t+1’ '

where the integration path C is the unit circle in the complex plane of ¢. The
denominator vanishes at £ = x £+ v/x2 — I with x = z/(2¢). In the case of x2 > 1,
the path C encloses a single pole at {_ = x — +/x2 — 1. Evaluating the residue, we
obtain

G() = <z2 - D%>71/2’ 2.41)

which tends to 1/z if |z|/ D1 > 1. The branch of the square root should be chosen
to reproduce the correct asymptotic behavior and the analyticity of G(z), which is
regular except on the real axis. The resultant expression is valid for arbitrary value
of z, including the cut z € [— Dy, D;]. Thus we obtain

(2.42)

which is divergent at band edges. The inverse square-root divergence at the lower
edge has the same feature as the free particle with the spectrum €; o k2. Figure 2.2a
illustrates o1 (€).

p1(€) Dy p2(€) Dy
0.8 | 1.2;
(a) .' b “M
(b) L
0.6 [ {
0/s}
04 ) U,ﬁ;
S 04}
0.2 |
0.2}
¢/D _J ........... S ¢/Ds
-1.0 -0.5 0.5 1.0 -1.0 -0.5 - 0.5 1.0

Fig. 2.2 Density of states for (a) the one-dimensional lattice, and (b) the square lattice
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We next consider the the square lattice where the spectrum is given by
€k = 21 [cos(kza) + cos(kya)], (2.43)

with the energy range |ex| < D = 4|¢t|. Although much more complicated than
in the previous case, it is possible to obtain the density of states p(€) analytically,
which is the subject of Problem 3.7. The result is given by

2
p€) = 50 (D§ - 62> K(J1 = (¢/D2)?), (2.44)

where /C(z) is the complete elliptic integral of the first kind, as defined by

(2.45)

/2 1
K(z) 2/ df ———.
0 V1 —272sin%6

Figure 2.2b illustrates p»(€), which has the logarithmic divergence at ¢ = 0, and
discontinuity at ¢ = +D». The origin of the divergence is the degeneracy ¢; = 0
along the lines k, & k, = 4 /a. The discontinuity at € = — D shares the same
feature as that of the free particle with the spectrum ej o k)% + k%.

We turn to the simple cubic lattice where the spectrum is given by

€x = 2t [cos(kxa) + cos(kya) + cos(kza)] , (2.46)
with the energy range |ex| < 6|¢f] = Ds3. The numerical result for the density of
states p3(€) is shown in Fig. 2.3. The square-root rise from € /D3 = —1 is common

with that of the free particle with the spectrum € k)% + k§ + kf. The cusps
at €/D3 = %1/3 correspond to the van Hove singularity [14], which arises if the
spectrum becomes locally flat around certain k in the Brillouin zone. In the present
case, we obtain dex/0k = 0 at kja = 0, for i = x, y, z. The energy becomes
€x = =£D3/3 at these points.

Fig. 2.3 Density of states p3(€)Ds
p3(€) for the simple cubic P T
lattice with the | os} |
nearest-neighbor hopping

0.6}

0.4}

0.2}

F./D3
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Problems

2.1 A single electron does not interact with itself. Show that this feature is not
respected in the Hartree approximation, but is indeed realized in the Hartree—Fock
approximation.

2.2 Derive the ground state energy given by Eq. (2.31) for the two-site system.

2.3* Derive the density of states for the square lattice as given by Eq. (2.44).

Solutions to Problems

Problem 2.1
The interaction term in the Hartree—-Fock Hamiltonian (2.16) has the following
operator part:

A AR AT AN (2.47)

where ¥; is the abbreviated form for the faithful expression ¥, (r). The first term
in Eq. (2.47) corresponds to the Hartree term, and the second one to the exchange
(Fock) term. We shall show that these terms combine to give vanishing average
for a single-electron system. The Hartree term alone leads to a finite value, which
is unreasonable for a single electron because the electron should not interact with
itself.

Let ¢ (r, o) be the wave function of a single-electron state |1). Then with the
vacuum state |0), we obtain (0|¥|1) = ¢ (r1, o1) by definition. The average of the
first term in Eq. (2.47) is written as

(v wo) (0] = 91, 0 02 0219 (13, 02)* 9 (4, o). (2.48)

The average of the second term is given by the interchange of suffices 2 and 4,
which results in the same expression as Eq. (2.48) with opposite sign. Hence we
obtain Epx = 0 in Eq. (2.17).

Problem 2.2
The two-site system has the Coulomb interaction H» as given by

2
Hy=UY niyniy + Kniny + Jg(P — Py), (2.49)
i=1
where n; = n;jy + n; and Ps, P; are projection operators onto singlet and triplet

pairs, respectively. Following the argument in Problem 1.2, we take the basis set |3)
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and |4) for the singlet states. Including the kinetic energy part Hi, the Hamiltonian
Hi + H, for the singlet is given by the 2 x 2 matrix as

K+ J; —2t 0 -2t
=K+ , 2.50
<—2z U) +”’+<—2zU_> (2.50)
where we put U_ = U — K — J; and the one-body energy €, is set to zero.

Comparing the last matrix with that in the solution to Problem 1.2, we obtain
Eq. (2.31) for the ground state energy.

Problem 2.3*
We first derive the analytic expression of G (z). Using the variables defined by

kva = o = by —d_. kya=¢y = ¢ +o_. 2.51)

The integral is replaced by

/ d¢x/ doy / d¢+/ d¢>—‘ (2.52)

The validity of the replacement is understood by Fig. 2.4. These integrals correspond
to the angular average, and are abbreviated as (- - - )4 for the average over ¢. By
writing €y in the product form

€ =4t cospy cosp_, (2.53)
we obtain
GG = 1 ) = 1 ). (2.54)
7 — 4t cos ¢4 cos p_ \/m b
Fig. 2.4 Integration regions Oy
of.al.lgular Va.rifflblf?s The i2',7
i shaded sqar, whie the V3 Va9,

larger square minus the
original one gives the
equivalent result by the
periodicity of the integrand. T
The larger square corresponds
to the integration range

[—, ] for the variables ¢
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with Dy = 4|t|. The last integrand has the same from as the local Green function
in the one-dimensional case, which is given by Eq.(2.40). To obtain the second
equality we have taken the first average over ¢_ by the contour integral as in
the one-dimensional system, regarding 47 cos¢y as the effective transfer. The
second average over ¢ results in the complete elliptic integral with the definition
Eq. (2.45). We thus obtain

2 (D
G() = —K <72> , (2.55)

which tends to the correct asymptotic form 1/z since X(0) = /2.
Let us now derive the density of states p2(€) from Eq.(2.55) by setting z —
€ + i04. For this purpose we introduce the auxiliary function

/2 _
L) =/ dop (1 — ¢ sin? ¢) vz (2.56)
0

which is related to K by L(¢?) = K(¢). If ¢ is taken as real variable: ¢ — x, it is
obvious that Im L(x) = 0 for x < 1. For x > 1, on the other hand, we decompose
the integral into two ranges [0, ¢o] and [¢g, 7 /2] with x sin? ¢o = 1. Then only the
second range contribute to Im L(x) as

/2 _
ImL(x) = :l:f db (x sin ¢ — 1) vz (2.57)

o)

where the sign depends on the infinitesimal imaginary part in x. We change to the
new integration variable 6 so that the integral range becomes [0, 7 ]. This is realized
if we take

(x —1)cos?0 =xsin’¢ — 1, (2.58)
with ¢g <> 6 = /2 and ¢ = /2 <> 6 = 0. Using the ensuing relations

dp  x—1 cosOsinf sin29_ by

do x  cospsing’ cosld  x —1

) (2.59)
we arrive at the remarkable identity:

1 1
ImL(x) = iﬁL (1 - ;) . (2.60)
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This is equivalent to

—Imk | ——— ) =-K 1—-—16(D5 — , 2.61
2 Im (6+i0+> ( 57) PP =) 2.61)

which gives Eq. (2.44).
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Chapter 3 )
Linear Response and Green Functions Qs

Abstract The linear response means a change in the system proportional to the
magnitude of the external force. If the external force is infinitesimally small, the
higher order effects can safely be neglected. Actually the dominance of linear
response often extends to the practical range of the external force. Thus physical
properties such as electrical conduction and magnetic susceptibility are conveniently
described by the linear response theory. Furthermore, the linear response theory
leads to a simple relation between dissipation of energy, such as the Joule heat,
and fluctuation without external force. In this Chapter, we explain the linear
response theory starting with basics of statistical physics, proceeding to practical
applications such as deriving resistivity and magnetic relaxation. Various kinds of
Green functions appear in the linear response theory. In addition to those related to
response functions, we also discuss single-particle Green functions which describe
propagation and damping of bosons and fermions.

3.1 Static Response

Let us first consider the case of static external field. To be specific, we take an
isotropic system with the weak magnetic field B applied along the z-axis. The
magnetic moment M is induced in certain localized region in the system. The
interaction Hamiltonian is given by

Heyxsiy=—M -B =—-MB, (3.1)
where the index for the z-component has been omitted in the rightmost side, The

statistical average without external field is given in terms of eigenstates |n) of the
system Hamiltonian H with the eigenvalue E,, as

(M) = Zexp(_ﬁEn)Mnn/ ZGXP(—ﬂEn) =Tr(pM). (3.2)
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Here p is called the statistical operator or the density matrix, which is given by
p =exp(=pH)/Trexp(—pH) = exp(—BH)/Z, (3.3)

with Z being the partition function. The magnetization M changes its sign under
the time reversal in common with spin operator or orbital angular momentum. If
the system described by H has the time-reversal symmetry, every eigenstate |n) has
a degenerate partner |m) such that M,,,, = —M,,. Hence we obtain (M) = 0 in
Eq. (3.2).

A magnetic field B breaks the time reversal. Then we derive the statistical
average (M )cx: up to the lowest order in B. Here the suffix of the average emphasizes
the external field described by Hex¢. The statistical operator of the total Hamiltonian
Hiot = H + Hex 1s formally factorized as

exp(—B Hior) = exp(—BH)U(B), (3.4
with
U(B) = exp(BH) exp(—B Hiot)- (3.5)

By taking derivative of both sides of Eq. (3.5) with respect to 8, we obtain

%U(m = (H — Hpe Por = —ePH Heye PHUB). (3.6)

We now introduce the Matsubara picture by
HE(B) = M Hexee M = Hi (—iB), (3.7)
where Heth(—i,B ) is the Heisenberg picture with the imaginary time —if.
We solve the differential equation (3.6) by iteration using the Matsubara picture.

With the boundary condition ¢/ () = 1 for Hexy = 0, we integrate both sides to
obtain

uw)zl—AﬂMquy+mﬁ@. (3.8)
Then the perturbed statistical average is evaluated as
(M)ext = Tr [exp(=BHU(B)M] /Tr [exp(—BHIU(B)]
=—/ﬂhw%umn+om&

0
= xB + O(H2), 3.9)
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where the magnetic susceptibility x is given by
B B
X = / dt(MM()M) = / dr(e" Me "M M), (3.10)
0 0

with Hex given by Eq. (3.1). The correction to the linear response in Eq. (3.9) begins
actually from O (H,,), which is the subject of Problem 3.1.

We note that the average in Eq. (3.10) is taken for the system without external
field. Namely, the linear response measured by y is basically given by the squared
average of the observable M, modified by integration over 7. The squared average
is closely related to the fluctuation of M. In the special case where M is conserved,
Eq. (3.10) gives the Curie law. Namely, if [M, H] =0, M M) is independent of t.
Then we obtain

X =p(M*)=C/T, (.11)

where C = (M?) is called the Curie constant.

3.2 Dynamic Response

We go on to the case with time-dependent external field such as oscillating magnetic
and electric fields [1]. The discussion now becomes more delicate than the case of
static fields. Namely, the dynamic linear response theory is built upon the following
two assumptions:

(a) The system is in thermal equilibrium before the external field, described by the
Hamiltonian Hex(?), is applied. Namely, the statistical weight of each eigenstate
|n) is given by p, = exp(—BE,)/Z in the remote past.

(b) The system develops adiabatically in the course of application of Hex(¢). In
other words, an eigenstate |n) develops to |n(?)) without changing the statistical
weight p,. Then the statistical operator py(?) at each time ¢ is given by

prot(t) = [n()) pn(n(t)|. (3.12)

We introduce external fields first at zero temperature, and derive the linear
response. For this purpose we introduce the unitary operator U (¢) by the relation:

|We (1)) = exp(—=iH)U (1) |Wg(—00)), (3.13)

where |Wy(—00)) is the eigenstate without Hex(¢). Substitution to the Schrodinger
equation

5
i [We) = [H + Heu(0]] (1)) (3.14)
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leads to

i%U(t) = exp(iHt)Hexi () exp(—iH)U (¢) = Heth(t)U(t), (3.15)

where we have used the Heisenberg picture Heth(t). The assumption (a) is used
as the boundary condition U(t) — 1 ast — —oo. Then U(¢) is derived from
Eq. (3.15) by integration over z. Namely, we first replace U (¢) in the RHS by 1, and
derive the solution iteratively. The solution takes the form analogous to the case of
static external fields:

t
U@ =1-i / dr’ Hoy, (1) + O (Hgyy). (3.16)

Then the expectation value for arbitrary observable A at time ¢ is given by

(Wa (1) A|We(1)) = (We(—00)|UT (1) AR (U (1) | W (—0))
= (Wy(—00)| AH (1) Wy (—00))

t
—i/ dr' (We(—00) [[AM (1), HE () ]1We(—00)) + O (HZ)). (3.17)

It is straightforward to extend the analysis to finite temperature. By the assump-
tion (b), the average at time ¢ is given by

Tr[Apoi()] =Y pu(n(0)|Aln(0)). (3.18)

Hence the deviation §(AH(¢)) from the equilibrium average (AH (7)) can be derived
as

t

s(A @) = —i f dr'([AY @), HE H1) + o (HZ)), (3.19)

—0o0

where the contribution of each |[n(—00)) to the statistical average has been taken
into account by generalization of Eq. (3.17). Equation(3.19) is commonly called the
Kubo formula. The same result can be obtained also from the equation of motion
for the density matrix, which is the subject of Problem 3.2.

As an example of dynamic external field, we take the magnetic field
B exp(—iwt’) that oscillates in time ¢’. The corresponding Hamiltonian is given
by HY () = —MU(")Bexp(—iwt’). To be precise, the Hermiticity of the
Hamiltonian requires that physical external field accompanies another Fourier
component exp(iwt’). The effect of this component is immediately derived once
we know the response against the component exp(—iwt’). Hence we discard the
component exp(iwt”) unless we focus on the Hermite nature of the observable. We
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take the magnetization M as an observable. Then Eq. (3.19) with A = M leads to
SIMH (1)) = x(w) exp(—iwt)B, (3.20)

where x (w) is the dynamical susceptibility given by

t
x (@) = i/ dr' ((MP (), M) explio(t — t)]. (3.21)

—00

This is often called the Kubo formula for the dynamical susceptibility. In simple
cases, one can derive the dynamical susceptibility explicitly as demonstrated later
in Problem 3.3. Note the relation ¢’ < ¢ for the integration range, which represents
the causality that the external field at #” influences the observable only at later time.
In other words, a future external field cannot influence the observable at present. As
we explain later, the causality is reflected on the analytic property of the dynamical
response function if it is regarded as a function of complex frequency.

3.3 Green Function and Its Spectral Representation

Throughout the section, the Heisenberg picture is used for the time dependence of
physical quantities. Hence we omit the upper index H for simplicity. Generalizing
Eq. (3.21) for the dynamical susceptibility to any quantities X and Y, we introduce
the retarded (R) Green function as follows:

(X, Y (2) = —ifoodt (X (D), Y])e'¥ = foo dr DR, (1)e'™, (3.22)
0 00

where the time ¢’ for Y is set to zero because the integrand in Eq. (3.21) depends
only on the time difference r — ¢’. The complex frequency z is in the upper half
plane, which guarantees the convergent integral. The name “retarded” for D§Y(t)
or its Fourier transform ([ X, Y])(z) comes from the fact that the time ¢ for X is
later than that for Y. On the other hand, the name “Green function” originates from
the special solution of a differential equation where the RHS is the delta function.
Actually this feature applies also to the present case. Namely, by comparing the
integration ranges in Eq. (3.22), we obtain

DR, (1) = -0 (X (1), Y]). (3.23)

Since the expression includes the step function 6(¢), the ¢-derivative of this part
gives rise to the delta function. It is obvious from Eq. (3.22) that the function
([X, Y])(z) has finite derivatives of any order n in the upper half plane of z, because
t" exp(izt) goes to zero exponentially with 1 — oo. This means that the Green
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function is analytic in the upper half plane. Note that the convergent integrals
originate from the positive integration range of #, which reflects the causality.

In the many-body theory, the Green function also describes propagation of
particles. The simplest is the single-particle Green function of bosons, which
corresponds to ([X, Y])(z) provided X, Y are related to the Bose operators as in
X = b,Y = b'. The fermion Green function will be discussed later. In the case
of lattice vibration, the lattice displacement ¢ is related to phonon operators as
¢ o< b+ b in the symbolic notation. Hence the response function with X = ¥ = ¢
is regarded as the (single-particle) phonon Green function.

We now take the space and time-dependent magnetic field B(r, t). The corre-
sponding Hamiltonian is given by

Heyi (1) = — / drM(r,t) - B(r,t)

=—> M(q.1t)- B(—q)exp(—iot), (3.24)
q

where the second line is a result of spatial Fourier transform. The response
(M(q,1))ext depends on time according to exp(—iwt). Setting the complex fre-
quency as z = o + 104 with positive but infinitesimal imaginary part, we obtain
the generalized susceptibility tensor

X (g, 0) = —([My(q), My(=q)])(w +1i04), (3.25)

which describes the response of p-component of magnetization against the v-
component of magnetic field. The quantity is often called the dynamical suscepti-
bility, which depends on both wave number and frequency. The negative sign in the
RHS is due to the definition (3.22). In general, the response function is determined
in terms of the retarded Green function.

In many fermion systems, response functions correspond to two-particle Green
functions of fermions. We consider an isotropic many-electron system where the
susceptibility tensor is reduced to a scalar. The magnetic moment along the z-axis
is written, in terms of creation and annihilation operators of electrons, as

1
M,(q) = —pug—Y GC Chiaos (3.26)
z\q 1% «/V %: ko Ck+qo

with 0 = %1, and V being the volume of the system. In the case of non-interacting
electrons, the dynamical susceptibility can be derived exactly as

1 Z S (€kt+q) — f(€k)

— (3.27)
\%4 W — €f1qg — €k

x0(q, ®) =2u3
k
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The derivation exploits the reduction:
f i
[CIcz, c;q] = c,[c2, cyc1] + [CI, 6501]62 = CIQ - cgcz, (3.28)

where 1 and 2 symbolically represent quantum numbers. Further details of deriva-
tion are the subject of Problem 3.3.

The dynamical susceptibility reduces to the Pauli susceptibility in the limit of
w=0,qg - 0,and T — 0. This can be confirmed as

. 1 of (ex) ’
1 0) =2 2—§ - = 3.2
qlg%)Xo(lI, ) HB Yy, : ( e )HO ugp (), (3.29)

where the derivative of the Fermi function tends to the delta function peaked at the
Fermi level . For free electrons with e = k?/(2m), the density of states per spin
is given by p(u) = mkp /m?* with kr the Fermi momentum. It is necessary to keep
response functions independent of V so as to have a meaningful thermodynamic
limit. For this purpose we always take finite ¢ in the calculation. The homogeneous
response is derived in the limit ¢ — 0, as demonstrated in Eq. (3.29).

Let us investigate analytic properties of the Green function. It is most convenient
for this purpose to take matrix elements of X, Y in terms of the exact many-body
eigenstates |n) and |m) with the eigenenergies E, and E,. Then integration in
Eq. (3.22) can be performed explicitly, with the result

Xnm Ymn
(X, VD)@ = AV D =2 (1 — exp(—Bomn)]

—szpmmm (3.30)

I — Wmn

Here Av, means the statistical average with respect to |n), and the explicit use of
the weight p, gives the second line. We have used the notations X,,,, = (n|X|m)
and oy, = E, — Ej.

Equation (3.30) shows that the function ([ X, Y])(z) has the cut singularity only
along the real axis of z, and is analytic in both upper and lower half planes of z. The
part with Im z < 0, however, cannot be represented by the same time integral as the
retarded Green function. Instead we introduce the alternative representation for Im
z<0:

0

(X, Y] (2) =i/

—00

dt([X (1), Y])e'¥' = /oo dt D}y (1)e'™, (3.31)

which is called the advanced Green function since the integration is in the negative
range of ¢. Note that the integral in Eq. (3.31) converges only in the lower half plane
of z. Summarizing the argument above, the function ([ X, Y])(z) is analytic except
for the real axis of z, and reduces to retarded and advanced Green functions in
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the upper and lower half planes, respectively. For response functions, the advanced
Green function is merely a mathematical device to construct the analytic function.
However, the advanced Green function for fermions describes physical (causal)
propagation of a hole (antiparticle) as explained in Sect. 3.7.

As a very useful quantity, we introduce the spectral function Iyy (@) by

Ixy (@) = AV Y Xy Y1 = exp(—=Bw)18(@ — )

o dt iwt
=/ — X (1), YD), (3.32)

o0 2T
with the relation to retarded and advanced Green functions:
([X (), Y1) = i[D}y (1) — Dy (O] (3.33)
In terms of Ixy (w), the Green function is represented by

<m1mm=/mw““@, (3.34)

S 7—w

which is called the spectral representation, or the Lehmann representation. The
most important is the case ¥ = X' for practical purpose, where Iy y+(w) is real
according to Eq. (3.32). In this case, the spectral function is an odd function of w,
being positive for @ > 0. It is related to the imaginary part of the response function
as

1
Iyxi (@) = —Iyyi(—w) = —;Iqu, XN (w +1i04), (3.35)

which is verified by use of the identity Im (x + i04)~! = —n8(x). We shall
frequently use the odd function property in discussing various kinds of Green
functions.

The spectral function describes dissipation of energy. To exemplify this, we
consider the simplest case where the AC electric field along the z direction is
coupled to the polarization density P (r) in the isotropic system. The corresponding
Hamiltonian is given by

Hey( (1) = — / dr P(r)E(r) exp(—iwt). (3.36)

According to the linear response theory, the dynamical polarizability «(q, w) for the
electric field with wave vector ¢q is given by

(g, w) = —([Pg, P_gl) (@ +i04), (3.37)
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where P, is the Fourier transform defined by

: f
P, = — | drP(r)exp(—iq - r). (3.38)
VY
The corresponding spectral function satisfies the relation

1
Ipp(q,w) = ;Ima(q,a)). (3.39)

The polarizability is related to the dielectric function €(g, w) and the conductivity
o(q, ) by

hi
e(g, ) = 1 +4na(q, 0) = 1 + —~5(q, w). (3.40)
w

Hence from Egs. (3.39) and (3.40) we obtain

1
Ipp(q,w) = —Reo(q, w), (3.41)
Tw

where the RHS represents the Joule heat for unit magnitude of electric field. Thus we
understand that the spectral function /p p(q, w) represents the dissipation of energy.

The spectral function for X, Y in general is related to the correlation function of
X and Y. In quantum statistical physics, a convenient quantity is the symmetrized
correlation function defined by

{X(@®),YH=(XO)Y +YX(1)). (3.42)

In the classical limit, or if X, Y commute with each other, the symmetrization is
simply equivalent to multiplication by two. By taking the matrix element X, Yiun
in (3.42) as in Eq. (3.32), we can derive the relation

o0

{X@®).r}) =/

—0o0

dw coth (%) Ixy (w) exp(—iwt). (3.43)

In the special case of ¥ = X' with r = 0, the LHS of Eq. (3.43) represents the
fluctuation of X. On the other hand, the spectral function Iy y:(w) on the RHS
represents the dissipation of energy as we have seen for X = P. Namely, Eq. (3.43)
with ¥ = X7 relates the fluctuation of the quantity X to the dissipation of energy.
Hence Eq. (3.43) is often called the fluctuation—dissipation theorem.
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3.4 Green Functions with Imaginary Time

In the linear response theory, both the statistical operator exp(—g H) and the time-
boost operator exp(—it H) play important roles. The two operators take similar
exponential forms, and identification of S as an imaginary time leads to the
Matsubara picture defined by Eq. (3.7). The use of imaginary time provides an
extremely powerful framework in the Green function, which is often called the
thermal (or Matsubara) Green function. This Section explains the basics of the
thermal Green function [2] which are related to response functions. The fermion
Green function will be explained later in Sect.3.7. In the Matsubara picture, a
physical observable X, which behave as a bosonic operator, is represented by

e xe ™ = xM(q) (3.44)

for imaginary time t. Assuming —8 < t < B, we introduce the thermal Green
function Dxy[7] by

—(xM@)Y), (x > 0)

—(YxXM()), (r <0), (3:45)

Dxyltl = —(T: XM(0)Y) = {

where T; arranges the operators X, Y in descending order of the imaginary time,
and is called the time-ordering operator. The angular bracket used in Dyy[t] distin-
guishes the quantity from its Fourier decomposition to be defined by Eq. (3.47). As
we shall discuss later, if X and Y are fermionic operators, the sign is reversed for
T < 0, leading to +(Y XM(1)).

By direct evaluation of Eq. (3.45), we recognize that Dxy[t] is a periodic
function of t with periodicity 8. Namely, using the relation p, = o, exp(Bwmn)
with eigenstates |n) and |m), we obtain for - < 7 < O:

Dxy[t] = — Z onYnm Ximn €Xp(Twimn)

nm

== pnYum Xomn expl(T + B)wmn] = Dxylt + Bl. (3.46)

nm

Hence, the Fourier decomposition is carried out in the range —8 < 7 < 8 as

Dxyl[t]l =T Dxy(iv,) exp(—iv,T), (3.47)

where the imaginary frequency iv, = 2minT is called the (even) Matsubara
frequency with n an integer. The even Matsubara frequency is associated with
bosonic operators.
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The expression for 0 < v < B is given with use of the spectral function as

Dxy[z] = —/ da)IXy(a))% (3.48)

a)’
oo P

which leads to the Fourier component Dyy (iv,) as

B o0 I
Dyy (iv,) = / dt Dyy[t]exp(ivat) = / o XY (@) (3.49)
0 -0 Wy —w
The rightmost form demonstrates a surprising relation
Dxy (ivp) = ([X, Y])(ivn), (3.50)

by comparison with Eq. (3.34). Namely, the thermal Green function is related to
retarded and advanced Green functions by analytic continuation [3]. This relation is
practically most useful since the thermal Green function can be analyzed in terms of
diagrammatic perturbation theory, as we discuss in later chapters. Thus a physical
response function can also be analyzed diagrammatically, which greatly facilitate a
systematic approximation.

In the special case of X = Y = M in Eq. (3.50), the thermal Green function
corresponds to the dynamical susceptibility with imaginary frequency. In the case
of free electrons, Dy x+ (iv,) with X = c;cz can be derived exactly as

Dy x+ (ivy) = - faz /i

_— 3.51
1w, — € + €1 ( )

This result will be repeatedly used in the rest of this chapter. The derivation is the
subject of Problem 3.4.

In concluding this section, we give a special case where the analytic continuation
in Eq. (3.50) does not work. Consider a system in which M is conserved and
Eq. (3.10) gives the Curie law. If the analytic continuation is valid, the Matsubara
Green function Dy (iv, = 0) and the retarded Green function ([M, M])(z = 0)
should be the same. However, since [M (1), M] = 0, Eq. (3.21) leads to x (w) = 0
for any w, including @ = 0. The vanishing dynamic susceptibility originates
from the lack of ergodicity in the motion of isolated magnetic moment. Without
ergodicity, the ensemble average gives the Curie law, while the time average gives
x(0) = 0. Therefore, due care is necessary in dealing with conserved quantities.
Problem 3.5 discusses a procedure to recover the ergodicity, and derive the static
limit properly.
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3.5 Relaxation Function

Among various modes of response to external perturbations, we consider the
situation where a constant external field was present for ¢ < 0, but it is suddenly
switched off at + = 0. For example, if a small external magnetic field is given
by B(t) = B6(—t), the magnetization M at ¢t < 0 is given by xB. Fort > 0,
the magnetization remains nonzero for a while. The behavior of magnetization for
t > 0 is referred to as relaxation.

Generalizing this example to arbitrary observable, we consider a quantity
(X (t))ext for t > 0, which was coupled to an external field via ¥ up to ¢t = O.
As we shall prove in the end of this section, the behavior is determined by

1 [P
(X1):;Y)=— / (Xt —iN)Y), (3.52)
B Jo
which is called the canonical correlation function. This name implies a quantum
version of the correlation function associated with the average over A. The quantity
B(X(1); Y) is called the relaxation function. By definition, the initial value (X (r =
0); Y) corresponds to the static susceptibility since the statistical operator for
(X (7 = 0)ext is given by exp[—B(H + Hext)1/ Ziot-
The Laplace transform of the canonical correlation function is given by

(X;Y)(z) = /OO dt (X (1); Y)e', (3.53)
0

which is related to the response function via the spectral function. Namely, by
taking matrix elements such as X, in terms of eigenbases n, m of H, we obtain

(X(1):Y) = /oo dw%e‘iwt. (3.54)

Hence the Laplace transform of exp(—iwt) and the use of Eq. (3.34) leads to the
relation

(X; Y)(2) = (izB)” (X, Y] (2) — ([X, Y])(0)}. (3.55)

On the other hand, the time derivative ¥ of the operator Y has the spectral
function Iy (w) satisfying Iy (w) = iwlxy(w), as can be checked with use of
Eq. (3.32). Hence the following relations hold:

B(X:¥)(2) = —([X. Y](2), (3.56)
BIX(1):Y) = {[X(®), YD) (3.57)
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We now show that Eq. (3.56) gives the electrical conductivity in terms of a relaxation
function. The perturbation by electric field is given by Eq. (3.36), and the electric
current J and the polarization P are related by P = J. Thus the Kubo formula
together with Eq. (3.56) gives

0(2) = =(lJ, PI)(2) = B(J; J)(2). (3.58)

where the rightmost side is precisely the relaxation function.
Finally we return to the case of magnetic relaxation with X = ¥ = M, and
explain how Eq. (3.52) describes the relaxation. We obtain

0

0
B(M(1): M) =/3/ de' (M (0); M (") Zi/ dr'([M(0), MO, (3.59)

—00

where we have used Eq. (3.57) in the second equality. The rightmost quantity gives
(M(t))/B for t > 0 according to Eq. (3.19). Hence the relaxation function indeed
describes the decay of the induced magnetization after the constant external field is
switched off.

Figure 3.1 illustrates an example of (M (t)) where the dynamical susceptibility
takes the form

x(w) = — (3.60)
In this case, we obtain the relaxation function from Eq. (3.54) as
B{M(t); M) = x exp(—1I't), (3.61)

fort > 0.

Fig. 3.1 An example of (M (t))
magnetic relaxation where the
external field is given by

B(t) = BO(—1t). The
magnetization (M (t)) for

t > 0 decays in accordance
with the relaxation function
B{M(); M)
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3.6 Liouville Operator Formalism

In more advanced treatment of the nonequilibrium property, it is convenient to
regard the relaxation function as a kind of inner product between vectors | X) and
|Y) associated with the Hermitian operators (observables) X and Y. For example,
the static susceptibility xxy is regarded as the inner product (X|Y) by the relation

B
(XY) = / dr(exp(tH)X exp(—tH)Y) = B(X; Y), (3.62)
0

where the canonical correlation function (X; Y) has been defined by Eq. (3.52). It
can be checked that the inner product satisfies (X|Y) = (Y|X) in addition to the
standard linear relation such as

(Xla1Y1 + a2Y2) = a(X|Y1) + a2 (X|)2).

We now introduce the Liouville operator £ by the relation LX = [H, X] with
the Hamiltonian H. Simple calculation shows

(X|L|Y) = (X|LY) = (LX|Y), (3.63)

which means that £ is a Hermitian operator for the present inner product. The
Liouville operator together with the inner product provides the compact expression
for the relaxation function. Namely, using X (#) = exp(iLf)X in Eq. (3.53) and the
Hermiticity of £, we obtain

(X:Y)(2) = (X|——|¥) = Cxy (2). (3.64)
z—L

Furthermore, the dynamical susceptibility defined by Eq. (3.22) is represented by
the use of Eq. (3.55) as

L
xxy (2) = (X|Z7—I¥). (3.65)
-z

These compact expressions lead to a framework which enables one to focus
on slow observables such as magnetization or electric current that is relevant to
relaxation. We take the dynamical magnetic susceptibility xs(z) as a representative
example. Corresponding to the observable M, a projection operator P is introduced
by

P =|M)x, (M|, (3.66)

where xy = (M|M) is the static susceptibility. The property P*> = P = PT is
easily checked, which is a necessary condition for the projection operator. Another
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projection operator Q is defined by @ = 1 — P as the complement of P. These
projection operators are useful to deal with (z — £)~!, which appears in the
relaxation function Cys(z).

We now recall the following relation for a 2 x 2 matrix:

-1
a b* 1
= 3.67
|:<b c> i|11 a—b*c1b (5.67)

The relation is generalized to matrices a, b, ¢ with dimensions n x n, m x n, and
m x m, respectively. Then the RHS of Eq. (3.67) should be regarded as the inverse
matrix of the denominator with the dimension n x n, and b* should be modified to
b,

Using the projection operators, we make the following substitution:

a=Pi—-LP, b=-QLP, c=Q(z—L)Q. (3.68)

Then corresponding to Eq. (3.67), we obtain the expression [4]:

Cm(z) =ixmlz — 2u +il )17, (3.69)
or, equivalently,
xm(2) = xm ' (2)/[—i(z — 2um) + ' (2)], (3.70)
where
2u = x3 (MILIM), (3.71)

describes the frequency of averaged motion. We obtain using Eq. (3.54)

(M |LIM) = /OO dolyy(w) =0, (3.72)

—00

where the spectral function Iy (@) = I, (@)/(iw) is an odd function. The result
£2 = 0 holds in most cases of our interest. In the presence of finite magnetic field,
however, the precession of magnetic moment is described by 2 which is extended
to matrix. Problem 3.6 deals with such extension where multiple variables X; (i =
1,2, ...) become relevant.

On the other hand, I"(z) is given by

I@) = Xy QM| —55100). (3.73)

QLY
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with M = iLM. As will be explained soon, I'(z) describes the dissipation
associated with dynamics of M in terms of the canonical correlation function of the
random force Q M. Hence Eq. (3.73) is regarded as another form of the fluctuation-
dissipation theorem [4, 5], which is in fact closer to the original form for the
Brownian motion of a classical particle in terms of random force. In the classical
case, the correlation function of the random force gives decay of the particle velocity
by dissipation. The velocity is replaced by M in the present case.

So far the discussion is exact, but tautological in the sense of playing with iden-
tical expressions. Equation (3.69) provides physical intuition on relaxation if QM
is characterized by dynamics faster than that of M. More generally the choice of P
should be made for slow variables. The framework leading to Egs. (3.69)—(3.73) is
often called the Mori (or Mori—Zwanzig) formalism [6], which is also practical for
approximate treatment. As an example, we derive the magnetic relaxation rate of a
magnetic impurity with spin S in metallic matrix. The perturbation Hamiltonian is
given by

J T
Hy=JS-s=3+ DD S (01)ap Cholipe (3.74)

i kK op

where s is the spin of conduction electrons at the impurity site R = 0, and N the
total number of lattice sites. The unperturbed Hamiltonian Hp, which is the kinetic
energy of conduction electrons, conserves S and hence M = gugS;. Then it follows
that M = iLM = i[H1, M]. Since this is already first order in H{, I"(z) in the lowest
order O(le) is derived by replacing H by Hp in time development. Furthermore,
we may put Q = 1 since (M|M) = 0. Thus we obtain from Eq. (3.73),

I(z) = x3 (Mli(z — Lo) " |M)o
1 L. ..
= —— {(IM, M1)o(z) — (IM, M1)o(0)}, (3.75)
LZXM

with use of Eq. (3.55). The suffix O indicates the average with respect to Hy.
The retarded Green function is most easily derived from the Matsubara Green
function which is computed as

oy L2 Lo Sler) — flew)
(M, MDoGive) = 5T °Cu o5 g it e (3.76)

where Cy = /LZBS (S + 1)/3 is the Curie constant. By analytic continuation to
7 = w + 104, and taking the limit @ — 0, we obtain

mngmfn (3.77)
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with p. being the density of states. As Eq. (3.76) indicates, the w dependence
in I'(w) becomes relevant only for @ of the order of the bandwidth. Thus the
T-linear relaxation is observed widely as characteristic of the itinerant fermion
reservoir. This is often called the Korringa relaxation, the name of which comes
from relaxation phenomena of the nuclear spin responsible for M [7]. In this case
J corresponds to the hyperfine interaction. The Korringa relaxation is also observed
with a magnetic impurity where localized electrons form M. Details of derivation
for Egs. (3.76) and (3.77) are the subject of Problem 3.7.

In a similar manner, we can derive the optical conductivity o (w) from the current
relaxation function. For simplicity, we assume the spectrum e; = k>/(2m) for
electrons and neglect the spin. Electrons are scattered by impurities which are
located randomly. The interaction with the impurity at the origin is given by

Hip = / dru(r)¥ (v ), (3.78)

where u(r) = u(r) is the spherically symmetric impurity potential and
) = — > (ik - r) (3.79)
r)y=— crexp(ik - r), .
VV o

with V being the volume of the system. We take the volume of the unit cell as unity
so that V = N. The perturbation Hamiltonian H; is the sum of Hj( and similar ones
from other impurities with the density n;. The Fourier transform J,; of the electric
current along the z-direction is given by

e

Jy = —
1 m~V

Y ki g pChras2: (3.80)
k

which in the ¢ — 0 limit commutes with the unperturbed Hamiltonian Hj
describing the kinetic energy. We use Eqs. (3.58) and (3.69) to obtain

o(q,z) = (JglJ-g)/[-1z+ T'(q,2)]. (3.81)

In the lowest order in the impurity potential, I'(q, z) is given by the form of
Eq. (3.75) in which M is replaced by J,. After some algebra, which is the subject
of Problem 3.7, we obtain for ¢ — 0

eN2 1 fler) — fleg)  né?
kK

(3.82)
eyt — fe)
1y

v, —ex +ep

.. 2 ,
(g J-glotivn) = (=) 75 D lulk — K11k
kK
(3.83)
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where n and n; are the electron and impurity densities, respectively, §(p, 0) is the
Kronecker delta, and u[k — k'] is the Fourier transform of u(r). Proceeding in the
same manner as in the case of the Korringa relaxation, I'(g = 0, = +i04) is
derived as

r,io;) = an d6 (1 — cos ) |ulke(eo — e9)]|” peler) = Ti (3.84)
0

tr

where ey is the unit vector along the polar angle 6 from the z-axis of k. The w-
dependence of I" is negligible as long as @ < ep. The temperature dependence is
also negligible as long as T <« €p. More details of the derivation is the subject
of Problem 3.7. The result for the transport relaxation time 1/t is consistent
with the one obtained by the kinetic (Boltzmann) equation [6]. In contrast to the
latter approach, the derivation here is automatic, relying only on the lowest-order
perturbation theory for the relaxation rate. In summary, the optical conductivity

takes the Drude form:
2 1
o () = E/(—iaur —> , (3.85)
m Tr

which in the static limit reduces to the dc resistivity
p=m/(ne*w), (3.86)

with 1/7, given microscopically by Eq. (3.84).

We have learned that the Lorentzian form of the response function is valid if the
focused frequency w is much smaller than the characteristic frequency in I' (w) so
that its w-dependence can be neglected. In order to study the spectral shape more
generally, we turn to another approach that deals with time ¢ instead of frequency.
As a preliminary, we represent the relaxation function as

(M®)IM) = (M| exp(—iL)|M) = {{exp(—iL1)))(M|M), (3.87)

where the average ((---)) has been introduced. Then expanding exp(—iLt) and
comparing the coefficient of " with that obtained from the expression Eq. (3.54),
we obtain the spectral moments (@") (n =0,1,2...) as

(") = (L") = / 74O it X2 (3.88)
—00 T XM

in terms of the dynamical susceptibility.
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In addition to the moments, the related quantity called the cumulant is commonly
used in characterizing the statistical distribution. In the case of relaxation phenom-
ena, we manipulate as follows:

((exp(—iL1))) = expl{(exp(—iL1)))c — 1] = exp[—i({w)t + X (®)], (3.89)

where X (¢) generates the cumulants (@"), = ((L")). by

o0

x0 =Y S ., (3.90)

n!
n=2

Of particular importance is the second cumulant
(@) = (L) = (L)) (3.91)

The moments and cumulants are derived by expansion in terms of ¢, which assumes
smooth continuation from the initial stage of the relaxation. In the Gaussian
distribution, the cumulants higher than the third all vanish, the proof of which is the
subject of Problem 3.8. On the other hand, in the case of the Lorentzian spectrum,
all moments with n > 2 are divergent. As we shall discuss below, the Lorentzian
spectrum is relevant only to the the long-time behavior, which corresponds to the
small frequency region of the relaxation spectrum.

In order to combine the complimentary aspects of long and short times, we
appeal to less rigorous but more intuitive argument. The function X (¢) in Egs. (3.90)

starts from O at + = 0, and should decrease as the time passes, as long as the
relaxation takes place in Eq. (3.89). We define the characteristic time tp in X (¢)
so that Re X (tg) = —1. Then the relaxation function should be negligibly small

for t > tg. In such large time ¢, however, the expansion form Eq. (3.90) may
not be valid, since the dissipation effect breaks the analyticity in time. In fact, the
Lorentzian spectrum is equivalent to the following behavior for ¢ > tg:

X(t) - —i(dw —i)t, (3.92)
where Sw is the shift in resonance frequency. Note that the ¢-linear term with I is
absent in Eq. (3.90). The term with I" breaks the time reversal, and emerges only

with the boundary condition imposing the causality. The simplest form with account
of the causality is given by

t 1 t
X() = —/ dr / dhg(t) — ) = —/ dr(t — 7)g(7), (3.93)
0 0 0

where g(7) is the cumulant correlation function of QM . In order to understand the
qualitative feature, we take a phenomenological model

g(1) = g(0)exp(—1/7c), (3.94)
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with another characteristic time t¢. For simplicity we assume that g(0) is real,
which implies (w) = §w = 0. In this case we obtain

—38(0)?  (t < 70),
—g(O)‘L’cl (t > t0).

X() = —g(O)ré[l —t/tc +exp(—t/tc)] — { (3.95)

As extreme cases, we consider (i) t¢ >> tx and (i) 7¢ < g, with g(0) = D? ~
‘L'EZ. Namely, t¢ separates the short-time behavior described by Eq. (3.90), and the
long-time behavior described by Eq. (3.92). In the case (i), the short-time behavior
is dominant in X (7). The spectrum becomes the Gaussian with the explicit form

xm(@) [T xm 1 rw\2
im0 —\/;Fexp[—z(ﬁ)}, (3.96)

where
D? = x,, (M |M). (3.97)

It is possible to derive D by perturbation theory.

In the case (ii), Eq. (3.95) shows that the relaxation is dominated by the
Lorentzian form as described by Eq. (3.92). The relaxation rate is given by
Eq. (3.75) with z = 0, or by I" = D?tc ~ Tc/‘L'I% according to Eq. (3.95). Hence
with given D, the relaxation rate in the case (ii) is smaller than that in (i) by the
factor 7¢ /tgp < 1. The reduction associated with the Lorentzian spectrum is often
referred to as the motional narrowing [8].

Figure 3.2 illustrates the typical spectra for both cases (i) and (ii). The ratio t¢ /g
in the figure should not be taken seriously, which is shown just for illustration.

(a) (b)
Almx(w)/w Almx (w)/w
v v v w
Ol1/rc 1/7r w O 1/7r 1/1¢

Fig. 3.2 Spectral shapes of dynamical susceptibility for (a) the Gaussian case with ¢ > tr
and (b) the Lorentzian case with Tg > t¢. The time t¢ characterizes the switching scale in the
cumulant function X (¢) as given by Eqgs. (3.89) and (3.92), while 7 controls the initial behavior
of X(t) as X(¢t) ~ —%(t/tR)z. See text for details
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3.7 Green Function for Fermions

The single-particle Green function gives a building block for response functions,
which corresponds to the two-particle Green function. Hence it is appropriate to
discuss the Green function for fermions here. We use indices i, j to represent
symbolically spatial coordinates, momentum, and other degrees of freedom of
fermions. With the fermionic creation | and annihilation /; operators, the thermal
Green function G;;[7] is defined by

—wMoy]) >0

(3.98)
WivM@) @ <o)

Gijlrl = —(TyM(Dy]) = {

with —8 < t < . Itis straightforward to show, following the bosonic case given by
Eq. (3.46), that the Green function is anti-periodic in T with the period 8. Namely,
for —8 < 7 < 0 we obtain

Gijlt] = —=Gjj[t + B]. (3.99)

Hence the Green function can be Fourier decomposed into G;;(ie,) with odd
Matsubara frequencies i€, = imr(2n + 1)T.

As in the case of response functions, a useful quantity is the spectral function
Pij (¢) defined by

Pij(€) = AV Y (Widum (W) [1 + exp(—Be)] 8(e = €mn)

© qr . .
= [ e v, (3.100)
oo 27

Note that the anticommutator appears in Eq. (3.100) in contrast with the commutator
in Eq. (3.32). Using the spectral function, we obtain the representation for 0 < t <

B:

Gijlrl = —/ dep;;(e)[1 — f(e)lexp(—€T) (3.101)

which leads to

6’0”—(_6) (3.102)

B 00
G,-j(ien)zf er,-j[r]exp(ie,,r)Z/ d
0

o 1€y
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The rightmost form is the spectral (or Lehmann) representation for the fermionic
case. The definition (3.100) immediately leads to the sum rule

/ dep;j(€) = dij. (3.103)

—00

Hence Eq. (3.102) can be regarded as superposition of the Green functions 1/ (i€, —
€) for free particles with energy €. The effect of interactions appears in the weight
pij(€).

In performing the inverse transform of Eq. (3.102), we use the following formula
for summation over Matsubara frequencies:

TZ efp(ienf) _ ) f@©@expler), (<0 (3.104)
o l€n —€ [f(e) — 1]exp(er), (T >0),
where f(e) = 1/(ef€ + 1) is the Fermi distribution function. In the case of

t = 0, the slow asymptotic decay 1/(i€,) of the summand makes the summation
logarithmically divergent. However, with use of the pair-wise combination:

1 1 €
- + — =—= 3 (3.105)
i€, —€ —ie, — € €5 +¢€

the asymptotic behavior 1/ e% leads to convergence. This conditional convergence of
the summation is the origin of discontinuity at T = 0, which is consistent with the
definition given by Eq. (3.98). The proof of Eq. (3.104) is the subject of Problem 3.9.

For free particles with the Hamiltonian, H = Zk Ekl”]j Yk, the time dependence
can be derived explicitly as

Y (t) = exp(iHt) Y exp(—iHt) = exp(—iext) Y. (3.106)
Therefore the spectral function defined by Eq. (3.100) is derived as
pr(€) = 8(e — €x). (3.107)
The thermal Green function follows from Eq. (3.102) as
1

Giliey) = .
i€, — e

(3.108)

For a general case with the Hamiltonian matrix /;;, we obtain

1
Gij(iey) = ( > , (3.109)
i€, —h ij
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which can be confirmed by diagonalization of /& with a proper unitary transforma-
tion.

By analytic continuation of Matsubara frequencies to complex frequency z in the
upper half plane, we obtain G;;(z), which corresponds to the Fourier transform

0 .
Gij(z) = / dte" GF (1), (3.110)
o

of the retarded Green function
G?j(t) = —i0){{y: (1), 1//}-'})- (3.111)

Note that Eq. (3.111) involves the anticommutator in contrast with the commutator
in Eq. (3.22) for the bosonic Green function. On the other hand, the analytic
continuation to z in the lower half plane gives the Fourier transform of the advanced
Green function

G0 =10(=D (Wi (1), ¥ ). (3.112)

Namely, we obtain with Im z < 0:

Gij(z) = / dte ' G (1). (3.113)

—00

The retarded and advanced Green functions in the time domain are reproduced from
Eq. (3.108) which is the subject of Problem 3.10. The difference of retarded and
advanced Green functions amounts to

Wi, vj) =i[GRo - Ghwn]. (3.114)

which leads to the spectral function by Fourier transform, as given by Eq. (3.100).
It is instructive to compare with the bosonic case in Eq. (3.33).

In many fermion systems, we may interpret the retarded Green function as
describing the propagation of particles with positive energy measured from the
chemical potential p. On the other hand, the advanced Green function describes
the propagation of holes, which is equivalent to backward propagation of particles
with negative energy. To recognize the hole propagation, we take the non-interacting
system at T = 0, and choose the energy €, < 0 measured from . We write the
advanced Green function as

G (1) = i6(—1) f (ex) exp(—iexr) = i0()[1 — f(€})]exp(—iejt’),  (3.115)

where the backward propagation (¢ < 0) is translated into the forward propagation
(t" = —t > 0) of the hole with positive energy €, = —¢y.
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We now consider another non-interacting system where the basis set has both
localized (impurity) state and itinerant states. The latter is characterized by the
crystal momentum k. This system is convenient in introducing concept of the self-
energy in an explicit manner. The Hamiltonian is written as

_fffo‘f‘kaCka‘f‘ Z(ckf+f <K, (3.116)

where f and cy denote annihilation operators of localized and itinerant states,
respectively, and N denotes the number of k states. These states hybridize with
the local state by the strength V. We use the matrix 4 to represent the Hamiltonian
in the present basis set, and obtain

_ _yT
i—h= (Z_;f Z_Vh > (3.117)
C

where all elements of the vector V and its conjugate V' consist of V/+/N, and .
is an N x N diagonal matrix with elements €. In such a case, the matrix identity
Eq. (3.67) gives the Green function G f(z) of the localized state as

-1
Gr@=le—m "= (= = Vie—h)'V)
=(c—er— @), (3.118)

where X'r(z) is the simplest example of the self-energy, which modifies the bare
spectrum characterized by € r. Namely, with z = € + 104, the real part Re X'r(¢€)
describes the shift Ae from the bare energy € r. Here 0 can be neglected. The shift
satisfies the self-consistent relation,

Ae =ReX (e + Ae), (3.119)

which resembles the Brillouin—Wigner perturbation theory as given by Eq. (1.6). On
the other hand, —ImX (e +i04) > 0 describes the damping of the excitation. The
meaning of real and imaginary parts of the self-energy is general and applicable
also to homogeneous systems with mutual interactions. We shall discuss typical
examples later, especially in Chap. 10.

It is instructive to derive X ¢(z) explicitly in the special case of constant density
of states p. inside the energy band: —D < € < D of itinerant states. We can
immediately obtain

D
1 D
Yr(2) = VzpC/ de = Vz,oclnZ + .

3.120
-D I — € Z—D ( )
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Due care is necessary in evaluating the logarithm with complex argument. With
z = € 210, the logarithm is evaluated as

e+ D+i0,
In———  =1In
E-D:l:10+

e+ D
e—D

‘ Fin0(D? — €%). (3.121)

There is a discontinuity of 27 above and below the branch cut € € [—-D, D]. As
long as |z| < D, the real part of the logarithm has much smaller absolute value of
O(|z|/ D) than the imaginary part 7. Hence we obtain for small |z|,

X ¢(z) = —sgn(Im 2)iA + O(z/D), (3.122)

with A = 7 V?p.. Note that we have the finite damping even though all the
eigenvalues of the Hamiltonian matrix & are real. The complex value of the self-
energy is the result of projection onto the localized state, for which itinerant states
behave like the reservoir. We have met analogous situation in the linear response
theory where the total Hamiltonian, which is Hermitian, can bring about damping
of certain degrees of freedom observed.

It is remarkable that the sign of the imaginary part is consistent with analytic
properties of the Green functions. Namely, the retarded Green function is given,
with neglect of ReX'r, by

Gp(z)=(z—ep+id)™", (3.123)

which has no singularity in the upper half plane of z. The spectral density is given
by

1 . 1 A
,of(e)z—; ImGy(e +i04) = — (3.124)

T (e —ef)?+ A%

The Lorentzian density of states is typical of the resonant state. In the time domain,
we obtain from the inverse Fourier transform of Eq. (3.123),

Gl}(t) = —i6(t) exp [—i(ef — iA)t], (3.125)
which has the damping A, or the lifetime 1/A. Thus the imaginary part of the self-

energy is analogous to the relaxation rate of magnetic moment, or that of current as
described in Eq. (3.85).

Problems

3.1 Show that in the magnetization given by Eq. (3.9), correction terms begin from
O(B3).
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3.2 Derive the Kubo formula Eq. (3.19) by using the density matrix.

3.3 Derive the dynamical magnetic susceptibility for free electrons, and show that
the static and long-wavelength limit reproduces the Pauli spin susceptibility.

3.4 Derive the dynamical susceptibility with even Matsubara frequencies for free
electrons, and confirm the property given by Eq. (3.50).

3.5 Assume a finite magnetic field B, along the z-direction, and derive the
transverse dynamical susceptibility x, (w) for an isolated spin. Show that the Curie
law is obtained in the limit B, — O.

3.6 Generalize Eq. (3.69) to the case where multiple variables X; (i = 1,2,...)
become relevant for slow relaxation.

3.7* Derive the Korringa relaxation rate given by Eq. (3.77), and the current
relaxation rate given by Eq. (3.84)

3.8 Show that cumulants in the Gaussian distribution vanish in all orders higher
than two.

3.9 Prove Eq. (3.104) for summation over Matsubara frequencies.

3.10 Derive retarded and advanced Green functions with real time using the thermal
Green function for free fermions,

Solutions to Problems

Problem 3.1
The first line of the RHS in Eq. (3.9) is expanded in terms of B in Hex; for both
numerator and denominator as follows:

(M)ext = (1B +a3B> +...)/(ag + aa B> + ..), (3.126)
where the nonzero coefficients a; are constrained by the time reversal; only odd
terms in the numerator and only even terms in the denominator. Hence the correction
to x B begins from B3. Up to B we may write

(M)exi = x B + x3B°. (3.127)

The linear response dominates for weak magnetic field B <« B, where B, is
estimated as

B> ~ x/x3. (3.128)
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Problem 3.2
The density matrix py(#) in external field obeys the equation of motion

0ot (1)
at

=i[pt(t), H + Hext(1)], (3.129)

which follows from the Schrédinger equation. Instead of solving Eq. (3.129)
directly, we start from the formal solution

Prot(t) = exp(—th)U(z‘),oU(z‘)T exp(iHt), (3.130)

as obtained from Eq. (3.13). Putting the lowest-order result of U(z) given by
Eq. (3.16), we obtain

t

dr’ exp(—iH1)[p, HY (t")]exp(iH1), (3.131)
o0

Prot(t) = p +i/

up to O (Hexe). Using the identity
Hy_ H
TrA[p, Hey ]l = Trp [A, Hyyl, (3.132)
for any given observable A, we obtain Eq. (3.19). The derivation is of course

equivalent to the one employed in the text.

Problem 3.3
We evaluate the Kubo formula involving the z-component of the magnetic moment
with wave number ¢:

o0
X0(q. o) =i /0 dr ([ME (o), MB, (0)]) exp(ioon), (3.133)
where
1 i
M, = —ugp—— 0C, Chkago- (3.134)
q MBW% ko Ck+q

The time dependence for free electrons is made explicit as
cl(t)ea(t) = expli(er — ext]clea, (3.135)

where use has been made of c;f(t) = c;rei“’ with eigenenergy €1, and its Hermitian

conjugate. Furthermore, the commutator is decomposed as

[c;rcz, c;cl] = c;f[cz, c;cl] + [CI, c;cl]Q = c;rcl — cgq. (3.136)
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At this stage, the statistical average is obtained with use of the Fermi distribution
function f(e;) = f] as (cIcl) = f1. Hence we obtain as a part in x (¢, ®),

—_ 3.137
o te ( )

x12(2) = i/o dtexp[i(e; — €)1 (fi — fr) = - 2= N

By summation over spin and momentum, it is straightforward to obtain the
dynamical susceptibility given by Eq. (3.27).

Problem 3.4
With imaginary time, the quantity that corresponds to Eq. (3.135) is evaluated as

(e} (@ea()cfer) = explr(er — )] fi(l = fa), (3.138)
where the Matsubara index M has been omitted for creation and annihilation
operators. We have used the fact that the average with indices 1,2 can be taken
independently, and that the operator for an eigenstate depends on imaginary time as

clr(r) = exp(rH)c}L exp(—tH) = cj exp(tey). (3.139)

Corresponding to Eq. (3.137), the Matsubara version is given by

B
K12 (ivm) = fo drexpl(er — e +iv)el fi (1 — f2)

_ exp'[ﬁ(ﬂ —€e)]— 1f1(1 —fy) = 'fz;fl, (3.140)
iv, — €2+ € W, —é+e€

where the last equality is due to the property exp(B¢) f(e¢) = 1 — f(e). Equa-
tion (3.140) corresponds to analytic continuation of z in Eq. (3.137) to even
Matsubara frequencies iv,. Hence the result gives an example to show the validity
of general formula given by Eq. (3.50).

Problem 3.5
In the spectral function

Ixy(w) = Av Z XumYmn[l — exp(—=Bw)]6(w — wmn), (3.141)

X,Y aretakenas X = S, = S5, +iSyand Y = S_ = §, —iS, with § being the spin
1/2 operator. Then |n) = |1) and |m) = || ) are the only states that give finite matrix
elements (= 1) for X and Y. Provided the temperature 7 = 1/ is much larger than
the Zeeman splitting |w,,,|, we may take 1 — exp(—Bw) ~ Bw and obtain

© 1
X4—(2) :/ do :)_(‘2) — 5. (3.142)
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which implies the Curie law x1 = xxx = Xyy = B/4 since x4— = xux + Xyy-
We interpret the result as due to the ergodicity recovered by the small but nonzero
precession frequency wyy,.

Problem 3.6
The projection operator is modified as

P=> 1% i (X, (3.143)
ij

where the matrix x is composed of elements x;; = (X;|X ;). Then the matrix C(z)
for the relaxation function is obtained as

C(z) =ixlz— R +il @] (3.144)

where the matrices £2 and I"(z) are composed of elements:

Qi = Z(x—1>u<xl|z:|xj>, (3.145)

Tij(z) = Z(x* )in Q|- Q QIQX> (3.146)

If the Hamiltonian is invariant under time reversal, we obtain £2;; = 0 as long
as all X;’s have the same parity under time reversal. Namely, the inner product of
|X;) and £|X ;) with different parities vanishes. If the external magnetic field B,
along the z-axis is finite and fixed, the Hamiltonian Hex; = — M, B, breaks the time
reversal. The magnetic moment M = gug$ has the time derivative proportional to
[S;, S]. Considering the component S;, we obtain as a part of £2;;:

(Sil[Sz, §j1) = iezji(SilSk), (3.147)
with €, being the completely antisymmetric unit tensor. The RHS is finite with
i=x,j=yandi =y, j = x. The finite inner product contributes to §£2, = —£2y,
which describes the precession frequency.

Problem 3.7*

With the perturbation Hy = J S - s, we obtain

(S, Hi] =1J Ze,-jksksj. (3.148)

To derive I"(z) we need to evaluate

1
(Sk(D)sj (1) Sks )0 = 35S + Dis; (s o. (3.149)
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The s; part is Fourier transformed as

— flep)

_€k+6k/ ’

(Isj, sjDo(ive) = 4N2 Z J:U(e (3.150)

/

referring to Eq. (3.140). Then in I'(z), as given by Eq. (3.75), we deal with the
following quantity

1 - / 1
iy Flew) = flew) . 5D

—€f T €y I—€p ey

With z = 104, the real part vanishes by double summation and the imaginary part
becomes

Za( ek +ep) (—af(e")>_ —pe (). (3.152)
€k

kK

Substituting xps = C/ T, we obtain Eq. (3.77).

We proceed to the conductivity o (q, z) in the small |g| limit. The static current
susceptibility is derived by the formula

(JglJ—g) = ([Jg, J-q]) (2 = 0), (3.153)

which leads to the equality in Eq. (3.82). In the limit ¢ — 0, we obtain

i =S Lo, o (3.154)
€x — €k 3

v2 Z Atk — K + gk,
with p.(eg) = 3n/(2¢g). Then we obtain the rightmost result in Eq. (3.82). Note if
one works with ¢ = 0 from the beginning, singular contribution due to [Jo, Hp] = 0
leads to wrong result instead of Eq. (3.154).
On the other hand, we can set ¢ = 0 in dealing with jq since the correction is
negligible for ¢ — 0. Noting Jy is contributed by H; only, we obtain

o, Hil =n; Yy (ks — K Julk — K )cpcp. (3.155)
k.k'

Proceeding in the same way as in Eq. (3.150) we obtain Eq. (3.83). The next step
is also the same as in Eq. (3.151). Instead of Eq. (3.152), however, we now have
to average over the solid angles §2; and £2;. In the case of spherically symmetric
potential u(r) = u(r), only the direction of k' relative to that of k matters. Hence
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we may take the z-direction along k, and obtain

0 ..
—([Jo, Jol)o(w +i04)
10w

w=0
2me?n; a2, A
= 2T (e R / K lulkeG — 20120 —cosbp),  (3.156)
3m 4

where Z and Qk/ are the unit vector along the z-axis and k', respectively, and 6 is
the polar angle along k’. Combining with Eq. (3.82), we obtain Eq. (3.84).

Problem 3.8
We take a (classical) stochastic variable x, and consider the moments (x”) and
cumulants (x"). with n = 0,1,.... As a convenient device, we employ the

generating function G(gq) defined by

(ig)"

). (3.157)

G(q) = {exp(igx)) =

WK

0

n

Correspondingly, the n-th cumulant (x"). is defined by

InG(g) = Z%(x")c. (3.158)

n=1

If the variable x has the Gaussian distribution with the average x and the variance
o2, the generating function is derived in the closed form

© 1 -
G(g) = / = exp (——2(x -2+ iqx) = /2T (3,150)
—o00 V2o 20

By taking the logarithm of both sides in Eq. (3.159), and compare with Eq. (3.158),
we obtain immediately (x). = ¥, (x?) = o2, and (x"). = 0 forn > 2. On
the other hand, all moments (x") remain finite for the Gaussian distribution. These
moments are derived explicitly by expansion of the rightmost side of Eq. (3.159) in
terms of g, and compare with Eq. (3.157).

Problem 3.9
Let us consider first the case T > 0. We replace the summation by integral over the
complex energy z as

TZ—G’.‘p(le"f) =/ dz exp@D) L) (3.160)
P 1€ C

n— € 2wl 7z — €
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Fig. 3.3 The integration path £
C around the imaginary axis

picks up the poles of f(z). It C
is deformed along both
directions of the real axis
surrounding a pole at z = €

C
Fig. 3.4 Integration path for SRS |i
the retarded Green function. e - S N
The dashed semicircle is for e AN
the case t < 0, while the solid ,' t<O0 \\
semicircle for ¢ > 0 'I \‘
1 \
] \
>
€k
t>0

where f(z) = 1/(eP?+ 1) has first-order poles at Matsubara frequencies z = i€, on
the imaginary axis of z. The integration contour C is shown in Fig. 3.3, which runs
originally around the imaginary axis to pick up all poles of f(z), but is continuously
deformed so that it runs parallel to the real axis in both directions. The deformed
contour picks up a pole at z = ¢, and the integral is convergent since f(z)exp(z7)
goes to zero exponentially at 7z — oo aslongas 0 < 7 < .

In the second case of 7 < 0, weuse 1 — f(z) = eﬁz/(eﬂZ + 1) instead of f(z)
in Eq. (3.160). We have the same poles as the first case, and the integral is again
convergent since (1 — f(z)) exp(zt) goes to zero exponentially at z — 400 as long
as —f < t < 0. Hence we obtain Eq. (3.104) by picking up the pole on the real
axis in both cases.

Problem 3.10

The analytic continuation i€, — z gives the retarded Green function in the upper
half plane, and the advanced Green function in the lower half plane. The inverse
Fourier transform of (z — €;)~! is performed by the integral over z along the
horizontal line slightly above the real axis. The integration path is illustrated in
Fig.3.4. If t < 0, the integration path along the real axis can be supplemented by a
large semicircle in the upper half plane. The contribution from the semicircle tends
to zero as the radius goes to infinity, and the integral along the closed loop also
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gives zero because there is no singularity inside. On the other hand, for ¢ > 0, the
large semicircle must be taken in the lower half plane to have the convergent (zero)
contribution from the semicircle. The closed loop in this case includes a pole at
7 = €, and gives a finite result. Thus we obtain

00+i04 dz e—izt-‘rﬁt
/ — = —i6(¢) exp(—iext) = Gf(t). (3.161)

—ooHi04 27T T — €k

This result from Eq. (3.161) is of course the same as the direct calculation using
Eq. (3.111).
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Chapter 4 )
Fermi Liquid Theory Qs

Abstract The Fermi liquid theory constructed by Landau efficiently describes
strongly correlated fermions in terms of small number of parameters. The core of the
theory is the concept of quasi-particles. This chapter explains how the Fermi liquid
theory accounts for interaction effects taking examples such as specific heat and
magnetic susceptibility. Also discussed is the dynamical response of Fermi liquid
against slowly varying external fields.

4.1 Quasi-Particles and Their Distributions

Let Hy be the Hamiltonian for N electrons without electron—electron interactions,
and ¢, be the n-th eigenstate with the eigenenergy E,. The Schrédinger equation
reads

Ho¢n = Enn. 4.1

Each many-electron state ¢, of free electrons is constructed by the Slater determi-
nant of one-electron states. We assume the translational and rotational symmetries
in the system. Then each one-electron state is specified by the momentum p and
spin o. Hence the distribution 7, (=0, 1) of one-electron states, determines the
many-electron state.

For discussing the interaction effect, the electron—electron interaction Hamilto-
nian AH; is scaled by the parameter A which controls the strength in the range
0 < A < 1. The many-body state @, corresponding to A = 1 develops continuously
from ¢, . If there is no level crossing in between, this process is called adiabatic by
analogy with thermodynamic process. The eigenenergy E, for H = Ho+ H| is also
connected continuously with E,, as a function of A.

For a small system, the interval between neighboring E, can be much larger
than the characteristic magnitude of Hj. Then it is obvious that no level crossing
takes place in the course of increasing A. The bold assumption taken by Landau
[1-3] is that even though the interval of E, is much smaller than Hj, the adiabatic
continuity holds from E,, to En and from ¢, to @,. For example, if there is a phase
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transition at zero temperature for certain A < 1, this means a level crossing of the
ground states. Then the adiabatic continuity certainly breaks down. Even without a
phase transition, the level crossing occurs in many realistic systems. For example,
the Fermi surface in metals is generally not spherical, and the shape depends on the
strength of the interaction. This means that level crossings actually take place as
a function of A. In order to avoid such complexity in anisotropic systems, we first
confine the discussion to the isotropic system with the spherical Fermi surface as is
realized in liquid *He.

If Landau’s assumption is valid for the one-to-one correspondence between @,
and ¢,, the density matrix p, or the weight of each @,, is completely specified
by the distribution function {n,,} of the non-interacting system. Hence the exact
excitation energy § E is regarded as a functional of {np}. In the interacting system,
the excitation that corresponds to the change of particular 7, is called the quasi-
particle. The concept is valid for all excitation energies as long as the adiabatic
continuation holds. However, the actual utility is confined to the range of low
excitation energies.! Namely, if the change én po from the ground state is small,
S E can be expanded in terms of §n . as follows:

1
SE = Z €podnps + 2 Z Z f(po. p'o")onpodnpg + -+, 4.2)
po pp’ oo’

where €, is interpreted as energy of a quasi-particle measured from the Fermi level
(. This energy is in general different from that of the non-interacting particle with
the same quantum numbers. Without magnetic field, € 5, is independent of spin o.
The function f(po, p’c’) describes interaction between quasi-particles.

Note that two terms in the RHS of Eq. (4.2) are both second order quantities with
respect t0 ), [8npo|/N, since €p is also a small quantity measured from the
Fermi level. Hence, in the limit of low excitation energies, those terms which are
higher than the second order in 67, can be neglected. Conversely, with increasing
excitation energy, the higher order terms become relevant, and the quasi-particle
description is no longer useful.

The Fermi surface of free fermions is a sphere with radius pg. Because of the
one-to-one correspondence between @,, and ¢,,, the Fermi surface of quasi-particles
does not change by the interaction, and the Fermi momentum remains the same
as pr. The one-to-one correspondence has a further consequence that the entropy
of the system is determined only by distribution of quasi-particles. The maximum
entropy under the constraint of given energy E and the number N of quasi-particles
is equivalent to the minimum thermodynamic potential 2 = E — uN — TS, as in

'In the original Fermi liquid theory, the quasi-particle is defined only near the Fermi level. This is
because the lifetime becomes shorter as the energy of an added or removed fermion goes off from
the Fermi level. In later development, the concept was modified so as to be consistent with real
value of € p, in Eq. (4.2) for arbitrary p, and sometimes called the “statistical” quasi-particle [4].
We have mainly followed the latter description here.



4.1 Quasi-Particles and Their Distributions 67

the case of free fermions. Throughout this book we take the origin of energy so as
to set the chemical potential u = 0, unless stated otherwise. Then the stationary
condition 82 /8n p, = 0 gives the quasi-particle distribution as

npo = [exp(Beps) +1]7" 43)

which takes the form analogous to free fermions. However, €,, here is not a
constant but depends on temperature and interactions. We emphasize that all
interaction effects, including fluctuations of spin and charge, are implicitly taken
into account in the quasi-particle energy.

It is very convenient to parameterize f(po, p’c’) in terms of spherical harmonics
or, equivalently, Legendre polynomials. Namely, we consider two quasi-particles
with momenta p and p’ both of which have magnitude equal to pg. Then taking the
angle 6,y between p and p’ we make the decomposition

o]

P (W) f(po, p'c’) = (Fi+ 00’ Z1) Pi(cos0,,), (4.4)
=0

with o, 0/ = £1. Here p*(u) is the density of states for quasi-particles at the Fermi
level, as given by

\%
P = 8(ep) = —m" pr, (4.5)
po

where V is the volume of the system, taken to be unity, and m* the effective mass.
The dimensionless quantities F;, Z; in Eq. (4.4) are called the Landau parameters.

Similarly, the distribution function én ., is decomposed by spherical harmonics
as

47 R
S = 5 8(Ep) %j&umo Yim (D), (4.6)

where p represents the solid angle of p. In taking summation over a function that is
sharply peaked near the Fermi level, we can make the approximation

S [y [ 2 o
= Lo VT ’

where §2 is the solid angle. Furthermore using the addition theorem

47 R N
PIC0S Opp) = 5= D~ Yim (D) Yim (), (4.8)
m



68 4 Fermi Liquid Theory

the interaction part of the excitation energy, which is the second term in the RHS of
Eq. (4.2) is written as

4 1 ,
S Eint = W % Z ZI——i—l(Fl + 00 Z1)8n o dnme
oo

4 1 5 5
= S > <Fl8nlm+ + Zionf,,_ ). (4.9)

Im

where we have introduced the symmetric and antisymmetric components

Snymy = Z8nlmaa - = Zasnlmaa (4.10)
o o

with respect to spins o = *1.
In the presence of other quasi-particles, the energy €,, of a quasi-particle is
modified from €, as

SE
o po

=épo =€po + _ F(po. P/ )on e, @.11)
p'o’

where the rightmost term is interpreted as a molecular field due to interactions.
Since the excited states are not translationally invariant in general, 67 p, may slowly
depend on r. In this case €, (r) depends also on r, and is called the local quasi-
particle energy.

The distribution function 7 . (r), which depends both on p and r, is an example
of the Wigner distribution. The latter is extension of the classical distribution
function in the phase space (p, r). For free fermions, it is given explicitly by

81ipo (1) =Y (Ch_4n0Crtasro) expliq - 1), (4.12)
q

where the RHS vanishes in the ground state, but can remain finite in excited states
with momentum ¢. Taking account of other quasi-particle excitations, we introduce
the local distribution function [2]

ipo = [exp(BEps) + 1] (4.13)

In terms of the deviation 671y = nps — nps from the local equilibrium, a useful
relation

8iips = Onpo +8(ep) Y f(po, p'o")onpor, (4.14)
plo./
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Fig. 4.1 Distribution {n s}
of quasi-particles in the
ground state (solid line), and 1

Npo

an example of (c;g Cpo) Of
fermions with strong
repulsion (dashed lines). Both (L
distributions have a
discontinuity at the Fermi
momentum pg O PF |p|

follows because of the relation between € ,, and €, as specified in Eq. (4.11). If
the Landau parameter is positive (repulsive), the presence of other quasi-particles
leads to € p > € po. This entails |67, | > |61 p, |, which means suppression of the
response 87, by the repulsion between quasi-particles. Problem 4.1 addresses the
deviation from local equilibrium for each component of the angular momentum.

It is possible to derive the Fermi liquid theory microscopically using the many-
body perturbation theory, as first carried out by Landau himself [5]. The microscopic
theory can also deal with anisotropic systems with deformable Fermi surface
[6]. The energy shift §E in Eq.(4.11) is regarded as a quasi-classical form of
the effective Hamiltonian, which is valid for particle-hole excitations with long
wavelength. Furthermore, the spectrum of quasi-particles is interpreted as the pole
of the single-particle Green function introduced in Sect.3.7. In this context it
is instructive to compare the momentum distribution of quasi-particles and the
average (c;g Cpo) of interacting fermions. Figure 4.1 illustrates both distributions.
Suppose a case where the interaction between fermions is strongly repulsive at short
distance. Then the particles try to avoid each other at the expense of larger kinetic
energy. As a result, the momentum distribution extends beyond pg. The actual
form of distribution depends on interactions and the single-particle spectrum. In
the Hubbard model with large U, for example, (C;G Cpo ) becomes almost a constant
(~1/2) if the number of electrons is close to unity per site. As shown schematically
by dashed lines in Fig. 4.1, a signature of the Fermi liquid is the finite discontinuity
at pp. The reduction of discontinuity measures the degree of renormalization in
forming the quasi-particle. We shall discuss microscopic details of renormalization
later in Chaps. 6 and 10.

4.2 Specific Heat and Magnetic Susceptibility

As a simple application of the Fermi liquid theory, we first discuss the specific heat
in a metal which takes the form

C=yT + BT>, (4.15)
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at low temperatures. The first term originates from quasi-particles and the T3 term
from lattice vibrations.? In the Fermi liquid theory, the coefficient y is given by

7[2 2 %
y = ?kBp (n), (4.16)

with kg the Boltzmann constant. The 7 -linear specific heat comes from the fact that
the entropy in the Fermi liquid, including interaction effects, is exhausted by quasi-
particle excitations in the low temperature limit. The effective mass is in general
different from the vacuum mass mg = 9.1 x 10728 g of an electron.

We next consider the spin susceptibility x. The magnetization M of the whole
volume is given by

M=—pug ) onp,. 4.17)
po

where up = efi/(2moc) is the Bohr magneton with the g-factor taken to be 2. In
the magnetic field B, the quasi-particle energy is shifted by ug Bo that is called the
Zeeman term. Then the deviation from the local equilibrium is simply given by

8ii ps = uBo BS(€p). (4.18)

The response of the system is, however, described by énp, instead of 87 p,. The
relation between the two kinds of deviation has been given by Eq.(4.14). By
decomposition into angular momentum component (/m), the relation is described
in terms of the Fermi liquid parameters as discussed in Problem 4.1. Since the
homogeneous field only affects the [ = 0 component of the angular momentum,
the magnetic susceptibility is obtained as

_HRPTW _ X0
14+ Zy B l—i—Z()’

(4.19)

the derivation of which is the subject of Problem 4.2.

The Landau parameter Z describes the isotropic exchange interaction between
quasi-particles. With negative sign, Zg corresponds to ferromagnetic interaction. In
particular the susceptibility is divergent as Zy — —1. This means the instability
of the paramagnetic state, which is called the normal Fermi liquid, toward a
ferromagnetic state. It may happen that spin fluctuations become very soft near the
instability toward a magnetically ordered state. In such a case, the specific heat
is influenced by spin fluctuations through the enhanced effective mass of quasi-
particles. For magnetic impurity systems, the modified Fermi liquid theory gives

21t is known that interaction between quasi-particles gives rise to a term of the form 73 In 7', which
has been observed in liquid 3He [3], but is unobservable in most metals.
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the exact relation between the specific heat and susceptibilities for spin and charge.
The details will be discussed in Chap. 6 in relation to the Kondo effect.

4.3 Dynamical Response of Fermi Liquid

The Fermi liquid theory can describe the dynamics of the system with small
momentum ¢ (K pr) and frequency @ (<K €r) where € is the Fermi energy.
We introduce a slowly varying fictitious external field ¢, (q) that acts on a quasi-
particle with momentum p and spin o. Here g represents the wave vector of
the external field. The deviation &7 p,(g) from the local equilibrium, which is
proportional to ¢ps(q), is derived along the line of linear response theory as

fleo) — fley)
w— €4 +€_

= I1p(q. 0)¢ps(q). (4.20)

57ipo (q) = Gpo(q) ~ Z;%}j?¢;6<ep)¢pa<q)

where v = 0¢,/0p, €+ = €p+q/2, and we have defined I1,(q, ®) in the second
line. Equation (4.20) is a dynamical generalization of Eq. (4.18). On the other hand,
the deviation 67 ps (q) is the response against the external field plus the molecular
field as given by

Snpo(q) = Mp(g, @) | 9(p. @) + ) f(po, p'o")onpe (@) |, 4.21)
plo/

which forms the integral equation for énps(q). The equation is also written
symbolically in the matrix form:

(1 — M, w)f) sn =g, )9, (4.22)

where n and ¢ are vectors, and f is the matrix with momentum and spin indices.
In the static limit @ = 0, I1(q, ®) f reduces to Landau parameters through
decomposition into components of spherical harmonics. Derivation of Eq. (4.22)
is the subject of Problem 4.3.

We now discuss collective excitation modes which appear as the solution of
Eq. (4.22) with the RHS set to zero. The spectrum corresponds to zero of the
determinant of the matrix in the LHS. Then finite dn is allowed as the solution even
in the absence of external fields. As the simplest example, we derive the spectrum of
a collective mode called the zero sound in a neutral Fermi liquid such as *He. In the
case of electronic Fermi liquid, on the other hand, we have to include the long-range
Coulomb interaction in addition to the Landau parameters. We take a hypothetical
case where only Fj is finite as the Landau parameters. By angular average of the
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matrix elements, the £ = 0 component is easily extracted. With the dimensionless
parameter s = w/vq, the spectrum of the zero sound is determined by the condition

1+1/1d i Loissmi=ty (4.23)
— — = — —In =V, .
Fr 2], Mu—s Fo 2 s+1

where the term with © = cos @ comes from I1(q, w). Derivation of the solution to
Eq. (4.23) is the subject of Problem 4.4.

In actual metals with a non-spherical Fermi surface, the adiabatic continuity
with respect to the strength A does not hold, since an occupied state for small A
may become empty for larger A, and vice versa. Nevertheless, many metals are
described reasonably well in terms of quasi-particles. Because of the crystalline
anisotropy, the Landau parameters can no longer be classified by the spherical
harmonics. Concerning the volume inside the Fermi surface, more general argument
can show that the volume is independent of interactions. We shall discuss this aspect
in Sect. 9.4.

Problems

4.1 By decomposing into components of angular momentum, derive the propor-
tionality relation between 671 p, and 67 p, .

4.2 Derive the magnetic susceptibility of the Fermi liquid as given by Eq. (4.19).

4.3 Derive the dynamical response in the Fermi liquid in the matrix form as given
by Eq. (4.22).

4.4 Discuss how the spectrum of zero sound is influenced by the Landau parameter
with use of Eq. (4.23).

Solutions to Problems

Problem 4.1
Equation (4.14) is decomposed into components (/m) of the angular momentum as

_ 1
Sitmo = Snims + 37— ;(Fl + 00" Z1)8N e (4.24)
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where no mixing occurs between different angular momenta. Each component is
further decomposed into spin symmetric and antisymmetric components as

Siiime = Y Slimor  Siim— = Y _ 08iiimo (4.25)
o o

with 0 = £1. Then Eq. (4.24) is written as

_ Fi _ Z

If the Landau parameter for certain / is negative, the deviation 87, from local
equilibrium induces larger (in absolute magnitude) response 67y, . In particular, a
multipolar fluctuation with angular momentum (/, m) is divergent if the condition
0o /Onime = 0 is met. Namely, finite dn;,,, is generated spontaneously even
by negligible 67+, which means negligible external field. Hence for the electric
multipole, the stability of the normal Fermi liquid requires F; > —(2[+41). Similarly
for the magnetic multipole, the stability requires Z; > —(21 + 1).

In actual liquid helium *He, the Landau parameter F becomes as large as 10
to 100 near the solidification by pressure. This means that the system becomes hard
against compression. On the other hand, an estimate Zop ~ —0.75 is made against the
magnetic response. This means that the system is near the ferromagnetic instability,
and the response is four times larger than that of independent quasi-particles [7].

Problem 4.2
The magnetization corresponds to the homogeneous component §7109— in Eq. (4.26).
Hence we obtain dngo— = (1 4+ Zp) Snoo—. Since dngp—/B is proportional to the

density of states p*(u) of quasi-particles, we obtain Eq.(4.19) as representing
dngo—/B. By similar argument, we obtain the compressibility of the Fermi liquid
as

p* (1)

—_— 4.27
14+ Fy ( )

X004+ =

Problem 4.3

With use of ITp, Eq. (4.20) is symbolically written as énp = —I1,¢p. According to
Eq. (4.21), ¢p in the RHS is modified to add f(p, k), which is then moved to the
LHS. Then we obtain Eq. (4.22).

Problem 4.4
Equation (4.23) is written as 1/ Fy = f(s), in terms of the function f(s) defined by

fs)y=(/2)In[(s+1)/(s — D] —1. (4.28)
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Fig. 4.2 The real part of the
function f(s)

Figure 4.2 shows the real part of f(s). The imaginary part Im f (s) = ms/2, which
is not shown in the figure, is obviously finite for 0 < s < 1. If we have Fy < —1,
the Fermi liquid becomes unstable because the compressibility becomes negative as
shown in Eq. (4.27).

As evident from the figure, two real solutions for s exist for Fp > 0. The
solution with s > 1 corresponds to larger energy than the upper limit of particle-
hole excitation continuum, resulting in infinite lifetime. This collective excitation is
called the zero sound. In the limit of large Fp > 1, we may expand the logarithm
assuming s >>> 1. Then we obtain s ~ +/Fp/3. In this way the velocity of the
zero sound increases with increasing Fo. As Fy decreases to Fp — 0, the solution
corresponds to the infinitely large logarithm. This gives s — 1, which connects
smoothly to individual quasi-particle excitations.

On the other hand, the solution for —1 < Fy < 0 corresponds to complex s. This
means a collective mode in the continuum of individual particle-hole excitations.
The resultant finite lifetime is called the Landau damping. It is impossible to derive
the solution from Fig.4.2. Finally, with Fj — —1, the solution corresponds to
s — 0. This means that the velocity of the collective mode becomes zero just before
the collapse against pressure takes place.
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Chapter 5 ®
Superconductivity e

Abstract Superconductivity derives from a kind of two-electron bound state called
the Cooper pair. Many Cooper pairs are multiply overlapping with one another, in
contrast with an ordinary bound state such as hydrogen molecule. Then at any spatial
point one cannot pinpoint a pair. This feature is related to the tiny binding energy as
compared with the Fermi energy. This chapter explains basic mechanisms leading
to formation of the Cooper pair. The discussion includes some recent development,
concerning new types of superconductors with high transition temperatures.

5.1 Breakdown of Gauge Symmetry

We shall deal with Cooper pairs which are regarded as coherent superposition
of many bound states with a definite quantum mechanical phase. The phase is
a variable conjugate to the number of particles in the system, which is usually
conserved by the gauge symmetry. Hence the definite phase means spontaneous
breakdown of the gauge symmetry, accompanied by a phase transition. In the
superconducting state, the number of electrons, and hence the number of Cooper
pairs, are fluctuating. On the other hand, in the hypothetical strong-coupling limit
where the binding energy is larger than the Fermi energy, the Cooper pair goes
over to an ordinary molecule made up of two electrons. These molecules do
not necessarily realize superconductivity, unless the gauge symmetry is broken
spontaneously. Namely, presence or absence of the coherent phase separates the
Cooper pair from the two-electron molecule. For simple understanding of the gauge
symmetry, we start from the coherent states in the harmonic oscillator and then
in Bose particles. It is straightforward to construct the Cooper pair with these
preliminaries.
The Hamiltonian of a harmonic oscillator is given by

¥ 1
H:w(aa—i-E), G.1
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where a' is the creation operator which changes an eigenstate |n) to another one as

a'lny=vn+1n+1), (5.2)
withn =0, 1,2, ... and |0) is the ground state. Hence the operators a, at obey the

bosonic commutation rule [a, aT] = 1. In terms of arbitrary complex number z, a
coherent state |z) is constructed by superposition of |n) as

S n
a2 Z —1z)?
lz) =e lz|7/2 2 —‘|n) = ¢ l2I°/2 exp (zaT)IO), (5.3)
o vn!

with the normalization property (z|z) = 1. The coherent state is an eigenstate of a
such that

alz) = zl|z), (5.4)

as will be demonstrated in Eq. (7.11). This leads to the property (z|a|z) = z.

We proceed to the system of identical Bose particles. Let a,, ap represent the
creation and annihilation operators for the wave number k& = 0. On the analogy
of harmonic oscillators, superposition of states with different numbers of particles
having k = 0 gives a coherent state |z). Specifying the occupation numbers with
different wave vectors by {ny}, the state ¥ for the whole system is given by

W = |2) ® [{nizo}) = e /% exp (za)10, (g}, (5.5)

where the details of {ngo} are not relevant. By choosing z = VN exp(if), we
obtain

(Wao|¥) = v/'N exp(if), (5.6)
(lajaglw) = N, (5.7)

which show that the phase of ¥ is fixed at 8, and that the expectation value of the
particles with wave number 0 is given by N. The case with N > 1 is referred to the
Bose condensed state. The state with wave number O has the lowest kinetic energy,
and macroscopic number of Bose particles can occupy this state. The condensation
does not need interactions between bosons, and occurs even for ideal bosons.

In the Hamiltonian, ordinary terms such as kinetic energy and two-body interac-
tion do not change the total number of particles in the system. Namely, the number of
particles is a conserved quantity, and the relevant symmetry is the gauge symmetry.
The simplest example of the gauge invariance is to take an arbitrary state i and
perform the unitary transformation

a; — a; exp(ip), a; — al.T exp(—i¢).
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The change of phase leaves the operators such as a;r aj and a,.Ta ja; ap, remain

the same, provided ¢ is common to all states i. On the other hand, the state ¥
constructed by Eq.(5.5) is not invariant under the phase change, since different
number of particles are contributing to the state, with N being their average. Hence
a state specified by the phase ¢ as in Eq. (5.6) breaks the gauge symmetry. If the
ground state corresponds to such state, the gauge symmetry in the Hamiltonian is
not reflected in the state. This is an example of the spontaneous symmetry breaking.

Suppose that a Bose condensed state, regarded as a liquid, is moving as a whole
with a velocity smaller than the minimum velocity v of excitations in the liquid.
Then the moving liquid cannot slow down while conserving the total energy and
momentum, and becomes a superfluid. This was the original argument by Landau
[1] for the superfluidity. In the case of free bosons with finite mass, the kinetic
energy is proportional to g2, and the minimum velocity goes to zero as ¢ — 0.
In the presence of repulsive interaction between the bosons, on the other hand, the
lowest velocity becomes finite because a collective excitation called the phonon
dominates the lowest excitations. It can be shown that the excitation energy w starts
as w = v|q| for small wave vector ¢q [2].

According to the Bardeen—Cooper—Schrieffer (BCS) theory [3], the supercon-
ducting ground state is a coherent state of electrons. Since each electron obeys the
Fermi statistics, the coherent state is formed by bound electron pairs which behave
as a kind of bosons. The explicit form of the BCS state is given in terms of real
parameters ug, vk, and ¢ as

Waes = [ | [ux + veec}dorc] (=] 10), (5:8)
k

where c? k) (= CZ: T) represents the electron creation operator, and |0) is the vacuum
with no electrons. The angle ¢ is independent of k, and corresponds to a phase of
the many-electron coherent state. Derivation of the norm of Wpcs is the subject of
Problem 5.1. As shown in Eq. (5.94), the normalization requires u,zc + v,% =1.Asa
special case, the ground state of the free fermions is described by taking

up = 0(kl —kp), v =0(kr — |k]), (5.9)

with urvr = 0. In this case, the total number is fixed and ¢ is irrelevant.
In the case of ugvy # 0, on the other hand, the total number of electrons is
fluctuating. Namely, we obtain by straightforward calculation

(Wpcsley (—k)cy (k) |Waes) = ugvge', (5.10)
(Wpesler () ey ()| Waes) = (Waesley (—k) ey (k) |¥Bcs) = v (5.11)

Equation (5.10) shows that uzvg # 0 is necessary for the coherent state. For each
(k,0), Wpcs is a superposition of occupied and empty states, with the weight 1),2c
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kr ||

Fig. 5.1 Illustration of the parameters MIZ( and vlzc corresponding to the BCS state of electrons

for the occupied state. As long as ugvy # 0, the average occupation number v,%

is neither O nor 1. The kinetic energy increases by the superposition since the
momentum distribution deviates from the step function that gives the minimum
kinetic energy. If the interaction energy gains more by the superposition, however,
the bound pair of electrons is favored. The origin of such interaction energy will
be discussed in the next section. Figure 5.1 illustrates an example of ui and v,% in
the BCS state. The momentum range of deviation from the step function becomes
narrower as the size of the pair wave function becomes larger. The corresponding
energy gain gives a measure of transition temperature, which will be quantified later
in Sect. 5.3.

5.2 Attractive Interaction Mediated by Phonons

Since electrons are negatively charged, they feel the mutual Coulomb repulsion.
Then it may appear unlikely that two electrons make a pair. There are several
mechanisms to overcome the repulsion, leading finally to effective attraction. In
the BCS theory, the origin of the attraction is ascribed to the electron—phonon
interaction, which is the most important and well-established mechanism. Inspired
by the success of the BCS theory, other mechanisms have been searched for, and
prove to be effective in superfluid *He with strong hard-core repulsion among 3He
atoms. We shall discuss an alternative mechanism from Sect. 5.4, and especially
in Sect. 5.9 in relation to the high-temperature superconductivity in Cu oxides and
Fe pnictides/chalcogenides. Here pnictides mean a family of compounds including
group V elements such as As, and chalcogenides mean those including group VI
elements such as Se.

Let us first explain the phonon mechanism of attraction. We use the effective
Hamiltonian formalism, which has been discussed in Chap. 1. Because of the
screening effect in metals, the electron—phonon interaction can be regarded as a
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local interaction. At position r, the interaction is given by Cp(r)V - u(r) where C
is the coupling constant, u(r) is the lattice displacement, and p(r) the density of
electrons. Here we have considered only the longitudinal phonons for simplicity,
which emerge by quantization of u(r). The quantized form is given by Eq. (7.6) in
Chap. 7. In terms of creation and annihilation operators b;, b_4 of phonons, and
cl (k), cs (k + q) of electrons which compose the density fluctuation, we obtain the
interaction Hamiltonian

/ 1 T
H = Xq:aq (b3 +b-4) 3 chtorco ke + g, (5.12)

ko

where N is the number of lattice sites in the system and

a; =Cq/\/2Mwy, (5.13)

is the interaction coefficient with ¢ = |g|. Here M is the mass of the unit cell of
the lattice, and w, is the frequency of the phonon, which is assumed to be isotropic.
In more general cases including transverse or optical phonons, the interaction o,
should be modified. However, the form Eq. (5.12) remains the same.

As the model space for the effective Hamiltonian, we take the one where the
electron—phonon interaction is absent. By proper renormalization procedure, the
low-energy levels for the original system are reproduced by inclusion of an emergent
effective interaction between electrons, which we now derive. The unperturbed
Hamiltonian is taken as Hy = He + Hph where He and Hpn describe the non-
interacting electrons and phonons, respectively. According to the general framework
in Chap. 1, the effective Hamiltonian is constructed as

1
Hep = PHOP—i—PH’E—HOQH/P—i—O(H’3), (5.14)

0 —
where P is the projection operator of our model space, and Ey is the ground state
energy of Hy. We consider the weak-coupling case where terms of O(H’?) are
safely neglected. The second term in the RHS represents the effective interaction
Vett, where the denominator is the difference of energies between ground and
intermediate excited states. With simplified notation of the indices, we obtain

1 2 1 1 Ft
Vet = — S(1 43,2+ 4) oyl + C1C205C4,
2N 1234 € — €] —wy €4 — €3 — Wy

(5.15)

which is symmetric with respect to (1, 2) and (3, 4). The delta function represents
conservation of momentum and spin of the electron pair.

Let us consider an electron pair with (2, 4) ~ (k 1, —k |) near the Fermi surface
which is scattered into (1,3) ~ (p 41, —p ), which involves the momentum
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transfer ¢ = p — k. If the electron momenta are all at the Fermi surface, the positive
energy w, gives rise to the attractive (negative) effective interaction. The negative
sign corresponds to the general consequence of second-order perturbation theory.
The situation remains qualitatively the same as long as the electronic energy is
close enough to the Fermi level with deviation smaller than w,. Hence in Eq. (5.15),
we keep only electron pairs each of which has the zero total momentum, and put
all the individual energy ¢; = 0 in the energy denominator. Then we obtain the
approximate electron—electron interaction as

Vee = —— Z’V(l —2)chelercy
1 ~4
1 . .
=- kZ/V(p — b (—p)ef (prey ke, (), (5.16)
P

where V(q) = |ay 12 /wg, and the prime (') in summation represents the restriction
that the energy associated with k and p should be smaller than the Debye frequency
wp, which is of the order of average of w,. In the following, we omit writing the
prime in the summation by modifying the definition of V (p — k) so that it vanishes
out of the restricted range.

5.3 Mean Field Approximation

The mean field approximation becomes more accurate as the number N, of particles
forming the mean field becomes larger, since the fluctuation relative to the mean
field is proportional to 1/+/N.. The BCS superconductor is the best example of the
accurate case with N, > 1, which will be demonstrated at the end of this section.
The mean field by these Cooper pairs is called the pairing field. The mean field
approximation consists of the following replacement in Eq. (5.16):

c3cICZC4 — <c;r T)C2C4 + c3c1 (cocq) — ( ;f ><62C4> 5.17)

The bracketed quantities represent the pairing field, which is zero if the gauge
symmetry is preserved. In other words, the finite average requires the coherent state
such as the BCS state in Eq. (5.10). On the other hand, we neglect terms such as
(cIcz) which play the major role in the Hartree—Fock approximation in Sect.2.2.
Then Ve in Eq. (5.16) is modified in the mean field approximation as

Vacs = Y_ [ AW e, (=R)er (0 + AK)e toc] (—k) — Ado(e] ] =k
k
(5.18)
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where the gap function A(k) is defined by
1
Aty = = >V ke = p)er(p)ey(=p)). (5.19)
P

Together with the Hamiltonian for the kinetic energy

H, = Z excl (ke (k), (5.20)
ko

the BCS Hamiltonian is given by Hgcs = He + Vpcs. Since each momentum
pair (k, —k) is independent of other pairs, Hgcs can be diagonalized for each
momentum pair. The diagonalization can be performed conveniently in terms of
the two-component field ¥ (k) defined by

T
vk) = (CT k), cI(—k)) = (cr (), hy ()", (5.21)

where the upper index T denotes the transpose of a vector or matrix, and /4 (k)
represents the annihilation operator of a hole. Each component in ¥ obeys the
fermionic anticommutation relation. Since the kinetic energy of the hole is given
by —e_g, we obtain the compact expression'

Hacs = 3 v () ( ik i("i) ¥ =Y ¥ hsesp®).  (5.22)
k - k

Diagonalization of hgcs (k) in Eq. (5.22) is the subject of Problem 5.2. According
to Eq. (5.101), hpcs becomes diagonal in terms of the new two-component field

¥ (k) = (a(k), Bk)T

which is related to ¥ (k) by the unitary transformation

- _e~i®
¥ (k) = (ef;’;k . ”") ¥ (k). (5.23)

u

! The two-component operator ¥ (k) annihilates either an electron or a hole with spin up, the latter
of which means creation of a spin-down electron. On the other hand, the hole creation operator in
¥ (k) actually annihilates an electron with spin down. Hence bilinear combinations of ¥ f (k) and
¥ (k) as in Eq. (5.22) are sufficient for describing the singlet pairing with up and down spins. For
other types of pairing, however, the two-component operator is not sufficient. A convenient device
for a general case is the four-component field to be defined by Eq. (5.62).
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The eigenvalues of hpcs are given by E1 (k) = £,/ 6,% + |A(k)|? for a(k) with the
+ sign, and B (k) for the — sign.

The operators «(k), B(k) represent annihilation of quasi-particles, which are
superposition of electrons and holes. The transformation (5.23) is called the
Bogoliubov transformation. Note that the quasi-particle here has a different meaning
from that in Fermi liquids, and is sometimes referred to as the Bogoliubov quasi-
particle.

At zero temperature, all B states are occupied and all « states are empty. It
is possible to reconstruct Ypcs by successive operation of (k)Ta (k) to vacuum.
Explicit construction is the subject of Problem 5.3. At finite temperature, each quasi-
particle with energy E populates according to the Fermi distribution function f(E).
Namely, we obtain

(@ (K)a(k) = f(E+ k), (5.24)
(BTH L) = fF(E_(k) =1 — f(E4+ (k). (5.25)

These populations determine the pairing amplitude as

_A(p)

i at
3 Gy LB @B®) — @ ] (5.26)

(cr(pey(—=p)) =

Using the relation 1 — 2f(E) = tanh(% E/T) between the Fermi distribution
function and the hyperbolic function, we obtain from Egs. (5.19) and (5.26)

A(p) E (p)
Alk) = ZV( 2E T )tanh T (5.27)

which is called the gap equation. The superconducting state has a self-consistent
solution with A(p) # 0.

The non-linear integral equation (5.27) can be solved only numerically in
general. However, in the special cases at T = 0 and at the transition temperature
T = T, it can be solved analytically. As temperature increases, |A(p)| becomes
smaller and eventually vanishes at 7. Since we have E(p) — |e(p)| at T¢, the
gap equation becomes a linear integral equation for A(k). In terms of the function

I1(p) = ;tanh@

) o (5.28)

the gap equation (5.27) reduces to

1
Ak) = N Y V= p)T(p)A(p). (5.29)
p
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At T = T, there is a nontrivial solution for A(k), provided 7, # 0. Note that A(k)
is infinitesimal at 7, which is not explicit in Eq. (5.29).

Let us focus on the special solution corresponding to the s-wave pair. Then
A(p) is independent of the direction p, and the summation over p in Eq.(5.29)
is converted to the energy integration with use of the density of states p(e). If the
density of states varies only slightly within the range of +wp around the Fermi
level, one may use the constant p(x) in the energy integration. The | p|-dependence
in A(p) can also be neglected in this energy range. Let us first derive the density of

states ppcs(E) of quasi-particles. With E4 (k) = =+, /e,zc + A2 we obtain

|E]

V=& ©0

1
prcs(E) = - kXijs(E — E<(k)) = p(u)

for |E| > A, and zero otherwise. Here A = A(T) is the energy gap at temperature
T. Note that ppcs(E) is divergent at E = + A, and tends to p(u) as [E| > A.
Next we derive the BCS formula for 7,.. Discarding the common factor A on
both sides of Eq.(5.29), we obtain a transcendental equation for 7.. With the
dimensionless variable x = €/(27,), the integral in question is evaluated as

W tanhx w w ,
dx = lnxtanhx|0 — dx In x (tanh x)
0 X 0

4
~Inw+In—+ vy, (5.31)
Vg

with w = wp/(2T;) and y ~ 0.577 being the Euler’s constant. In the first line of
the RHS, the upper limit w of the integral including (tanh x)’ can be safely replaced
by oo provided w >> 1. The resultant error is exponentially small. With Eq. (5.31)
put into the gap equation, a little algebra gives

T, ~ 1.13wp exp <—g—1) , (5.32)

which is one of the most famous results in the BCS theory [3]. Here the dimension-
less constant g is given by g = (V (k— p))p(w) with (- - - ) being the angular average
over k and p on the Fermi surface. Since the dependence on the coupling constant
g in Eq.(5.32) is singular around g = 0, the BCS state cannot be obtained by
perturbation theory in g. In other words, the BCS theory accounts for the collective
bound state of electrons. The bound state is possible only for attractive interaction,
which corresponds to positive sign of g. As is clear from the derivation, Eq. (5.32)
is accurate only for the weak-coupling case with 7. /wp < 1.
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Equation (5.27) at T = 0 can also be solved for the s-wave pair. Discarding
Ag = A(T = 0) on both sides and using tanh(E4 /2T) — 1, we are left with the
implicit equation

1—g/
@D 2,/62+A2

for xp = wp/Ap. Assuming the weak-coupling condition xp > 1, we obtain
another famous result of the BCS theory:

—¢ln [x V2 + 1] ‘ZD (5.33)

Ao = 2wp exp(—g ™) ~ 1.76T,. (5.34)

We can now estimate the number N, composing the mean field as N. ~ n&>
with n being the electron density and & the coherence length. The latter is estimated
as £/a ~ eg/Ap in terms of the lattice constant @ and the Fermi energy eg. Since
na’ ~ O(1), we obtain N, > 1 in the weak-coupling case & /a > 1.

5.4 Multiband Model

We now proceed to discuss other mechanisms of effective attraction than mediated
by phonons. Such study was first motivated by high transition temperatures in
some transition metals even though the electronic Coulomb repulsion is large. As a
possible origin for high transition temperature, the interband transfer of Cooper pairs
has been considered [4]. Namely, in terms of creation and annihilation operators for
bands A and B, the interaction is given by

Ji
Hip = WH Y ALUOA| (—k) By (~p)By(p) + hc., (5.35)
k.p

where the interaction constant Jy is related to the exchange coupling due to the
Hund’s rule, as discussed in Sect. 1.4. Namely, the same constant Jyg > 0 appears in

Hitund = —2J1 Y Sa(0) - S (i). (5.36)

In order to understand the relation between Hag and Hyynd, We take the Wannier
functions wa (r), wg (r’) localized at the origin, and represent the exchange integral
as

2

e
lr —r'|

Jg = /dr[dr/wB(r)*wA(r/)* wp (FHwA (). (5.37)
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M X

Fig. 5.2 Examples of Fermi surfaces where the interband pair transfer can conserve the crystal
momentum

Since the Wannier function can be taken real, we may write
wg(r)*wa(r) = we(r)wa(r)*. (5.38)

Then Eq. (5.37) assumes a form corresponding to the pair transfer from the band B
to A.

The total momentum of each pair must be preserved in the interband transfer,
which makes strong constraint on location of the Fermi surfaces. The transfer is
possible if the bands A and B have the common center for the Fermi surfaces, or
one of the Fermi surfaces has a center shifted from the other by half of the reciprocal
lattice vector. In the latter case, the transfer involves a momentum corresponding to
a reciprocal lattice vector, which is equivalent to zero as the crystal momentum.
Figure 5.2 shows an example of the Brillouin zone for the square lattice. The right
panel corresponds to Fe pnictides which have been intensively studied as a family
showing high-temperature superconductivity [6, 7].

With band indices A, B written as i, j, the gap equation including multiple energy
bands is given by

1
Ak =) > Vijtk = pITi(p)A;(p), (5.39)
P

where V;j(k — p) describes the interband pair transfer for i # j, and corresponds
to Jy in Eq.(5.35). For i = j, it reduces to the interaction within each band. We
introduce the quantities L ; and g; by

1
5 2 i@y = piLi(T),  piVii = i, (5.40)
p
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where p; is the density of states (per site) for each band A, B. Here we have
neglected the momentum dependence in V;;. In the case of two relevant bands,
Eq. (5.39) takes the matrix form

<1 —gala —JHPBLB) (AA> —0 (5.41)
—Jupala 1 —gplp/) \AB

Nontrivial solution is possible if the determinant is zero:
(1 —gaLa)(1 — gBLp) — JijpappLaLp = 0. (5.42)

With Jg = 0, the transition temperature 7; for the band i is determined by the
condition 1 — g; L; (T;) = 0 with g; positive. Using the relation

Li(T) ~ In(wp/T), (5.43)

we obtain 7; ~ wp exp(—1/g;), which corresponds to Eq. (5.32) with the coefficient
1.13 approximated by 1. For finite Jy, the transition temperature is always larger
than T and Tg. The demonstration is the subject of Problem 5.4.

Let us take an extreme case where the interaction consists only of the pair
transfer. Namely, gao = g = 0. The superconductivity appears in this case
independent of the sign of Jy. The transition temperature 7, is determined from
Eq. (5.42) by

1 — JgpapsLaLe = 1 — Jipapp [In(wp/T)]* = 0. (5.44)

The magnitude of 7 is the same as a virtual single-band model with

g = |Julv/paps

as the dimensionless coupling constant.

It is likely that the interband transfer plays an important role in realizing the
high transition temperature (7. ~ 50K) in Fe pnictides. On the other hand,
another aspect of the interband transfer seems important in MgB,, which also
has a high transition temperature (7, = 38 K) [8]. Namely, the strongly covalent
band B, originating from boron states, has a strong electron—phonon interaction,
and is responsible for the high 7, in MgB;. The other conduction band A, which
originates from Mg states, has another Fermi surface. Both Fermi surfaces A
and B are centered at the I" point of the Brillouin zone, and the pair transfer is
possible between the two bands. The A band alone does not have a high transition
temperature, but the whole system becomes a high 7, superconductor with the pair
transfer. Because of rather different characters of A and B bands, superconductivity
in MgB; is sensitive to a small amount of magnetic field and by finite temperature,
which at first sight does not match the high transition temperature.
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5.5 Renormalization of Coulomb Repulsion

The magnitude of the Coulomb repulsion between electrons is generally larger
than that of the effective attraction mediated by phonons. Nevertheless, electron
pairing can be realized because the energy range of their action is different from
each other. As the simplest model of the Coulomb repulsion, we take the Hubbard
type local interaction U > 0. In Eq. (5.39), the suffices i, j are now interpreted as
distinguishing the relevant energy range. Namely, instead of the band A, we take the
range wp around the Fermi level. The other range up to the band edges is taken as
B. The interaction in the range A is given by ga — Upa, while in the range B by
—Upg. As long as the temperature 7 is low enough: T < wp, we obtain

—1 E ITg(p) = psLp = ppIn — (5.45)
= = n , 4
N B B LB B w

which is independent of 7. Here the density of states per spin in the range B is
approximated by the average pp, and the half of the bandwidth is written as D.
Figure 5.3 illustrates the energy dependence of the interactions.

The condition for T, is given, by analogy with Eq. (5.42) for the two-band model,
as

U?papsLaLp
0=1—-(ga—Upa)La — m
Upa
=1- — | La=1-— La. 5.46
(gA T UpBLB> A gettL A (5.46)

The result implies that the effective Coulomb repulsion is renormalized to a smaller
value. Namely, Eq. (5.46) shows

U—-U"=U/(1+UpslLp) < U, (5.47)
Fig. 5.3 Energy dependence -V
of the Coulomb repulsion and
the phonon-mediated
attraction U

0| wp
€k
-D D
—ga
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which gives much decreased U* in the case of wp <« D with large L. Hence even
though the bare Coulomb repulsion dominates over the attraction (ga < Upa), the
effective interaction may become gpo — U*pa > 0 which realizes the pairing.

The reduction of the effective Coulomb repulsion is the typical example of
the renormalization. Later in Chap.6, we discuss the scaling which is one of
the standard methods of renormalization. Problem 5.5 deals with derivation of
Eq. (5.47) by the scaling method, which may better be appreciated after the reader
finishes reading Chap. 6.

5.6 Isotope Effect

The transition temperature 7, of a simple substance depends on its isotopes in a
characteristic manner as given by

T. oc M, (5.48)

where M is the mass of the isotope. In the phonon-mediated pairing as in the BCS
theory, the exponent is & = 1/2 because of wp o« M~1/2, This result is consistent
with many metals including Hg and Zn, and gives strong support for the BCS theory.
On the other hand, in transition metals with strong Coulomb repulsion, there are
cases where « is much smaller than 1/2, or almost zero as in Ru [10].

This section discusses the isotope effect in the presence of the Coulomb
repulsion. As wp decreases, U* also decreases according to Eq. (5.47). Then the
effective attraction is enhanced, which competes with the ordinary isotope effect.
Hence we expect @ < 1/2 in the presence of the Coulomb repulsion. To quantify
the argument we take the logarithmic derivative of 7. = wp exp(—1/g), and obtain

8T./T. = dwp/wp + g°8g. (5.49)

In contrast with the original BCS theory with §g = 0, the situation for g = gegr in
Eq. (5.46) is different. A little manipulation gives

5T, & U* 2
c_ wD 1 — < PA ) PB , (5.50)
T. ®p ga—U*pa /) pa

which leads to the exponent in Eq. (5.48) as

1 U* 2
o 1—<$) LN (5.51)
2 ga—U*pa/) pa
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Note that « is smaller than 1/2 in general, and can even be negative. Experimentally,
negative isotope effect has been reported in SroRuO4 [11] for instance. It is
important to recognize that the origin of attraction is phonons even if « deviates
substantially from 1/2 as in Eq. (5.51). Thus the isotope effect alone is not sufficient
to identify the origin of pairing.

We now mention an extreme case in the context of the isotope effect. With fixed
force constant for the vibration, we obtain the relation wp o« M —1/2 \where M is
the mass of the atom relevant to the vibration. If conduction electrons interact with
vibrations of hydrogen, the relevant wp can become an order of magnitude larger
than the case of elements with mass number O(102). Hence 7, may also become
an order of magnitude larger provided the coupling constant g takes a reasonable
magnitude. It has been suggested that such systems are realized in certain hydrides
under high but presently attainable pressures [12]. The hydrogen bond formed by
caged structures may contribute to realize larger g [13]. Recently, there have been
experimental reports on superconductivity with 7. ~ 200K in SH,, (n > 2)
under 150GPa [14], and T, ~ 260K in LaH;o under 190 GPa [15, 16]. Without
application of pressure, the highest 7, reported so far is 134 K in one of the Cu oxide
superconductors [17]. In Cu oxides, electron—electron interaction plays a dominant
role in the pairing as will be discussed later.

5.7 Spin Structure of Cooper Pairs

The singlet pairing in the BCS state can be extended to more general spin structures.
This section discusses the symmetry of the Cooper pair including the triplet pairing.
For simplicity, we first deal with the spherically symmetric system such as superfluid
3He. In solids, the crystalline symmetry is lower than spherical, and moreover spin—
orbit interaction may be important. These complications will be discussed later in
Sect. 5.8.

The pairing amplitude for a general spin structure is represented by

Wap (k) = (ca(k)cp(—h)), (5.52)

where (---) denotes the statistical average. The notation k means the unit vector
in the direction of k on the Fermi surface. Since the pairing energy is much
smaller than the Fermi energy, the magnitude of |k| in Eq.(5.52) is identified
as the Fermi momentum in the corresponding direction. Before dealing with the
symmetry of the pairing amplitude (cycg), we touch on the symmetry of (c cB),
which corresponds to the one-body density matrix. In the k-space, the density matrix
Pap(k) = (k)ca (k)) is parameterized as

20up (k) = n(k)Sas + m(k) - 5o (K), (5.53)
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with use of scalar and vector components. Here the scalar n(k) represents the
occupation number, and the vector m (k) represents the spin polarization. The vector
o consists of three components of the Pauli matrices.

By introducing the concept of charge conjugation, we can deal with the pairing
symmetry by analogy with Eq. (5.53). Namely, creation of a particle is equivalent
to annihilation of a hole with opposite momentum, spin, and charge. Practically the
annihilation operator of a spin-up hole in Eq. (5.21) is extended to spin-down case
as

hy(k) = c|(—k),  hy(k) = —cl(—k), (5.54)
where the negative sign in the second equation is analogous to the time reversal of
spin down. The sign convention for hole operators leads to compact expression of

the electron pair. With use of the Pauli matrix oy, the antisymmetric unit tensor is
defined by ¢ = ioy. Then the two components of hole operators are written as

ha(k) =" eqpch(—k). (5.55)
8

The creation operator of a singlet pair is written in the new notation as

et ()] (=) — | ()} (=k) = ) chWha k), (5.56)

where the RHS is diagonal in spin indices, and behaves manifestly as a scalar under
spin rotation.
On the other hand, the component S, = 1 of the triplet pair is rewritten as

1
cli)cs (—k) = 3 Y cll) (0 + 1)gp ch(—k)
op

1 .
= ch (k) (o5 + wy)aﬂ hg k), (5.57)
ap
with use of the relation o, +1 = — (ox + iay) ioy. Creation of a pair with §; = 1in

the LHS is translated into the spin flip in the RHS. Similarly the pair with S, = —1
is translated into the reverse spin flip by (6x — ioy), and the pair with S; = 0 by
20 ,. Thus the type of a triplet pair in general is determined by three coefficients of
Pauli matrices which form a vector lIIt(lg). For example, |Ilt(l€) o« (0,0, HT gives
S, = 0. Including the singlet case by & (k), the pairing amplitude in general is
parameterized as

Wop (k) = ([ (k) + (k) - 01e}ap. (5.58)
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which assumes a form analogous to the density matrix given by Eq. (5.53). In the
presence of inversion symmetry, the total spin of the pair is either O or 1, and
llfs(lg) and ll’t(IG) are mutually exclusive. However, in crystalline solids without the
inversion symmetry, spatially even and odd components can mix with each other.
The spin—orbit interaction, on the other hand, can mix the spin-singlet and triplet
components. Some actual systems show interesting behaviors by the mixing [18].

In the case of s-wave pairing, ¥ (k) is a constant independent of the direction of
k. More generally the singlet pairing amplitude is decomposed as

LA (12) = Z CimYim (ié) )
Im

in terms of spherical harmonics. The Pauli principle requires an even value for /
since the spatial parity of the pair must be even for the singlet. For a triplet pair with
S, = 0, the pairing amplitude has the form

W (k) =2 f(k), (5.59)

where Z is the unit vector along z-axis, and f (k) specifies the orbital state of the
pair. As in the case of the singlet pair, f (k) can be expanded in terms of spherical
harmonics for isotropic systems. The Pauli principle requires now an odd value for
[. In the case of S, = +1, ¥, (k) has the form £ & iy in place of Z in Eq. (5.59). .

If the spatial symmetry is lower than spherical, the angular momentum is not
a good quantum number. The antisymmetry of the fermionic wave function still
demands that W (12) should be an even function of &, and lIlt(lg) an odd function,
provided the inversion symmetry is present. Hence singlet and triplet pairings are
equivalently called even parity and odd parity, respectively.

We proceed to spin structure of the gap function in more detail. The matrix
element of the pairing interaction is written as («8|V (k, p)|vu). Then the finite
pairing amplitude gives a mean field Agyp (k), which obeys the self-consistent
equation:

A 1
Aap(k) = 5 DD _(@BIV Uk, p)Ivie) ¥yuu (D). (5.60)
uv p

Here we arrange the single-electron state as |« )y = (Ba| following the convention
described by Sect.2. The gap function including both singlet and triplet cases is
parameterized as

Agp (k) = (ID(K) + d(k) - o le}ap, (5.61)

where the scalar D(l%) and vector d (12) transform like lI/S(lg) and lIIt(lg), respectively.
Conventionally d (k) is called the d-vector. In contrast with the real parameters
n(l€), m(l%) in the density matrix, D(lg) and d (12) are complex numbers in general.
This is a consequence of the spontaneous breakdown of the gauge symmetry.
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In addition to the broken gauge symmetry, spontaneous breakdown may also
happen to spatial symmetry and/or time-reversal symmetry. Such breakdown has
been observed in superfluid 3He [9]. In order to deal with the pairing amplitude
most generally, we introduce the four-component field ¥; (k) (i = 1, 2, 3, 4) which
forms a vector

¥ (k) = (cr(k), ¢ (k), hy (), by (k)T (5.62)

with the hole annihilation operators defined by Eq. (5.55). It is obvious that the
components with i = 1,3 make the charge conjugation pair which appear in the
two-component field in Eq. (5.21). The same applies to the components with i =
2, 4. In terms of the four-component field ¥ (k), the Hamiltonian in the mean field
theory is represented by

1 —;~ 1 3. ~
H=7 D hitw Ry = 3 Xk: ¥ R)h) Y k), (5.63)

k ij

where the 4 x 4 matrix A = {hij} is given by

~ _ €k A_(IG)
hk) = (A_T ) —ek,)‘ (5.64)

with each component being a 2 x 2 matrix. We obtain
A(k) = D(k) +d(k) - o, (5.65)

which is to be compared with Eq. (5.61). With four components, double counting
of each state occurs as particles and holes. The correction factor 1/2 is necessary to
compensate the double counting.

We remark that definition of the four-component field in the literature is often
different from Eq. (5.62), and is given by

(1 (), ey (), cf (—k), ] (—k))T.

With this definition, A (12) in Eq. (5.64) should be replaced by A(l@) composed of
elements in Eq. (5.61).

The eigenvalues of h(k) describe the spectrum of quasi-particles. The derivation
is the subject of Problem 5.6. The result is given by

E.o (k) = t\/e(k)z +D(k) 2+ 1d (k)12 + o lw(k)],

where w = id x d* = w*. Here T = +1 distinguishes the vacant and occupied
states, and ¢ = =1 distinguishes the spin of the triplet pair parallel or antiparallel
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to w. The pairing is called unitary if w = 0, which is the case with time reversal
preserved. The case with w # 0O is called the non-unitary pairing where the spin
degeneracy is broken.

In the non-s-wave pairing, E;,(k) can be zero for particular values of the
momentum. The set of such momenta on the Fermi surface is called nodes. In
the case of singlet pairing, the gap energy vanishes with |D(k)|? = 0, which may
happen, for example, in a d-wave pairing. In the triplet case, the node occurs along
dk)y = 0.1t is possible for the non-unitary case that the node occurs only for a
particular spin component. For example if we have |d (12) |2 — |w(l€)| = 0 for certain
k with d - d* = 0, the node occurs only for o = —1.

In superfluid 3He, various types of the p-wave pairing are realized with d-vectors
given by

) Xky + Yky + zk;, [BW]
d(k) o { 2(ky Eiky), [chiral, ABM] (5.66)
zk, [polar],

where, and in the next section, the angular component of k is simply written as
ko (@ = x,y,z). The first line in the RHS of Eq. (5.66) gives the BW (Balian—
Werthamer) state which is isotropic. In other words, the total angular momentum J
of the pair is zero: J = L + § = 0 where L and S are orbital and spin angular
momenta, respectively [9]. The gap function has the spherical symmetry without
nodes. The BW state is dominant in superfluid He and is called the B phase. The
second line in Eq. (5.66) gives the pair with S, = 0 and L, = %1, which breaks
not only the spherical symmetry but the time reversal. However, it is a unitary state
with w = 0. This pairing is realized in the narrow region (A phase) of the phase
diagram of superfluid *He, and is called the ABM (Anderson—Brinkman—Morel)
state [9], or the chiral p-state [11]. The ABM state or chiral p-state has point nodes
at k, = ky = 0. Finally the third line in Eq. (5.66) has S; = L, = 0, and breaks the
rotational symmetry. The pairing is called the polar state, and has nodes along the
line k, = 0.

5.8 Anisotropic Cooper Pairs

For more detailed discussion of the Cooper pair in solids, the spherical symmetry
in the previous section must be replaced by the point-group symmetry. We take
the tetragonal symmetry for a representative, which is relevant to high-temperature
superconductivity in Cu oxides and Fe pnictides/chalcogenides where singlet pairs
are formed. The tetragonal symmetry also applies to CeCuySip which shows a
singlet superconductivity by electrons with very large effective mass (~100 times
the free electron mass), and SrRuyO4 where a triplet pairing seems responsible
for superconductivity. Since these materials have a strong spin—orbit interaction,
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Table 5.1 Irreducible

. Representation | Basis functions
representations and examples

of basis functions of an even Fl+ (Arg) L kf + k% B 2kz2
parity pair in the point group L' (Azg) Imk?
Dap Iy (Big) Rek?
IF (Bag) Imk2
I (Ey) kokas k k3
Here ki = ky £ ik, and the

semicolon separate different basis
functions belonging to the same rep-
resentation. Linear combinations of
functions separated by semicolon
can also be realized

the classification in terms of singlet and triplet of spins is inaccurate. However,
classification by spatial parity is still valid.

The tetragonal point group is written as Day,, and the irreducible representations,
five in total, are listed in Table 5.1. Conventionally two main notations have been
used for irreducible representations. The first one, after Bethe, uses 't where
Jj (= 1,2,...) specifies a representation and =+ indicates the parity. The identity
representation has j = 1, and the number increases in accordance with increasing
dimension of the representation. However, there is no systematic rule how to put
the number within the same dimension. The second one, after Mulliken, uses
Aig, Bag, Eoy, etc. and is popular particularly in chemistry. The one-dimensional
representations are classified into A and B where A shows invariance of the basis
function against /2 rotation around the z-axis, while B undergoes sign change
against the same rotation. The numbers 1,2 after A, B indicate whether the basis
function is even or odd against reflection about the yz- or zx-plane. This is
equivalent to being even or odd against  rotation around the x- or y-axis. The
number is 1 for the even basis, and 2 for the odd one. After these numbers, attached
is g (gerade in German) if the basis function has even parity, and u (ungerade)
if it is odd. On the other hand, E,, means a two-dimensional (2D) irreducible
representation with two basis functions, which are odd under space inversion. The
suffix 2 is often omitted; the rule is not so simple as that in one-dimensional
representations. Examples of basis functions are also given in Table 5.1. Note that
the basis functions are not exhaustive, since higher order polynomials are also
possible.

Let us begin with the even parity representation Fl+ (A1g). The corresponding
gap function is a scalar in the point group. In contrast with the spherically symmetric
case, not only the s-state with [ = 0, but functions such as 1 — 3 cos? 9 = k)% + k§ —
2k§ with [ = 2 behave as scalar. Hence we parameterize the general scalar function
g0 as

go(k) =a+b(k; +k; —2k2) + ..., (5.67)
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where a, b, . .. are the real parameters. Because of the lower symmetry, components
of different angular momenta may mix. As long as the s-component is dominant
with |a| > |b|, go(lg) does not have nodes. In the opposite case of |a| <K |b],
dominance of the d-component may lead to nodes in gg (k).

We move on to another even parity representation F3+ (B1g) which is relevant to
Cu oxide superconductors. The gap function is given by

D, (k) = (k} — k3)go(k) = Rek? go(k). (5.68)

with ky = ky + ik,. Evidently Dl(lg) has nodes at k, = =k, If we take go = a,
D) (k) reduces to the d-state. Hence the pair in Cu oxide is usually called the d-wave
pair. Another d-wave pair is possible with the F4+ (B2g) representation. The basis
functions are given by

Dy (k) = 2kykygo(k) = Imk? go (k) (5.69)

which have nodes at k, = 0 and k, = 0. These nodes correspond to 77 /4 rotation of
the nodes of D (k). Table 5.1 includes other possible representations of even parity
pairing.

In the case of odd parity pairing, we have already seen in Eq. (5.66) that the spin
and orbital states are entangled in the order parameter. If the spin—orbit interaction
is present, the Kramers pair consists of mixture of spin and orbital states, which are
called pseudo-spins. Then we only have to change the basis set from the real spin
to the pseudo-spin to describe the Kramers pair for a given crystal momentum. The
simplest is the I'|” (Ay,) symmetry, which corresponds to the point-group version
of the BW state. The d-vector is given for lower orders of k by

d (k) = zkgo(k) + (Rky + ky)g1 (k) + (ke — $ky) (k7 — k3) g2 (k)
= 2kgo(k) + (Reki7-)g1 (k) + (Rek> 71)ga (k), (5.70)

where x is the unit vector along the x-axis, and 7+ = X% =+ iy. The functions
gi (12) (i = 0, 1, 2) all behave as scalar in the point group. An example has been
given by Eq. (5.67). The condition of minimum free energy determines the form of
gi (12). In the case of g; # 0 in Eq. (5.70), the parts in front of go and g; represent
the p-wave, while the part in front of g, represents the f-wave (I = 3). On the other
hand, in the case of g1 = g» = 0, a state with S; = O is realized. This corresponds
to the polar state in Eq. (5.66) with line nodes at k, = 0.

Another one-dimensional representation has the symmetry I';” (B1,). The d-
vector in the lowest order in k is given by

d(k) = (%ke — 9ky)g0(k) = (Rek174)go(K), (5.71)
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Table 5.2 Irreducible

. Representation | Basis functions
representations and examples

of basis functions of an odd Iy (Aw) Zk; Rekir—; Rekﬁ_ﬂ_
parity pair in the point group Iy (Aw) Imky7_; Imk3 7y k Imk? 2
Dan ry (Bu) Reky7y; k:Rek?2; Rekd 7
Iy (Bw) Imk 7y k Imk22; Imk3 7o
Iy (Ey) K5 ko ke ko k2P (0= 0,2)

Here 7+ = x=+iy, and, in the last row, the pair of functions
with suffices & or =5 make the basis functions of the 2D
representation

with nodes at k, = ky = 0, which correspond to north and south poles on the Fermi
surface. Table 5.2 shows all the irreducible representations for Da;, and examples
of basis functions. Similar analysis can be carried out for other point groups with
cubic and hexagonal symmetries [19].

5.9 Pairing with Repulsive Interaction

In Cu oxides and Fe pnictides/chalcogenides, some compounds have high transition
temperatures 7, in spite of large Coulomb repulsion between electrons. The first
material in the high-7,. family was found in 1986; Ba;CuO4 doped with La with
T. ~ 35K [5]. The highest T, so far reported is 164 K in HgBa;Ca;Cuz Oy (x ~ 8)
under pressure. On the other hand, the first Fe-based superconductor found in 2008
is LaFeAsO doped with F (fluorine) [6]. The highest T, in this family now reaches
about 60 K [7]. The mechanism for the high 7, in these materials has been studied
intensively. The common feature is the antiferromagnetic order without doping,
which remains to some extent of doping. With further increase of the carrier density,
superconductivity appears. Thus it is natural to expect a strong interplay between
superconductivity and antiferromagnetism. Another common feature is that both
Cu and Fe superconductors have layer-type tetragonal structures, and electrons with
quasi-2D character play a dominant role in the superconductivity. As the zero-
th approximation, we may take the square lattice for investigating mechanism of
superconductivity.

The tetragonal structure of the Cu oxide superconductors is shared with another
class of superconductor SrRuQy, which has 7, ~ 1.5 K. The relevant 4d electrons
from Ru are quasi-two dimensional and close to magnetic orders. With Ca doping,
for example, not only antiferromagnetism but also ferromagnetism tends to appear.
The odd parity pairing has long been suspected on the basis of the NMR Knight
shift [11], which does not seem to decrease below 7.2

2However, recent accurate NMR experiment by A. Pustogow et al: Nature 574, 72 (2019) has
shown that the Knight shift does decrease below 7 as in singlet superconductors.
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Some materials with f electrons become superconductor with heavy effective
mass of electrons [20]. Among these materials PuRhGas has the highest 7. ~ 16 K
under pressure. The crystal structure consists of layers of PuGa; sandwiched by
another layers RhGaz. The quasi-2D 5 f electrons in PuGa, may play a dominant
role in the pairing. There are several Ce compounds with the same crystal structure
such as CeRhlns with 7, ~ 2K under pressure of a few GP, and antiferromagnetic
order with zero pressure [21].

In this section we discuss superconductivity by Coulomb repulsion by taking
the Hubbard model. For simplicity the electron—phonon interaction is neglected. In
terms of the perturbation theory in U, the effective attraction occurs in O (U?). The
transition temperature is very small in the range of U accessible by perturbation
theory. On the other hand, actual materials mentioned at the beginning have large
U which is comparable to the conduction bandwidth or even more. Hence it is
necessary to employ a non-perturbative method such as numerical simulation for
realistic argument. Nevertheless, we rely on the weak-coupling theory since it
provides the most transparent idea as to the origin of the attractive force.

We consider the situation where the number of electrons is slightly smaller than
one per lattice site. If the number is just one, which corresponds to half-filling of
the conduction band, antiferromagnetism is favored, and the system becomes an
insulator. This is because the antiferromagnetism makes reduction of the Brillouin
zone due to the doubled unit cell, and the energy gap is formed along the new
boundary of the zone. The lower conduction band is then completely filled.

The effective interaction is derived in the general framework discussed in
Chap. 1. As the perturbation H’ we take the repulsion term with U, which is written
in the momentum space as

U
H == kZ ;@ (k + ‘I)Ci(—k>6¢(—p>6¢ (r+9. (5.72)
7p

This representation makes explicit the annihilation of the singlet pair by ¢ c4, and
the creation by c$c1. In the following we only consider the part with the zero pair
momentum ¢ = 0. In deriving the effective interaction between two electrons, we
choose the model space as the BCS-like states given by Eq.(5.8) with arbitrary
values of parameters uy, v, and ¢. Then the second-order effective interaction

1
PH ———QH'P (5.73)
Ey— Hy

describes the interaction between a pair of electrons forming a spin singlet. Here the
model space consists of singlet pairs of electrons excited from the ground state of
many electrons. Consequently the projection operator Q excludes the states where
only singlet pairs are excited.

Evaluation of the effective interaction Eq. (5.73) is reduced to taking the average,
or the vacuum expectation value, of the product of the creation and annihilation
operators of electrons with the same momentum k and spin. Since such operator
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pairs occur only once for each spin, the average of the product of operators is equal
to the product of the average of each spin component. This factorization property
can be generalized to arbitrary number of operators. The details are discussed in
Chap. 9 as Wick’s theorem.

For the moment we restrict to terms of O(U?), and represent each average by a
line where the arrow points to the annihilation operator. Thus each line represents
either the occupation number f(ex) = (c,T“7 Cko) of the particle at T = 0, or that

of the hole 1 — f(ex) = (ckgc,tg), depending on the arrow direction relative to
sequence of the process. Such pictorial representation of perturbation processes
is called the Goldstone diagram [22], a simpler example of which has already
appeared in Fig.1.2. Since a given diagram faithfully follows the perturbation
sequence, one can reconstruct the corresponding mathematical expression rather
directly, as will be demonstrated in Eq. (5.76) below. There is another diagram
method due to Feynman, which uses the single-particle Green function as a building
block. The Feynman diagram deals with particles and holes symmetrically, and is
valid also at finite temperature by use of the Matsubara frequency. The Matsubara
scheme has been explained in Chap. 3. Since the Feynman method requires more
elaborate preparation, its detailed exposition is deferred to Chap. 9. For representing
an effective Hamiltonian with explicit use of projections operators P and Q, the
Goldstone diagram is simpler and more convenient.

For small U, the lowest-order term dominates the higher order ones for the
isotropic part of the interaction. In other words, all effects that do not provide
anisotropy of the effective interaction can be neglected. For example, we neglect
the screening of U by a particle-hole pair. We instead concentrate on the processes
that give rise to anisotropic effective interaction. Since the anisotropy is not present
in the original interaction U, the second-order term may dominate depending on the
symmetry of the pair wave function.

In second-order scattering processes of a pair, we have either (a) parallel or
(b) antiparallel lines between the action of two U’s. The case (a) represents the
successive scattering of a singlet pair, which keeps the isotropy of the interaction.
If the projection operator P includes all energy range of the singlet pair, (a) is
rejected as an effective interaction by Q. If one redefines P so as to project the
singlet pair onto the narrow energy range near the Fermi level, however, the case (a)
represents renormalization of U. This process is illustrated in Fig. 5.6 in the solution
of Problem 5.5. On the other hand, the case (b) which is illustrated in Fig. 5.4, gives
an anisotropic effective interaction that has a strong dependence on the transferred
momentum p — k.

Assuming electrons near the Fermi surface for both initial and final states, we put
€r = €p = 0in Fig. 5.4. Then the denominator in Eq. (5.73) is given by

Eo— Hy —> €_p1rqg — €kiq- (5.74)
Furthermore the Pauli principle imposes the constraint

[1— fler+q)] flep—g) (5.75)
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k.o k

T p,o

-k, o -p,0

Fig. 5.4 Illustration of the most relevant term in Eq.(5.73). The dashed lines represent the
repulsive interaction U, and the solid lines with arrows specify either an electron state with positive
energy, or a hole state otherwise. Provided the perturbation sequence goes from left to right in the
diagram, the arrows indicate €414 > Oande_p4 <0

for the intermediate states with f(¢) the Fermi distribution function. To obtain the
effective interaction V (k, p), we have to include another term where (k, o) and
(p, o) are interchanged by (—k, ) and (—p, &) in Fig. 5.4. The latter term gives
€ ptq — €k+q for Eg — Hp and

[1— fep—g)] f(€k+q)

for the constraint. Then the two processes combine to give

1 f(€—p+q) — [ (€krq)
— = —xolk + p), 5.76
Nt xok + p) (5.76)

with xo(k + p) (> 0) being the static polarization function. We now obtain
the effective interaction, which is a generalized version of V(k — p) in the gap
equation (5.27), as

Vik,p)=—-U—U?xo(k + p), (5.77)

up to the second order in U. The sign of V (k, p) is taken so that V(k — p) > 0
means the attraction as defined in Eq. (5.16). Hence, xo(k + p) works as a repulsive
force for the s-wave. However, this situation may change for anisotropic cases.

We take the 2D model in view of high-T, superconductors based on Cu and
Fe. Although the sign of V (k, p) corresponds to repulsion for the s-wave pair, its
dependence on relative angles between k and p favors an anisotropic electron pair.
To be more specific, we take the nearest-neighbor hopping in the square lattice. Then
the kinetic energy is given by

ex = —21 (cos ky + cosky, ) (5.78)
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Fig. 5.5 Illustration of the : M
Fermi surface and sign of the b :
stable gap function A(k). The
region A around k = (k, 0)
and the region B (shaded)
around p = (0, py) have
opposite signs so that
A(p)A(k) < 0. Thenk + p
takes the value close to

Q = (7, ) that corresponds
to M point in the Brillouin
zone. The dashed lines show
the Fermi surface for the
half-filled case

where —1 is the transfer integral, and the lattice constant is taken to be unity. If the
electron density is slightly smaller than one per site, the Fermi surface takes the
shape as shown by the solid line in Fig. 5.5.

For the half-filled conduction band with the square Fermi surface, xo(q) is
divergent logarithmically at ¢ = (r, w) = Q and its equivalent points, called M, in
the Brillouin zone. The divergence corresponds to the antiferromagnetism at 7 = 0.
The divergence disappears with deviation of the density, but the large magnitude of
xo(q) at ¢ = Q and its neighborhood remains. Then with k ~ (7, 0), p ~ (0, ),
xo(k + p) ~ xo0(Q) in Eq. (5.77) becomes large. If the gap function has opposite
signs in the regions A, B as indicated in Fig.5.5, the large magnitude of xo(Q)
contributes to formation of the anisotropic electron pair. The different regions of the
Brillouin zone are analogous to different bands in the multiband model discussed
in Sect.5.4. By analogy with the pair transfer term that increases T, the transfer
between the regions A, B contributes to the pairing. The symmetry of the pair
corresponding to Fig. 5.5 is identified as F3+ (= Big). Namely, we obtain the singlet
gap function

Alk) oc k2 — k2, (5.79)
which belongs to the d-wave. The node occurs at k, = +ky, which is indicated by
dotted lines in Fig. 5.5. The singlet d-wave pairing captures a characteristic feature
in Cu oxide superconductors from the weak-coupling side.

Let us proceed to solution of the gap equation with V (k, p). We assume that 7T
is much smaller than the Fermi energy, and use the value of V(k, p) at T = 0.
As indicated in Fig. 5.5, it is convenient to take the argument ¢ of k at the Fermi
surface, and regard A(k) as a function of ¢ [23]. To decompose into components
of angular momentum, we introduce the angle-resolved density of states p(¢) at the
Fermi surface as

1 d
p) = = Y81 — ) z[ “50). (5.80)
k

2
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In terms of the angle-dependent Fermi momentum k(¢) and the Fermi velocity
v(p) = |Vier|, we obtain p(p) = k(p)/[2mv(p)]. To deal with the ¢p-dependence,
we introduce the weight function w(g) such that p(¢) = p(n)w(p). Then we use
the modified Fourier components defined by

Ap (@) = exp(ime)/v/w(p), (5.81)

which has the orthogonal property

d
/ X @A) An () = i, (5.82)
T

with the weight function w(g). Then setting A(k)|rs = A (¢) at the Fermi surface
(FS), we make the Fourier-like decomposition

A)= > AnAn(9), (5.83)
de . s
A = f ) An(e)” AGp). (5.84)
T

Similarly we introduce V (k, k')|gs = ‘7(90, ¢')|rs, and makes its Fourier decompo-
sition

PV (9, ¢) =Y g A1) An ()", (5.85)
Im
de * ng/ / / /
8im =/2—w(¢))Az(<p) /—w(w YAm(@)p()V (e, ¢). (5.86)
T 2w

The property V(p, ¢') = V(¢', ) = V(—¢, —¢’), imposes the constraint on the
coupling constant g;,, as gin = gmi = gj; With [ = —I. Furthermore the tetragonal
symmetry requires g, to vanish except for/—m = 4n (n = integer). This is because
V (@, ¢’) is invariant against 77 /2 rotation in the k-space: ¢, ¢’ — @+m/2, ¢'+7/2.

With use of components for angular momentum introduced above, the gap
equation is rewritten as

D
Ar=In—3  gimAm, (5.87)
¢ m

where D is of the order of bandwidth. The transition temperature 7, is determined
by the condition that the matrix composed of elements &;,,, — gi, In(D/T;) has zero
determinant. The s-wave pair corresponds to / = m = 0, which is unfavorable
because the bare term —U in Eq.(5.77) makes goo < 0. To the contrary, in g,
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with [, m s 0, the isotropic bare term drops out through angular average. This is an
example that anisotropic pairs are favored in the presence of short-range Coulomb
repulsion.

As the simplest approximation to describe the anisotropic singlet pair, we keep
only the lowest components [, m = =2. Namely, we neglect possible mixture
with || = 6,10, 14,.... Accordingly, we expand p(¢) in terms of angular
momentum, and keep only the isotropic (I = 0) component, which is nothing but
the density of states o (1). The gap equation (5.87) becomes diagonal for irreducible
representations. The case A_, = Aj gives irreducible representations By, while

another one A_» = — A gives By,. In respective cases, we obtain
Big: Ap) =243c082¢ ocky — kj, (5.88)
By i Alp) = 2iAysin2¢ o 2kyky, (5.89)

in accordance with Table 5.1. The coupling constant for By, is given by
1 dg do’
8(Bip) = 3 Xﬁ:gaﬂ =2p () f S c0s2¢ / T cos2' Vg @), (590)
(03

with «, B = £2. The favorable region for integration is ¢ + ¢’ ~ (n + 1/2)7 with
respect to V (¢, ¢’), which corresponds to k + p ~ (7, ) and equivalent points.
The region matches with ¢ ~ 0 and ¢’ ~ 7/2 where the cosine functions also
have large weight with cos2¢ ~ 1 and cos2¢’ ~ —1, and the combination gives
g(Bi1g) > 0. The transition temperature is given by

T. = Dexp[—1/g(Big)]. (5.91)

On the other hand, the Bg-pairing has the coupling constant

de . do’ ., ,
g(B2g) =2p(u) | z—sin2¢ [ —sin2¢ V(p, ¢). (5.92)
27 21

The sine functions favor the region such as ¢ ~ 7/4 and ¢’ ~ 3m/4, and this
combination gives ¢ + ¢’ ~ 7. However, this is not the best region for V (¢, ¢’) as
seen from Fig. 5.5. Hence g(B>g) should be smaller than g(Byg).

As the electron density becomes smaller, the Fermi surface tends to a circle as
that in the free 2D space. In this case xo(q) is a constant for |g| < 2kp. Then
various types of spin singlet and triplet compete for the stability, and it is not easy to
determine the most stable pairing symmetry. On the other hand, the spherical Fermi
surface is relevant to superfluid >He. If we take the short-range repulsion between
fermions, the p-wave pair is most favored since x((q) becomes the largest at ¢ = 0.
Let us consider the case k, = 0 to simplify the situation. If the gap function changes
sign by 7 rotation around the z-axis, the effective interaction becomes attractive,
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and takes advantage of the peak of xo(k + p) at p = —k. This is realized by a
triplet with the d-vector

d(k) o< Z(ky iky), (5.93)

which corresponds to the ABM state in Eq.(5.66). It can be shown that BW
state gives the same 7, in the present approximation. If higher order effects
of U are taken into account. the component ¢ = 0 contributes even stronger
in the presence of strong ferromagnetic fluctuations. In actual superfluid He,
ferromagnetic fluctuations seem to contribute to stability of the p-wave pairing.

Problems

5.1 Derive the norm of the BCS state Ypcs as given by Eq. (5.8).
5.2 Diagonalize the 2 x 2 matrix hgcs (k) in Eq. (5.22).
5.3 Construct ¥pcs in terms of Bogoliubov quasi-particles.

5.4 Show that the state with Ap Ag # 0 is already present at temperature higher
than 7 and Tg.

5.5* After learning the scaling method to be explained in Chap. 6, derive the
effective repulsion U* given by Eq. (5.47).

5.6* Derive the eigenvalues of h(k) given by Eq. (5.64).

Solutions to Problems

Problem 5.1
The pair creation operator cﬁ(k)ci(—k) commutes with another with momentum
different from k. Then the expectation value can be taken for each k, and we obtain

(Wacs|ses) = [ [(Olug + vie, (—k)ey (k)c (k)e] (=K)[0)
k
=TT («3+23)- (5.94)
k

Namely, the normalization condition is u,zc + v,% = 1. Note that the norm is
independent of the phase ¢. This independence holds also for matrix element of
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gauge-invariant operators such as Hamiltonian. Hence the energy of the BCS state
is independent of ¢.

Problem 5.2

We first consider the case where A(k) is real. The inversion symmetry requires
€_ = ¢€g. In the unitary transformation defined by Eq.(5.23), we make the
parameterization

up =cosf, vr =sinb, (5.95)

in the normalized BCS state. Then the diagonalization of the matrix is equivalent
to the coordinate rotation to make hyperbola specified by

flx,y) =ex?—yH +24xy =C (5.96)

to the standard form without the cross term xy. Here C is a real constant, and € and
A are in the simplified notation without k. The rotation angle 6 should be chosen as
tan20 = A /e, or equivalently

2 A2
§in220 = 1 +cot? 20 = =+ 2 (5.97)
A2
With Egs. (5.95) and (5.97), we obtain
2upvg = sin20 = |A(k)|/Ey(k), (5.98)

where

Ei(k) =/} +]AM)2 (5.99)

is the eigenvalues of hpcs.
If A(k) is a complex number with argument ¢, the unitary transformation is
chosen as

'lf(k)=< “k ei¢”"> ¥ (k). (5.100)

—e’id’vk Uk

By using the same 6 as given by Eq. (5.95) we obtain

i €k A(k) _ ~ E+(k) 0 B
v (k) (A(k)* _ek) vk =9y (k)( 0 E_(k)) v (k). (5.101)
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Here the two-component field 1/7'(k) = (af(k), BT (k)) corresponds to creation
operators of quasi-particles. From Eq. (5.23), we obtain the inverse transformation

ax = ugcy (k) — e Pvge) (k)T (5.102)
Br = e Pugeq (k) + uge) (k)T (5.103)

which is often called the Bogoliubov transformation.

Problem 5.3

Because of the property E_(k) = —E; (k) < 0, the ground state is characterized
by (ﬁ; Br) = 1and (oc,tozk) = 0. Hence the ground state should be constructed from
the vacuum |0) by

l_[,Bkak|0 ]_[( )vk [uk +eue] (e (- k)] 10), (5.104)

which is indeed proportional to ¥gcs given by Eq. (5.8).

Problem 5.4
Nonzero order parameter requires the zero determinant of the matrix in Eq. (5.41).
This condition is equivalent to

JioapsLALg

I~ gnls (> 0). (5.105)

I —gaLa =

With decreasing temperature, L (7T') increases, and the LHS becomes zero at T =
Ta with ga > 0. Hence there is a temperature 7. above Tj where Eq. (5.105) is
satisfied. Note that the result 7, > T does not depend on the signs of Jyg and gg.
Namely, the pair transfer always increases T, even if the band B does not favor
superconductivity. This is analogous to lowering of the ground state energy in the
second-order perturbation theory.

Problem 5.5*

Although the topic is included in superconductivity, it is appropriate to challenge
the problem after learning the scaling theory to be discussed in Sect. 6.2. Following
the standard procedure to derive the effective Hamiltonian in the scaling theory,
we change the bandwidth by the infinitesimal amount D < 0 on both high and
low energy ends. Correspondingly, in Fig. 5.6 which represents I7(p), both of two
electrons in the intermediate state have energies in the narrow range of [D 4+ D, D]
or [—D, D — § D]. Then the change of the effective interaction is given by

sU = —U? 5.106
D PB- ( )
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Fig. 5.6 Correction to the effective interaction which corresponds to renormalization of the
Coulomb repulsion. The energy of electrons with arrows are both near the upper or lower band
edges

corresponding to Eq. (6.16). By integrating both sides of Eq.(5.106) and putting
Deff = wp, we obtain Eq. (5.47).

Problem 5.6*
It is convenient to deal first with A (k)Z, which is easily obtained as
2 AAT
~ + AA 0
h? = ( ). 5.107
(k) ( 0 @4 A) (5.107)

With use of quantities defined by Eq. (5.61), we obtain
AA" =D +|d*+w-0, ATA=|D*+|d* —w-0,
where w = id x d* = w* is a real vector. Diagonalization of 2 x 2 matrices in

Eq. (5.107) can easily be performed. From the eigenvalues for h(k)?, we take the
square root to obtain the eigenvalues of A (k) as

E.o(k) = r\/e(k)z +ID(k) 2+ |d (k)2 + o [w(k)I, (5.108)

with t, 0 = =£1. This result suggests that w behaves as a kind of magnetic field.
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Chapter 6 ®
Kondo Effect Creck fo

Abstract This chapter discusses Kondo effect for a magnetic impurity in metals.
The concept of renormalization is crucial in understanding Kondo effect. Simply
speaking, the exchange interaction between the impurity and conduction electrons
becomes endlessly large in the effective Hamiltonian, even though its magnitude is
originally tiny. As a result, the impurity spin is completely screened in the ground
state, resulting in a local Fermi liquid. However, if the impurity has also an orbital
degrees of freedom, another ground state may appear which is not a Fermi liquid
but with a residual entropy. We begin with description of the model and proceed to
actual procedure of renormalization. The effective Hamiltonian formalism presented
in Chap. 1 is used extensively. Also discussed is how to understand the ground state,
which is either Fermi or non-Fermi liquid.

6.1 Hybridization and Exchange Interactions

The most popular model to describe a magnetic impurity in metals is called
the Anderson model [1]. The simplest version takes a non-degenerate orbital for
local electrons at the origin, together with a non-degenerate conduction band. The
annihilation operators of these electrons are written as f, with spin ¢ and cg, with
momentum k, respectively. The local and conduction electrons are called f- and
c-electrons, respectively, in the following. The Anderson model is given by

1
HA:ZEkCItocka—i_éf ana—i-EU angnf(,/—i-thb, (6.1)
ko o o#ao’
1 .
Higy = —= Y V(cpo fo + £ ko). (6.2)
\/N ko

where U represents the Coulomb repulsion between local electrons with the number
operator 1 5 = fOT fo. The two kinds of electrons mix (or hybridize) with strength
V. The factor 1/+/N, with N being the number of lattice points in the system, enters
in superposing the Bloch state to build the Wannier state localized at the origin. The
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actual hybridization of a local electron mostly occurs with a surrounding ligand
orbital, which accompanies k-dependence in hybridization. Equation (6.2) neglects
this aspect for simplicity. The Anderson model has rich content encompassing the
atomic (localized electron) limit with U/V > 1 (or UD/V? > 1 for the large
bandwidth D), and the single-particle resonance with U = 0.

Let us consider the situation where the f-electron level € is much below the
Fermi level, while €y + U, which is the energy for the second electron to occupy,
is much above because of the large U. Then the average occupation number of f-
electrons is almost one, and the fluctuation from the average is negligible. In this
situation it is reasonable to take the model space where the occupancy of the local
level is fixed to one. In the model space the spin S is the only degrees of freedom
for f-electrons. We derive the effective Hamiltonian explicitly for this model space.

The hybridization Hyyp, connects the model space to the complementary space
projected by Q, which has either zero or double occupancy of f-electrons. Then the
effective interaction in the lowest order is given by

Hint = P Hyyo(Eg — He — Hy) "' Q Hiyo P, (6.3)

where E| is the zeroth-order energy for the ground state, and H., Hy represent c-
and f-electron parts without hybridization, respectively. Figure 6.1 illustrates the
perturbation processes in the effective interaction. Since the double occupancy is
possible only for singlet of local spins, hybridization to the doubly occupied state
works only for singlet pair of f- and c-electrons. Hence the processes (a), (b) shown
in Fig. 6.1 accompany the singlet projection operator

1
Pi=—-S 5.+ 2l 6.4)

where s. and n. are, respectively, spin and number operators of c-electrons at
the origin. In the process (a), the c-electron spin remains the same through

(c)

Fig. 6.1 Second-order processes of hybridization. The horizontal lines with arrow represent
occupied f-states with any spin, and the slant lines represent c-electron states
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hybridization, while in (b), a spin exchange occurs with f states. On the other hand,
the process (c) in Fig. 6.1 involves the vacant f state, and accompanies the spin
exchange which allows triplet states of f- and c-electrons as well. The latter kind
of exchange is called permutation, and is described by the operator

1
Pspin =285+ Enc’ (6.5)

which gives £1 when applied to triplet and singlet states, respectively. In this way
we rearrange the processes (a), (b), and (c) in Fig. 6.1 into the exchange interaction
including S - s, and the potential scattering including 7. The effective Hamiltonian
thus takes the form

1 1 -
Heg = He + N ZZ <§Jkk’s ’ ao’ocz/arcka + Kkk'SUU’Ck/U/Ck<7> ) (6.6)
ko k'c’

where the exchange interaction is given by

1 1
e = 2V2[ — } 6.7)
€y —€f e—€r—U

and the potential scattering by

Koo = sv2 | — 14 : (6.8)
L) €y —€f e—€er—=U ' '

For simplicity, we consider the situation where the energy € of conduction electrons
is negligible as compared with € s and € s + U . In the special case with the condition
€ + U = |ey|, which is called the symmetric case, the potential scattering Kpz
vanishes. The exchange interaction in this case is given by

J=4V¥/les| =8V?/U. 6.9)

In summary, by neglecting charge fluctuations of f-electrons in the Anderson
model, we have obtained the effective model

Hx =H.+JS - s = H. + He, (6.10)

which is called the Kondo model. In the momentum representation, the spin operator
s is given by

1
Se = m Z ch—iaaﬂﬂ/ck/o" (6.11)
kk' oo’
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The Kondo model has even simpler appearance than the Anderson model. However,
the model has the astonishing property that perturbation theory in J breaks down
at zero temperature, no matter how small J is. At high temperatures, on the other
hand, the perturbation theory works. Here the meaning of “high temperatures” is
highly nontrivial, as explained later. We note that the expansion parameters U in the
Anderson model, and J in the Kondo model assume different states as the starting
point. These different states can be connected continuously by the renormalization,
which is discussed in the next section.

6.2 Renormalization in Kondo Model

Renormalization of Kondo model has been studied by a variety of methods. We
apply the effective Hamiltonian formalism, which is equivalent to the method often
called the scaling. Namely, the effective bandwidth in the model space is reduced by
infinitesimal amount |§ D| in each step of renormalization. Then the renormalization
takes the form of a differential equation for the effective exchange interaction
J, and the integration gives a finite change of J. The process how the effective
interaction changes is called the renormalization (or scaling) flow. An example will
be illustrated later in Fig. 6.3.

We assume the simplest form of the conduction band with constant density of
states (per spin) p. = (2D)~! in the interval [—D, D], and zero otherwise. The
Fermi level is located at the center of the band: u = 0. With this setting we consider
a new model space in the Kondo model where the c-electron states near the upper
and lower band edges are excluded by an infinitesimal amount. Namely, we choose
the projection operator Q that includes only such c-electron states with energy [D +
8D, D]or [-D,—D — 8D] (6§D < 0). The model space projected by P = 1 — Q
excludes those states near the band edges. In the lowest order with respect to J, the
effective Hamiltonian in the new model space is given by

Heft = P(He + Hex) P + P Hex(Eg — H:) ™' Q Hex P, (6.12)

where Ej is the ground state energy of H..

Let us explicitly derive the change of Hy by the infinitesimal change §D.
Figure 6.2 illustrates the second-order terms in Eq. (6.12) which gives §J. The c-
electron has spin o for the incident state, & for intermediate states, and o’ for the
scattered state. Let us focus on the component JS# sf in the first scattering by
QHc P, and another one JS%sY in the second scattering by P Hex. In Fig. 6.2a,
which is called the direct scattering diagram, the matrix elements of s. are given by

(0/[s21€)(EIsP o). (6.13)
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Fig. 6.2 Second-order correction to the effective interaction. The solid lines represent c-electron
states, and the dashed lines impurity spin states

On the other hand, the crossed diagram shown in Fig. 6.2b has matrix elements
(o”|sF |£) (€152 o). (6.14)

Summation over £ can be taken independent of the energy denominator. Taking
care of the minus sign in the process (b) that involves commutation of fermion
operators, we combine (a) and (b) to obtain the second-order correction to the
effective interaction as

J? wcBla p 8D ,
525 SP[s%, sP]16Dlpe = —5 %S s (6.15)
ap

Some details how to use the spin commutation relation are the subject of Prob-
lem 6.1. We emphasize that the correction has precisely the same form as the
original interaction Hex except for the coupling strength. Hence the renormalization
appears as the change §J of the exchange interaction given by

§J = ——1J%p,, (6.16)

which is called the scaling equation. It is also called the renormalization group
equation since each step of scaling is regarded as an element of a group. However,
the renormalization group has no inverse element, and is not an ordinary group in the
mathematical sense. We remark that the spin commutation rule plays the essential
role in the renormalization. If the perturbation Hex in Eq.(6.12) is replaced by a
potential scattering V, the second-order processes (a) and (b) in Fig. 6.2 cancel each
other, and renormalization of V does not occur.

We can repeat the renormalization procedure as long as the effective bandwidth
2Dt remains much larger than the characteristic energy scale, which is to be
determined later. Under this restriction, integration of the scaling equation leads
to

J
1= JpeIn(D/Detr)’

Joff = 6.17)
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where the boundary condition is Jeif = J at Desg = D. Most importantly, Jefr
increases with the decrease of Deg. The divergence at Derf = Dexp[—1/(Jpc)]
should be taken with care since the result is outside the valid range of second-order
renormalization. The Kondo temperature 7k is defined by this energy in units of
temperature. With the Boltzmann constant kg set to unity, 7k is given explicitly by

1 U
— Dexp| ———), (6.18)
Jpc szpc

where the rightmost expression corresponds to parameters in the symmetric Ander-
son model. Note that the scale Tk cannot be obtained by perturbation theory in J,
since it is not analytic around J = 0. On the other hand, Tk is analytic around U = 0
according to Eq. (6.18). Although the result has been obtained with the assumption
of large U, the analyticity remains valid also down to small U.

The divergence of Jefr at Degt = Tx in Eq. (6.17) should not be taken literally.
It should rather be interpreted that the perturbation theory breaks down below the
energy of the order of Tx. In this sense, the characteristic energy scale of the system
is given by Tx. As we shall discuss later, the Kondo temperature Tk characterizes
physical quantities such as resistivity, susceptibility, and specific heat.

At finite temperature 7', c-electrons are thermally excited in the range of £7
around the Fermi level. As long as Degr > T, there is no effect of temperature in the
renormalization. However, D¢s cannot be made smaller than T because of thermal
excitations. Then the effective exchange at T is given by setting Defs = T as

Tx = Dexp (—

J

Jeit(T) = 1—Jp:In(D/T)"

(6.19)

In deriving physical quantities such as resistivity and susceptibility at finite T,
one can use the straightforward perturbation theory in J to arbitrary order. The
equivalent result is reproduced simply by replacing the bare J by Jet(T), as long as
the most divergent logarithmic terms are concerned. This situation is best illustrated
in the electric resistivity p(7T) at T sufficiently larger than Tx. In the simplest
transport theory, the conductivity o = 1/p is determined in terms of the relaxation
time 7 as follows:

: (6.20)

where n is the density of conduction electrons with the effective mass m*. In the
lowest order for scattering by J, which is called the Born approximation, we obtain

1 3n
; = 27Tcimpvcell-]2)0c Z <S§S§> = ?Cimpvcell‘lzpm (6.21)

o
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where cimp is the density of magnetic impurities and veen is the volume of unit
cell. Derivation of Eq. (6.21) is the subject of Problem 6.2. The Born approximation
does not take into account higher order effect of J, which affects the low-energy
physics via intermediate states with high excitation energies. The effects of these
intermediate states are taken into account by using Jg(7') instead of J. The
replacement gives

- Po B 00
PO = DT~ Upn(T TR (6.22)

where po represents the resistivity in the Born approximation. Equation (6.22)
reproduces the original result of Kondo who derived the logarithmic term in the
lowest order, O (J 3) [2], and also more elaborate calculation which sums up the
most divergent perturbation series [3]. The result is, however, justified only for
T > Tx, but breaks down as the temperature approaches Tx.

The actual p(T) has an upper bound, in contrast to the divergent behavior
at T — Tx suggested by Eq.(6.22). For more precise treatment than the Born
approximation, we deal with the transition matrix (called the 7-matrix) of conduction
electrons. According to the scattering theory [4], the S- and #-matrix elements are
related by

Sap = Sab — 27i8(Eq — Ep)tap, (6.23)

where E, is the kinetic energy of the one-particle state a. Since the S-matrix is
unitary, STS = 1, the 7-matrix is constrained to be

Im iy = =7 ) 8(Eq — Ep)ltap|’, (6.24)
b

which is called the optical theorem. The LHS describes the forward scattering,
while the RHS gives the total cross section of scattering. The latter is proportional
to 1/7. In the angular momentum representation, the phase shift § for the s-wave
scattering characterizes the 7-matrix. Then the dimensionless quantity (Jp.)? in the
Born approximation is replaced by sin” 8 in Eq.(6.21) for 1/7. The upper bound
corresponds to § = /2, which is called the unitarity limit. Hence the divergence of
p(T) is a result of unjustified approximation. Another consequence of the unitarity
constraint will be discussed later in Sect. 10.6.

6.3 Anisotropic Kondo Model

The exchange interaction in the Kondo model is positive (J > 0), as long as it
is regarded as the effective Hamiltonian of the Anderson model. In actual cases,
other origins of J are present such as the Coulomb repulsion between local and
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conduction electrons. The latter is ferromagnetic in sign (J < 0). Since the result
given by Eq. (6.17) is valid for both signs of J, the negative renormalized exchange
becomes smaller in magnitude than the bare one. This means that the impurity spin
tends to be decoupled from conduction electrons at low temperature. In other words,
the case J < 0 is connected continuously to the special point J = 0, which leads to
the Curie law y = C/T for the magnetic susceptibility at low temperature.

A natural question then arises as to what happens if the exchange is anisotropic,
including the case of positive and negative components. The resultant anisotropic
Kondo model is useful to visualize the renormalization flows how the localized limit
obeying the Curie law changes to the Pauli law similar to itinerant electron systems.
The simplest model including the anisotropy is given by

Hex = J1 (Sxsx + Sysy) + J:S:sz, (6.25)

with axial symmetry. The scaling equation is modified from Eq. (6.16) as
8J, =—8—DJJ2_,0,;, (SJL:—(S—DJZJL,OC. (6.26)
D D
Combining the two equations above we obtain another differential equation
dJ;/dJ. = J1/J, (6.27)
which is integrated as
J2—Jt=c, (6.28)

with C being a real number fixed by the bare exchange.

Figure 6.3 illustrates the scaling flows with various values of the bare exchange
interaction. The arrows indicate scaling flows as Defr decreases. These scaling flows
do not depend on the sign of J;. The end point of each arrow is called the fixed
point of renormalization. It can be seen that the fixed point is either J; = 0 or
|J1| = oco. The former (J = 0) represents the absence of spin flip that leads to the

Fig. 6.3 Renormalization [J 1]
flows of anisotropic
exchange. The same flow
occurs for both signs of J .
The arrows represent the
direction of renormalization
as the effective bandwidth is
reduced from the bare ones

0 Tz
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Curie law. The other fixed point |J| | = oo represents the complete screening as in
the isotropic case.

The Kondo temperature Tk in the anisotropic Kondo model is defined as the
energy where the effective exchange diverge according to Eq.(6.26). Since the
integration constant remains finite, the divergence occurs simultaneously in J, and
J1. With some algebra which is the subject of Problem 6.3 [5], we obtain the
following result for J, > J; > O:

J
Tk = Dexp (— tanh~! ﬁ) , (6.29)

Jz10c J;

with J.; = ,/J2 — JJZ_, and tanh~! being the inverse hyperbolic tangent function.
In the isotropic limit J,; — 0, we recover Eq. (6.18). In the Ising limit J; = 0 or
Jz1 = J;, on the other hand, we obtain Tx — 0. This is physically obvious because
Kondo effect is absent without spin flip. For the opposite anisotropy J; > J, > 0,
the result is given by

J
Tx = Dexp <— tan™! i) , (6.30)

J1zpc J;

with J|, =,/ Ji — Jzz. We again recover the isotropic limit with J;; — 0. On the
other hand, Tk remains finite in the limit J; = 0, since the exponent does not diverge
in the limit. This corresponds to the scaling behavior around J, ~ 0 in Fig. 6.3.

6.4 Ground State of Kondo Systems

Because of the mapping discussed in Sect. 6.1, it is reasonable to refer to both
Kondo and Anderson models as Kondo systems. The fixed point of the Kondo model
with J — o0 is understood intuitively in terms of the Anderson model. For the
symmetric case 27 + U = 0, the state with completely screened local spin is
connected to the trivial limit U — 0 in the Anderson model, as suggested by the
relation J ~ V2 /U.Itis known [6] that the ground state of the Anderson model has
the spin singlet irrespective of the magnitude of U (> 0). Namely, the singlet ground
state is connected continuously both to the U = 0 state with finite occupation of f
state and to the vacant f state. It is obvious that the vacant state has the spin singlet
even with U # 0.

In the following, we shall discuss the other end of extreme case with U — co. We
generalize the spin degeneracy to an arbitrary integer n, which is called the SU(n)
Anderson model. The generalization actually has a relation to realistic rare-earth
magnetic impurities. Because of the large spin—orbit coupling, the 4 ! configuration
of Ce3t, for example, has the lowest level with the total angular momentum J =
L — S =5/2,where L =3 and S = 1/2 is the orbital and spin angular momenta,
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respectively. Hence we have n = 2J + 1 = 6 in this case. In Yb3* with 413
configuration, the lowest level has J = 7/2 and n = 8. Such large values of n make
it useful to start from the result obtained in the limit of n — oo [7].

We modify the original Anderson model Hp in such a way that the spin index
o runs from 1 to n, and takes the limit U — oo. In the resultant SU(n) Anderson
model

Hsuywm) = He + Hy + Hyyp, (6.31)

the characteristic temperature, which corresponds to 7Tk, depends on the hybridiza-
tion intensity Wy(¢) as defined by

1
Wole) = — D IVES(e — ep). (6.32)
k

We make the simplest model where Wy(e) = Wy is a constant for —D < € < D,
and O otherwise. In order to organize the perturbation series we take n Wy as the unit
of energy.

According to the Brillouin—Wigner perturbation theory, as discussed in Chap. 1,
the singlet energy Ej is given in the lowest order by

Eo = (0| Hnyb(Eo — He — Hy) ™" Hiyb|0)

0 d
=nW0/ € (6.33)
_p Eot+e—¢f

where the origin of the energy is taken to be the ground state of conduction electrons
without f states. The energy shift from the unperturbed state is called the effective
potential, or the self-energy, which is illustrated in the left panel of Fig. 6.4. In the
extreme case of nWy < |eg| ~ D, we can derive E¢ analytically. The result is
given by

€f
Eo—€er=—-Ty>~—-D — ), 6.34
0—€f 0 exp <nW0> (6.34)

Fig. 6.4 Self-energies in the lowest order of hybridization. The left panel shows the singlet case
with vacant f state (wavy line) as the model space, while the right panel shows the n-fold
degenerate case with a singly occupied f state (dashed line) as the model space
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the derivation of which is the subject of Problem 6.4 [8]. In the case of n = 2 and
U = oo, the energy Ty is the same as Tk given by Eq. (6.18) with Jpo. = 2Wy/|e |
according to Eq. (6.7). Note that Tj here is defined at zero temperature without any
reference to divergence.

On the other hand, any of the n-fold degenerate states has the self-energy shown
in the right panel of Fig. 6.4, with the magnitude of O (Wy). Note that the self-energy
is of O(1/n) in units of n W), since the hybridization works only for the same spin
index of f- and c-electrons. This is to be contrasted with the singlet case where
the hybridization involves n different species, making the self-energy of O (1) with
the same unit. This difference between the two self-energies causes the reversal of
renormalized energy levels from the bare levels, even though the local level € is
deep inside the Fermi level.

In order to compare the renormalized energies of singlet and multiplet states, we
need actually another dimensionless parameter. Provided |e /| and D are of the same
order, the relevant parameter is the ratio r = |ez|/(nWp) (> 1). Then we require
the condition r < Inn, which leads to the inequality

To = Dexp(—r) > D/n > Wy. (6.35)

In the large n limit, the multiplet energy E1 ~ € r — O (W) is higher than the singlet
energy Eg = ey — Ty. Moreover, higher order terms for the singlet self-energy are
at most of O(1/n), and can be neglected in the large n limit. It is remarkable that
such simple calculation has identified the characteristic energy scale 7.

We proceed to the case where the average occupation number n ¢ of f-electrons
is not an integer. Such situation in actual rare-earth systems including Ce or Yb is
called the mixed valence or valence fluctuation. In the present framework, n s is
derived as

IE 0 1— Wi
nf=—0=nW0/ de Y00y, (6.36)
dey _p (Eg+e—e€y) To

which means

|4 o B (6.37)
n = E— . .
! nWy

Hence Ty becomes larger as n y becomes smaller. The case n s — 1 is often called
the Kondo limit.

The magnetic susceptibility y at zero temperature can be derived by the second
derivative of the groundstate energy Eo(H) with respect to the magnetic field H.
We associate the total angular momentum J = (n — 1)/2 with the degeneracy n,
and J, with each of the n degenerate components. Since Eo(H) is given by

Eo =W, Z/O e (6.38)
0= OL _p Eo+e—er—gyupl.H’ '
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the second derivative leads to
x =Cyng/To, (6.39)

where C; = (gleB)ZJ(J + 1)/3 is the Curie constant. Derivation of Eq. (6.39) is
the subject of Problem 6.5. Note that Tj enters in x in place of temperature 7" for
the Curie law.

6.5 Local Fermi Liquid

The Kondo systems lack the translational symmetry, but still the idea of the Fermi
liquid theory is applicable, as developed by Nozieres [9]. In the singlet ground state
of a Kondo system, conduction electrons feel the spherically symmetric potential
at the impurity site, which is taken as the origin. Hence it is convenient to take
the spherical wave as the eigenbasis for conduction states. In addition, mutual
interaction works only locally around the origin. Hence the system is properly called
the local Fermi liquid. We apply the framework discussed in Chap. 4 to the local
Fermi liquid.

Since the conduction electrons feel mutual interactions only for the s-wave part,
the quasi-particles are specified by the radial momentum p (> 0) and spin o.
Correspondingly the Landau interactions take the form f(po, ka’), which carry
all the information about the f-electron degrees of freedom. At the ground state,
the distribution function n,, of quasi-particles is one for p < pr with pr being
the radial Fermi momentum, and O for p > pp. In terms of the deviation 6n ., the
low-lying excited states are characterized by the energy

1
E=Eg+Y  €podnpg + 5 SN £(po, ko' om pobnie + O (anfw) (6.40)
po pPo ko’

where E, is the groundstate energy. As in ordinary Fermi liquids, it is sufficient to
consider up to the second order in 67, in order to describe the specific heat and
susceptibility at low temperatures.

For low-energy excitations, én,, has a sharp peak at the Fermi level. In
f(po, ko), therefore, p and k can be replaced by pp since the change of
f(po, ko’) is negligible in the small variation Ap with Ap <« pp. By further
restriction from the spherical symmetry, the independent parameters for f(po, ko)
are reduced to the following two:

1
F = 3 [f(pFo, pro) + f(pro, prd)] p*,

1
Z =5 1f(pro. pro) = f(pro. pro)lp*, (6.41)
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Fig. 6.5 Scattering process
of quasi-particles in the
second order of the effective
interaction f(po, p'o’). The
central part with two arrowed
lines corresponds to [T (g, ®)

with 6 = —o and where p* is the density of states (sum of spin components) at
the Fermi level. Let us derive the order of magnitude of the Landau parameters
in local Fermi liquid. The double momentum summation in Eq. (6.40) amounts to
the factor O(N?). The correction to E, by the single impurity should be of O(1),
implying that the Landau interactions f(po, ko) have the order of magnitude f ~
O(1/N?). Consequently the dimensionless quantities F and Z are both of O(1/N)
with p* ~ O(N).

If we regard Eq.(6.40) as the effective Hamiltonian of a hypothetical one-
dimensional system, f(po,ko’) corresponds to the effective interaction. The
momenta p, k of two quasi-particles remain the same after the interaction event,
which is the forward scattering. More generally, we consider successive scattering
processes with momentum and energy transfers ¢ and w, respectively, as shown in
Fig. 6.5. Here the intermediate state with a particle—hole pair excitation is described
by

qu
w—qu

Ii(q, ©) = 8(ek), (6.42)

where v = d€;/0k ~ vp with vp being the Fermi velocity. This quantity is the
one-dimensional version of Eq. (4.20), and depends on the dimensionless parameter
lvrpg/w|. The case vr|g| > |w| is called the g-limit, with IT; (g, 0) = —&(€x). The
opposite case vr|g| < |w] is called the w-limit with IT; (0, w) = 0.

The Landau interaction parameter f(po, p’c’) corresponds to the w-limit of the
general scattering processes. The scattering amplitude in the opposite limit (g-limit)
is written as a(po, p’c’), which is related to f(po, p'c’) by

a(po, p'o’) = f(po, p'a’y = Y f(po. kv)d(ealkt, p'a’), (6.43)
kt

where I (q, w) is replaced by its g-limit. In Fig. 6.5, the leftmost arrowed lines
have momentum p for both particle and hole, and the rightmost arrowed lines have
p’. By analogy with Eq.(6.41), we combine the spin components of a(po, p'c’)
to make the spin symmetric part A, and the antisymmetric part B. Then we obtain
from Eq. (6.43)

A=F/1+F), B=Z/1+2). (6.44)
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Furthermore a restriction on A and B arises from the Pauli principle. In order to see
the consequence, we consider the most general scattering amplitude:

(p101, p202|alp3os, psos),

where p3o3, psos are the incoming quantum numbers, while pio1, pror are the
outgoing ones. Then antisymmetry associated with exchange of fermions imposes
the constraint:

(p101, p202lalp3o3, paos) = —(pi01, p202lalpsos, p3o3). (6.45)

In the special case of the forward scattering, we set p; = p for all i and obtain
a(po, po) = 0, which is equivalent to

A+ B=0. (6.46)

In the translationally invariant Fermi liquid, the relation analogous to Eq. (6.46) is
called the forward-scattering sum rule [10]. With the constraint Eq. (6.46), only a
single parameter remains to characterize the local Fermi liquid. We shall give the
most standard parameterization in the end of this section.

Let us derive specific heat and magnetic susceptibility by the local Fermi liquid
theory. With thermal excitation of quasi-particles, 6n, is an odd function of p —
pr. Then in Eq. (6.40), the term linear in én, is dominant, since the linear term
contributes to O(T?2), while the second-order term contributes to O (T*). Thus the
interaction between quasi-particles can be neglected in the low temperature limit,
as in the case of the standard Fermi liquid. The impurity contribution to the specific
heat is extracted from the change in density of states p*. We introduce the parameter
o= O0(1/N) by

0¥ = Np:.(1 + o). (6.47)

Then the impurity specific heat C is of O(1) and is given by

1
C= §n2N,ocoeT =yT. (6.48)

We proceed to derive impurity contribution xs to the total spin magnetic
susceptibility x!°@. The latter is given by

S

Xtota1= r* =Ep A+a—-2)+0 l (6.49)
ST a1tz 4™ N)' '
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where we have used the property Z = O(1/N). The impurity contribution, which
corresponds to the O(1) correction, is extracted as

1
Xs =7 Npe(a = 2). (6.50)
Similarly, the impurity contribution . to the charge susceptibility is derived as
Xe = Npc(a — F). (6.51)

These results together with the constraint A+ B = F+Z+ O(1/N 2y = 0 lead
to the significant relation

4xs + xe = 2Npea = 6y /7°. (6.52)

By using the corresponding quantities of free quasi-particles with the suffix 0, we
obtain the alternative expression

Xs/ Xs0 + Xe/ Xc0 = 2. (6.53)

The dimensionless quantity R = x;/ xso is called the Wilson ratio. From Eq. (6.53),
we obtain the constraint 0 < R < 2. In the Kondo limit of the Anderson model, the
charge fluctuation of f-electrons is negligible with . — 0. In this limit we obtain
R — 2. In the opposite limit of free quasi-particles, we obtain R = 1. In more
general cases including attractive interaction, the charge fluctuation may dominate
over the spin fluctuation. Then we have R < 1. Hence R is a measure of correlation
of local electrons, and the only parameter to characterize the local Fermi liquid.

6.6 Mean Field Theory for Kondo Systems

We have seen that the singlet ground state of Kondo systems is effectively described
by the Anderson model. The strength of effective hybridization, however, is
renormalized from the bare value. It is possible to carry out the renormalization
by a kind of mean field theory [11]. The n-fold degenerate Anderson model with
U — oo is most suitable for this purpose, since the characteristic energy Ty is
correctly reproduced for large n. We introduce a fictitious bosonic creation operator
b that creates the physical vacuum |0) with no f electrons. In addition, fictitious
fermionic operators fj create the singly occupied state with spin o. Namely, we
define

10)(0| = b, |o)(o| = f]fs. |0)(O0] = flb. (6.54)
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Note that b operates on the fictitious “vacuum” that has no impurity states. Any of
physical f-electron states corresponds to either |0) or |o), since plural occupation
of f electrons is prohibited by the condition U — oo. Hence the operator constraint
Yo f; f»+b"b = 1 takes account of the infinite repulsion. With this constraint, the
operators f, and fOT no longer satisfy the fermionic commutation rule. On the other
hand, it is also possible to regard the constraint as a selection rule for the states in
the Fock space. Then operators b, f obey the bosonic and fermionic commutation
rules. In the latter approach, the entities represented by b, f are called auxiliary (or
slave) particles.

In the mean field theory with auxiliary particles, the original constraint is
replaced by a looser one:

D S fo) + (0h) =1, (6.55)

(e

where the constraint holds only as average. Furthermore, we make the approxima-
tion

(b'b) — (b)) (6.56)

Here the average (b) = r should vanish in the exact theory with inclusion of the
phase fluctuation of b. However, the mean field theory makes formal analogy to the
Bose condensation represented by Eq. (5.6). It is obvious that the approximation is
justified only in the case of large number of Bose condensed particles, which is not
the case here. We discuss meaning of the mean field theory in the end of this section.

In the mean field theory, the SU(n) Anderson model with U — oo is simulated
by another Anderson model Hyr without interaction:

1 .
Hyr = Z [EkC,Tkaa +—=Vr (c,Tme + fr;cko)i|
ko W

e Y fi fothlng +r2 1), (6.57)

where A is the Lagrange multiplier to impose the constraint Eq. (6.55), and V and
r are taken to be real. Let us consider the general feature of optimization for the
Hamiltonian without two-body interactions. The argument is valid for arbitrary
temperature including 7 = 0. The statistical operator pyr = exp(—BHumF)
determines the corresponding thermodynamic potential as 2y = —7 InTr pymF.
We rewrite Hyr formally as

Hyr = Zeijd;dj +C, (6.58)
ij
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where the operator d denotes either ¢ or f electron, and C is a constant. Then the
thermodynamic potential 2y is written as

2vp = =T InTr[1 + exp(—Bé)] + C, (6.59)

where € is the matrix composed of ¢;;. Variation of £2yr against change of Hyr is
given by

8QmF =Y _(d]d})deij +8C. (6.60)
ij

which can be checked most easily by using the eigenbasis of Hyr. Note that § 2vr
does not involve variation S(d;d i), even though the average depends on Hy.
This observation simplifies enormously the optimization procedure. For example,
variation of r to minimize $2yr leads to the relation

LZV(f*cszrc,ﬁ fo) +2xr = 0. 6.61)
ﬁ ko

There is a nontrivial solution r # 0 below a characteristic temperature T (~Tk),
which gives a lower value for §£2yr than the trivial solution. We shall give the
nontrivial solution soon at T = 0. However, only the trivial solution r = 0 is
possible for T > Tp. The second-order phase transition at 7 = Tp is the artifact
of the mean field theory. Therefore we confine the following discussion to the case
T = 0, where the mean field theory is qualitatively correct for describing the fixed
point of the Anderson model.

We use the Green function to discuss both dynamics and statistical average. The
f electron Green function jS(z) associated with Hyr is derived as in Eq. (3.123),
and given for z in the upper half plane with |z| < D by

Gh(x) =z — & +iA]™, (6.62)
where renormalized quantities are defined by € = €5 + A, and AJA = r?. The
asterisk (*) suggests that we are dealing with quasi-particles. The density of states

,0;? (e) per spin is given by

1
(e — &) + A2

EREN

1
pj€) = ——ImGy(e +i04) = (6.63)

The occupation number 7 s is derived by

€f

0 * n A~ 2
ng=n depy(e) = —arctan | — ) =1—r7, (6.64)
o 4
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where the last equality comes from the constraint given by Eq. (6.55). Hence with
given ny (or €7) and V, Eq. (6.64) determines » and A = €7 — €. In the case of
large n with ny ~ 1, we should have A/é; ~ O(1/n), and € > 0. This feature
is in contrast to the original Kondo model with n = 2 where the resonance is at the
Fermi level: €y = 0.

We next derive the average (f, gT Cky) from the Green function defined by

Gepk,z) = ({czo, fo 1) (2). Using the relation Egs. (3.102) and (3.104) we obtain
atT =0

0
(f ko) = Geplk, T = —0) = f de pcr(k, €), (6.65)

where pcr(k,€) = (=1/m)Im G.r(k, €). On the other hand, G.r(k, z) is decom-
posed as

Geplk,2) = G ek, 2) = Vr(z — &)~ ' G* %) (6.66)

Provided the bandwidth 2D is much larger than (6% + A~2)1/ 2 we can use the
approximation

pef(k,€) ~ Vrs(e — ex) Re G’}(e), (6.67)

with relative error of order (éjzc + ANZ)I/ 2 / D after summation over k. Then we obtain

the compact result
=2 A2
Veért A
D

Z V{(f)cro) = nWorln (6.68)

f

Together with Eq. (6.61), the energy scale of the impurity is derived as

= A €
/22 2 _ ~ f
€+ A% = Dexp ( . o) D exp (n 0) , (6.69)

where we have used |€7] < |er|. The rightmost quantity reproduces Ty defined
by Eq. (6.34). If we apply the result to n = 2 with ny = 1, the leftmost quantity
becomes A with & f = 0. Thus the energy scale is correctly derived in the mean field
theory including the case of n = 2.

The mean field theory can easily derive static quantities. For example, the linear
specific heat due to the impurity is characterized by

1
y = 370} 0), (6.70)
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where ,o;i- (0) is given by

nA n
0)= ———— = —gin? (—L). 6.71
pr(0) n(g% 3 " 7A sin ( ) (6.71)

On the other hand, the magnetic susceptibility is given by

x =Cipj(0) > Cn3/To  (n— 00), (6.72)
where C; is the Curie constant that has appeared in Eq. (6.39). This result recovers
the correct one Eq. (6.39) in the case of ny = 1, but deviates to smaller value for
ny < 1.

Regarding G}i (z) as describing quasi-particles, we discuss its relation to the exact
Green function G (z). The latter is represented by

Grz)=lz—ef+id— Zp)] 7", (6.73)

in terms of the self-energy X' (z), and with A = 7 Wy. The contribution of quasi-
particles is extracted by expansion of X' r(z) around z = 0 as

+ 0(z%), (6.74)
z=0

0X ¢
Xr(2) = Ef(0)+z+z(z)

where the derivative X' } (0) is real in the Fermi liquid. Then we obtain
Gr(z) =arGy(2), (6.75)

whereay = [1-X } (0)]~! is called the renormalization factor. Thus the mean field
quantities in G*}(z) are given as

A=3p0), rP=ap=1-ny. (6.76)

As n s becomes closer to unity, the effective hybridization and a s become smaller.
In this way the fixed point of Kondo systems is correctly described by the mean field
theory. It is the simplest framework to carry out the renormalization at 7T = 0, and
is accurate provided the degeneracy n is large.

Finally we discuss the meaning of the mean field theory, especially how to regard
the unjustifiable approximation Eq. (6.56). The key is the variational principle which
does not rely on the analogy with the Bose condensation. The exact thermodynamic
potential £2 of the original SU(n) Anderson model satisfies the following inequality:

2 < Q24+ (Hsum) — Hewr, (6.77)
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where Hy is an arbitrary trial Hamiltonian which determines $2;; and the sta-
tistical average (- -- ). Equation (6.77) is often called the Feynman (or Peierls—
Bogoliubov) inequality, the proof of which is the subject of Problem 6.6. In the
case of Hy, taken as the same as Hyr, the quantity  now is a variational parameter,
which needs no reference to Bose condensation. The parameters A and » should
be determined so that the RHS of Eq. (6.77) takes the minimum. Then the solution
agrees with the one given by the mean field theory.

6.7 Dynamical Susceptibility of Kondo Impurity

The local Fermi liquid theory provides a useful relation for the dynamical sus-
ceptibility. For example, the imaginary part Imy (w) that describes the magnetic
relaxation process is related to the static magnetic susceptibility x as

. x(w) T
lim Im = —)
0o—=0 wy? nCy

(6.78)

with C; the Curie constant. This relation is called the Korringa—Shiba relation, and
is widely used in analysis of the NMR experiment. It is not easy to derive the result
fully microscopically [12]. Here we take a phenomenological approach that includes
the f-electron states as local quasi-particles. This inclusion is along the line of the
mean field theory discussed in the previous section, but deviates from the original
local Fermi liquid theory in Sect. 6.5 where the quasi-particles consist of conduction
electrons only.

Let x1(w) be a hypothetical dynamical susceptibility for which the interactions
between local quasi-particles are neglected. In terms of the local density of states
,032 (€1) due to f-electrons, x1(w) is given by

flen) — f(e2)

—, (6.79)
w—¢€1+e+i04

x1(@) =VlCJ/d61/d62,0?(61)P?(62)

The dynamical susceptibility x (w), which incorporates interaction between quasi-
particles, is related to x(w) as

nCrx (@)~ =nCx1@)™" — Uerr, (6.80)
where U.sr is the effective repulsion between the local quasi-particles, which is
related to —Z in the local Fermi liquid theory. In the present scheme, however,
we have Ueffp} (0) ~ O(1). In the case of Lorentzian density of states given by
Eq. (6.63), we obtain

x1(0) = nCyp3(0),  Imyi(@) = nCywwp}O), (6.81)
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the derivation of which is the subject of Problem 6.7. In the limit « — 0, we then
obtain

Imy (@)~ — —Imyx;(@)/x1(0)* = —7w/(nCy), (6.82)

which amounts to Imy () ! since Uegr is real in Eq. (6.80). In this way we obtain
Eq. (6.78). This derivation relies on the fact that the magnetic relaxation is solely due
to independent quasi-particles in the low-energy limit. Hence, analogous relation
holds for charge and orbital susceptibilities as well.

We remark that the finite bandwidth causes deviation from the Korringa—Shiba
relation. Namely, the cutoffs at D modify p}"« (¢) out of the Lorentzian form at high
energies, which brings about correction to x;(0) in Eq. (6.81). Similar correction
arises also in the fully microscopic theory [13]. Therefore one should be careful
in applying the Korringa—Shiba relation to systems with large hybridization, where
possible error is of order (V/ D)? in terms of the Anderson model.

6.8 Multi-Channel Kondo Model

The singlet formation in the Kondo model is made possible only if the spin degrees
of freedom share the same number for both conduction and local electrons. Namely,
if the localized electrons have the spin §, the screening by the single conduction
band leads to the ground state with spin §—1/2. Hence the finite spin remains except
for the special case of § = 1/2. More generally, we consider the situation [14]
where the conduction electrons have the additional degeneracy » for all momentum
and spin, which is referred to as channels.

The orbital degrees of freedom indexed by I (= 1,2, ..., n) is assigned as the
origin of such degeneracy. The n-channel Kondo model in the simplest form is thus
defined by

n n
Hik =)D ek Chio + IS ) _su. (6.83)
=1

ko =1

where S denotes the localized spin with magnitude S, and s, is given by

1
SITON Y i apCuiss (6.84)
kk' af

with N being the number of k-states and o the Pauli matrix. The energy €j is
common to all spin ¢ and orbitals of conduction electrons. Notice that the simplest
model does not reflect the realistic situation that the degeneracy occurs only for the
particular crystal momentum such as k = 0 in the Brillouin zone.
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The ground states depend on relative magnitudes of localized spins and the sum
of itinerant ones, and are classified as follows:

1. singlet in the case of S = n/2,
2. residual localized spin if S > n/2,
3. overscreening of the localized spin in the case of S < n/2.

In the n-channel Kondo model, the case (3) is most interesting since it realizes
an exotic ground state. Let us first follow the argument [14] from the strong-
coupling limit J/D > 1, where D is the bandwidth of conduction electrons.
Suppose that the impurity spin has §; = § initially. Then conduction electrons
with spin down are attracted to the impurity site because of the energy gain of
O(J). If all channels of them gather, the screening cloud has too much negative
spin, resulting in the total spin with magnitude n/2 — S. This state then creates a
new antiferromagnetic interaction of O(D?/J) with nearby conduction electrons
with spin up. These electrons also gather at the impurity and partially cancel the
negative total spin. As a result, the strong-coupling fixed point becomes unstable.
Since the weak-coupling fixed point is also unstable, a nontrivial fixed point should
appear somewhere between J = 0 and J = oo. This intuitive argument has been
confirmed by the exact solution [6, 15], which uses the technique called the Bethe
ansatz [16].

As the simplest quantitative route to confirm the nontrivial fixed point, we
extend the weak-coupling scaling theory to the third order. Such perturbative
renormalization is justified if the orbital degeneracy is large: n > 1, since the
resultant fixed point then comes inside the valid range of the weak-coupling theory:
Jp < 1 [14]. In the Rayleigh—Schrodinger perturbation theory, we deal with the
third-order effective Hamiltonian:

1 1
(a|H3|b) =<a|V Qv QV|b>

€y, — Hy €, — Ho

1 1
—;<a'V€b_HOGC_HOQV c>(c|V|b>, (6.85)

which has been given by Eq. (1.14). The Hamiltonian Hy corresponds to the kinetic
energy of conduction electrons, and V to the exchange interaction. Here the states
a, b, c belong to the model space. As in the lowest-order scaling, the projection
operator Q requires one of the intermediate conduction-electron states to have
energies near the band edges.

We concentrate on such contributions that become dominant for large n. The first
line in the RHS of Eq. (6.85) has a form familiar in the Brillouin—Wigner pertur-
bation theory. Fig. 6.6a shows one of the corresponding Goldstone diagrams with
a loop of conduction-electron lines. Such a loop acquires the factor n by summing
over degenerate orbitals, and the corresponding diagram becomes dominant over
non-loop diagrams. With the one-particle energies assigned in Fig. 6.6a, the energy
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Fig. 6.6 Exchange scattering processes in the third order. See text for the meaning of the folded
dashed line in (b)

denominator on the right has the value
€y — Ho—> €, — (ep + €1 —€2) =2 — €y, (6.86)
while the other energy denominator on the left has the value
€, — Hy —> € — (€4 + €1 — €2). (6.87)

On the other hand, the term in the second line of Eq.(6.85) also has a loop
contribution. The energy denominators on the right has the value

€ — Hy— €. — (e, + €1 —€) =€ — €1, (6.88)

which is the same as given by Eq. (6.86). As a convenient device, one can represent
the term as in Fig. 6.6b with the folded dashed line. Then by reading off the one-
particle energies at the vertical section including the folded line, the same result as
in Eq. (6.88) follows by regarding €, as the initial energy. This situation commonly
occurs for such terms in Rayleigh—Schrodinger perturbation series that contain
model space as intermediate states [17]. In Fig. 6.6b, the energy denominator on
the left has the value

€ — Hy — €p — (e + €1 — €2), (6.89)

which again becomes the same as that in Eq. (6.87) since both €, and €, represent
the same energy of the scattered electron.

If the perturbation V were the potential scattering, the product of matrix
elements in Fig.6.6a, b would be the same. Then the two contributions cancel
each other since the overall signs are opposite according to Eq.(6.85) while the
magnitudes determined by energy denominators are identical. We have encountered
an analogous cancellation in the second-order potential scatterings described in
Fig.6.2a, b. In the case of exchange interaction, products of matrix elements of
V are different between (a) and (b) in Fig. 6.6. Let us derive the products of spin
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operators focusing on the / = 1 component in S - s; and neglect the index /. In terms
of the spin components «, 8, y to be summed over, the spin product in (a) and (b)
takes the respective form:

(@) SYSPSYTr(s*s?)sP, (6.90)

(b)  S*SY SPTr(s%s?)s?, (6.91)

where the trace is over the spin states of conduction electrons, resulting in
Tr(s%s?) = 84y /2. Then the spin product in (a) minus that in (b) becomes

1 o 1
Z B 2B = __§.
225 [s7, 57]s = =38 s, (6.92)
af
as a result of the commutation rule: [, S#] = i€qpy ¥ with €y, being the

completely antisymmetric unit tensor. Thus the third-order effective Hamiltonian
keeps the same exchange form as in the original Hamiltonian.

In the weak-coupling scaling, the energies of incoming and outgoing conduction
electrons are much smaller than D and are neglected. In both Fig. 6.6a, b, the energy
denominators are obtained by putting either €; = D or €, = —D. Then we combine
the particle and hole contributions at the band edges as

D 0 1 0 der D de 8D
de/ de——>8D[/ —+/ —]z—.
/0 "o e —a)? pD—e)?  Jo @+D?]” D

(6.93)
We thus obtain the third-order renormalization 8 J ) as
8D
3 32
§J® = o5 el (6.94)

where the factor n comes from summation over the orbital index /.

We shall express the result in a more general context of renormalization. Let
us introduce the scaling variable ¢ = In D, and the dimensionless interaction
g(D) = J(D)p, with a given cutoff energy D. Together with the second-order
scaling obtained previously, Eq. (6.94) is put into the form:

g _ 2,13

g =P =-¢"+7g, (6.95)
where B(g) is called the beta-function, which does not depend explicitly on £. The
zero of B(g) gives a fixed point of renormalization. A trivial fixed point of the model
is given by g = 0 which is unstable, as we have seen in the original Kondo model.
Namely, with either sign of g (~0), decreasing ¢ drives g to the positive direction.
In addition to the trivial one, a new fixed point at g = g appears due to the O(g>)
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0 e g (=Jp)

Fig. 6.7 The scaling flow shown by arrows in the orbitally degenerate Kondo model. The fixed
point at g, is stable against renormalization, while another fixed point at g = 0, which also appears
in the original Kondo model, is unstable

term. We obtain
g =12/n, (6.96)

which is much smaller than unity with large n. Thus emergence of the new fixed

point is genuine since the magnitude g. is within the reach of the perturbative

renormalization. Namely, higher order terms of O(g*), which are neglected in

Eq. (6.95), only modify the magnitude of g. by a relative amount of 1/n. This is

because O(g*) terms are smaller by the factor g. than the terms kept in Eq. (6.95).
Linearization of the scaling equation around g, = 2/n leads to

ag 2

— =P8 ~ —(8 — &), (6.97)
al n

which shows that the scaling flow changes sign around the fixed point. The
combination of signs corresponds to the stable fixed point. Figure 6.7 illustrates
the stable and unstable fixed points.

One may naturally ask how the nontrivial fixed point at g = g. behaves with
decreasing degeneracy n. This question is related to another one; whether the strong-
coupling fixed point at g = oo remains or disappears with increasing n from unity. It
is impossible to answer these questions within the weak-coupling renormalization
theory, since one has to deal with g ~ O(1) or even larger. As explained at the
beginning of this section, however, the intuitive approach from the strong-coupling
limit has given the correct solution. Namely, the nontrivial fixed point remains down
to n = 2, although the value of g. is no longer given by Eq. (6.96). On the other
hand, the Fermi liquid fixed point at g = oo is unstable for all n > 2.

6.9 Realization of Multi-Channel Kondo Systems

We discuss whether the multi-channel Kondo effect can be observed experimentally.
The most notable feature is that the ground state is not a Fermi liquid, but with finite
entropy. In reality, the remaining entropy should be removed by some interactions
neglected in the theoretical model. For example, the Kondo impurities, however
dilute, will eventually interact with one another to make an ordered state. If the
ordering temperature is sufficiently low, there should be a temperature region where
the non-Fermi liquid behavior is dominant. The temperature dependence of the
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resistivity p(T) distinguishes the difference between ground states. Namely, while
the Fermi liquid has the T? law: Ap(T) = p(T) — p(0) x T 2 the two-channel
Kondo system has the peculiar behavior [18, 19]

Ap(T) « £T1/2, (6.98)

where the sign depends on the value of the bare coupling constant; the plus sign
applies to the case g > g, in Fig.6.7. Otherwise the minus sign applies. Most
experimental work concentrates on Ap(T). However, due care is necessary about
the role of disorder and other effects which may give rise to apparently similar
behavior.

We discuss in the following some exemplary systems which may show the multi-
channel Kondo effect.

6.9.1 Orbital as Source of Channels

In the original argument of Nozieres and Blandin [14], a possible candidate is an
impurity having two (S = 1) or three (S = 3/2) local electrons in the d shell. In
the spherical symmetry, the orbital degeneracy amounts to n = 5, which satisfies
the overscreening condition n > 2§. Actually, the crystalline anisotropy in solids
makes the effective degeneracy smaller. In the cubic symmetry, for example, we
have n = 2 for the E, (I3) state, while n = 3 for the Tp¢ (I'5) state. Here the
spin—orbit coupling is neglected. The local ground state with two electrons in the
E, state has S = 1 according to the Hund’s rule. The hybridization between local
and itinerant electrons occurs most easily for states with the same symmetry. Hence
in the case of § = 1, the conduction electrons with the E, symmetry are dominant
for the spin exchange, resulting in the singlet ground state because of n = 25 = 2.
Similarly, exchange interaction in the case with S = 3/2 is dominated by conduction
electrons with the 7, symmetry, leading again to the singlet with n = 2§ = 3.
Hence, Nozieres and Blandin [14] were not optimistic about realization of the multi-
channel Kondo effect in crystalline solids.

6.9.2 Spin as Source of Channels

In Chap. 1 we have introduced the concept of the pseudo-spin for orbital degrees of
freedom. The concept remains valid for the plural number of localized electrons
and with full account of the spin—orbit interaction. For example, in the case of
f2-configuration as in Pr’T, the Hund’s rule gives the ground state with § =
1,L =5, J = 4 for spin, orbital, and total angular momenta. The cubic crystalline
anisotropy splits the J = 4 multiplets into several levels each of which is at most
threefold degenerate. The degeneracy is described in terms of the pseudo-spin 1/2
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for the doublet case, and the pseudo-spin 1 for the triplet case. To be specific, let
us consider the case of I3 doublet. The charge distribution of a member state is
different from that of another member. This contrasts with the spin doublet where
the time reversal changes a member state to another with the same charge density.
Thus the I'; doublet is an example of the non-Kramers doublet.

Among various interactions between the I3 doublet and conduction electrons,
most relevant here is the hybridization via intermediate configurations f! and
f3. Since both intermediate states have level structures with possible degeneracy,
the matrix element of hybridization is much more complicated than that in the
Anderson model. Provided any orbital degeneracy is present in the hybridizing
conduction band, the spin degrees of freedom in conduction electrons should cause
the overscreening. With the cubic symmetry in the crystal, an orbital degeneracy is
present in the Iy states in the conduction band. Here, the parity must be odd (I)
in order to mix with f states.

On the basis of the situation described above, Cox [20] proposed that a
non-Kramers doublet may realize the two-channel Kondo effect if the relevant
degeneracy is present in the conduction band. For a candidate, Cox referred to
UBey3, which is a cubic system with possible 572 configuration for U. The
Kondo effect with spin as the source of the two channels was originally called
the “quadrupolar Kondo effect”” However, the non-Kramers doublet may involve
other multipoles such as hexadecapoles under the point group. Hence it seems
appropriate to use the more general term “orbital Kondo effect,” which includes
also nonmagnetic triplet such as I's in the cubic symmetry.

There are a lot of experimental reports on observation of non-Fermi liquid
behaviors in d- and f-electron systems, some of which have been ascribed to
the orbital Kondo effect. However, it is difficult to exclude other possibilities
responsible for apparent behaviors of the non-Fermi liquid. One of the main
obstacles is the difficulty to separate from the spin Kondo effect involving the higher
local states above the non-Kramers doublet, and the interplay of the ordinary Kondo
effect and disorder effect.

6.9.3 Nano-Scale Reservoir as Source of Channels

So far the most convincing result for the two-channel Kondo effect has been reported
in an artificial semiconductor nanostructure on GaAs/GaAlAs heterostructure that
is widely used as field effect transistors (FET) [21]. The two-dimensional layer has
a structure called the quantum dot where a few electrons are trapped by the potential
lower than the surrounding. Because the Coulomb interaction fixes the number of
local electrons in the quantum dot, a local spin is realized for an odd number of
electrons. The quantum dot is weakly coupled to the lead on the left by tunneling.
The dot is also weakly coupled to the right that forms a nanoscale reservoir of
electrons. The Fermi level of the right reservoir can be controlled by the gate voltage
relative to the quantum dot.
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Through hybridizations on both sides, the local spin in the dot has the exchange
interaction J; with electrons in the left leads, while J, with electrons in the right
reservoir. As an advantage of the artificial structure, one can control the exchange
interactions J, by applying a bias voltage on the nanoscale reservoir. This is
because the exchange interaction changes in analogy to Eq. (6.7), where energies
are measured from the Fermi level.

In general, either left or right channel dominates over the other depending on
the magnitudes of J;p; and J, p, with p; and p, being the density of states of both
sides. Thus the ordinary Kondo effect should take place in general. With appropriate
tuning of the bias voltage, however, one may fortunately achieve the condition
Jipi = Jypr for the renormalized exchanges. Then the two-channel Kondo effect
may be realized. Instead of the orbital degrees of freedom, the nanoscale reservoir
on the right provides the additional channel. The difference between the ordinary
and two-channel Kondo effects appears in the scaling behaviors of the conductance
g(Vp, T) as a function of the bias voltage V, and temperature 7. More details of
experiment and theoretical background are referred to the original paper [21] and
references therein.

Problems

6.1 Derive the second-order effective interaction Eq. (6.15) by using the commuta-
tion relation of spins.

6.2 Derive Eq. (6.21) obtained by the Born approximation for scattering.
6.3* Derive the Kondo temperature T for the anisotropic Kondo model.
6.4 Derive the singlet groundstate energy E( as given by Eq. (6.34).

6.5 Derive the zero-temperature susceptibility given by Eq. (6.39).

6.6* Derive the Feynman inequality given by Eq. (6.77).

6.7 Derive the results for the susceptibility given by Eq. (6.81).

Solutions to Problems

Problem 6.1
In terms of the completely antisymmetric unit tensor €yg,, we represent the spin
commutation relation as

[sé.sf] = izeaﬁysg/-
v
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Substitution of the result into the LHS of Eq. (6.15), and the use of

D eupyS*SP =is”
op

lead to the RHS. Hence we confirm that the second-order correction is proportional
to S - s.. This means that none of new type’s interaction, such as the potential
scattering, is generated by renormalization except for the change of effective J.

Problem 6.2

A magnetic impurity located at R causes scattering of conduction electrons which
is described by the Hamiltonian He (R). Contributions of each impurity sum up to
the scattering probability of a conduction electron. In the Born approximation, the
transition probability, which corresponds to the inverse of the lifetime 7, is given by
the Golden rule as

1
—=2m ) ) I H (RN} 8(E: = Ep), (6.99)
R f
where i, f refer to initial and final states of the scattering. The energy E; = ¢

of the conduction electron is near the Fermi level, and summation over final states
with Ey = E; is performed in terms of the density of states p. per unit volume.
Assuming that impurities are located randomly in the system, we make the following
replacement:

>3 = cimpVerNpe / dEy, (6.100)

R f

where V., is the volume of the whole system. According to Eq. (6.11), Hex has the
factor 1/N with use of the plane waves. Hence the factor (V;N/N 2 = Veell appears.
Furthermore, only the same spin components contribute to |{ f|Hex (R)]|i) 12, which
leads to the numerical factor

Z<SZ 2) 3. L 1.3 (6.101)
s;)=3-=-:=-=—. .
o 4 4 16
o
In this way we obtain Eq. (6.21).
Problem 6.3*
We first consider the technically easier case J; > J, > 0, and introduce the
parameters J) ., « so that J;, = J),sinhea and J; = J),cosha. Then using

8J1 = J;sinha dor, we integrate the scaling equation (6.26) to obtain

/Oo doe _ fTKdD (6.102)
v, cosha Lape p, D’ '

0
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where the suffix O is attached to indicate the bare values in the integration range.
As the renormalization of D proceeds down to Tk, we should have @« — oo. The
integral can be performed explicitly by introducing u = exp « as follows:

do du 1 u—i 1 sinho — 1
=2 = - In - = — In -], (6103)
[cosha /u2+1 i (u +1> 2i (smha—H)
where we have taken the square inside the first logarithm to obtain the rightmost
expression. The logarithm there is pure imaginary since the argument has the unit
modulus with the phase given by —2 tan~!(1/ sinh «). Then we obtain to Eq. (6.30)
after exponentiating In(D/ Tx) in Eq. (6.102).

In the case of J; > J; > 0, we put J; = J;) cosha and J; = J; sinha. Then
we obtain a variant of Eq. (6.102) with cosh — sinh in the LHS, and J,; — J;|
in the RHS. With use of the variable 1 = exp«, the integral can be performed
similarly. Using the identity

u—1 _1 1
In = —tanh , (6.104)
u-+1 cosha

which corresponds to analytic continuation of the arctangent function, we obtain the
result in Eq. (6.29) [22].

Problem 6.4
We carry out the integration in Eq. (6.34) to obtain

E Ey—¢ Ey—e€
0 =In 0 ! ~ In 0 !

nW()_ Ey—er—D -D

, (6.105)

where we have anticipated the result |Eg — € 7| ~ Tp < D. By exponentiating both
sides, we obtain

E
Eo—e¢r=—Dexp( =L ) ~—Dexp (<L ). (6.106)
! nW() nW()

In the final result we have approximated the exponent using Tp/nWo < 1.

Problem 6.5
Putting & = gyup H we take the derivative of both sides of Eq. (6.38) as

IEo 0 de dEo
— =W J.——). 6.107
EY 0;/D(Eo+e—ef—lzh)2<z ah> ( )
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Taking the derivative once more, and setting 7 = 0 we obtain

3%E 0 2J2 1 9%E
0w, de z - . (6.108
oh2 0 ; /,D (Eo+e—es)}  (Eo+e€—ep)? ah? (6.108)

The integration is easily carried out. The summation over J, for the first term with
Jz2 in the RHS leads to C;. Namely, using Eq. (6.37) we obtain

3%E c; 1 ng (Cy
=—— =Wy [—= ——x | = — — . 6.109
X om? " O(T02 70" i—n,\1p * (0109
Rearranging the result in terms of x, we obtain Eq. (6.39).
Problem 6.6*

A function f(x) with positive second derivative, i.e., f”(x) > 0, is called
convex (downward). The exponential function belongs to this category. Let M be a
Hermitian matrix with eigenvalues My and corresponding normalized eigenvectors
|k). As a preliminary, we shall prove the inequality:

fM)py = f(Myy), (6.110)

where M,, denotes a diagonal element of M with any normalized vector |n).
Similarly, f(M),, denotes the diagonal element of f (M), which is a matrix defined
by the Taylor expansion:

fx) = fo+ fix + fax>+---,

with x = M. We can regard the diagonal element as an average over eigenstates
with the weight factor wy = |(n|k)|>. Note that > wx = 1 by normalization. We
may then write Eq. (6.110) as

(e = e

- ’

(6.111)
by choosing f(x) = e*. For the proof of Eq. (6.110), we start with the inequality
FMp) = f (Myn) + (Mic — Mup) f' (M), (6.112)

which follows from the convex property f”(x) > 0 for any x. Multiplying both
sides of Eq. (6.112) by wy and summing over k, we obtain for the LHS:

> (nlk) kL f (M)IK) (Kkln) = f (M) (6.113)

k
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In the RHS, we note the relation

> inlk) My (kln) = (n|M|n) = My (6.114)
k

Hence the coefficient of f/(M,,,) in Eq. (6.112) vanishes by the k-average. We thus
obtain Eq. (6.110).

In the classical case where the Hamiltonians H and Hyg commute, we can take
the common eigenbasis |k) of these Hamiltonians, and |n) is chosen so that wy
becomes the Boltzmann factor. By setting M — —B(H — Hmr), we obtain from
Eq.(6.111)

<e—ﬂ(H—HMF)> _ (e—ﬁHeﬁHMF> > exp (—B(H — Hyr)) - (6.115)

The average over the mean field Boltzmann weight gives the LHS as

LTr <e_.5HMFe_,B(H—HMF)) — i, (6.116)
Zmr Zmr
where Z = Trexp(—pBH) is the partition function. Putting this result into

Eq. (6.115) and taking the logarithm of both sides, we obtain Eq. (6.77).

In the quantum case with non-commuting H and Hyr, the proof is more
complicated. Regarding V = H — Hyf as perturbation, we take the expansion
as in Eq. (3.5), but now to infinite order to obtain

exp(—pH) = exp(=BHMrU(B), (6.117)

B
UB) = T, exp [—/ drV(t)i|, (6.118)
0

with V(1) = exp(t Hur)V exp(—t HMmr) and where the time-ordering operator 75
arranges the operators appearing in the Taylor expansion in such a way that an
operator with larger t always sits left of another with smaller t. Taking the trace
of both sides of Eq. (6.117), we obtain

Z = Zvr{U(B)) (6.119)

where (---) is the statistical average with Hyr. In terms of the cumulant average
(- - )¢ defined in Chap. 3, alternative representation is given by

B
In(UU(B)) = <Tt exp |:—/ dTV(T)i|> —1
0 c

B
=—B(V)+ gf dr(V(0)V)e + O(V?), (6.120)
0
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where (V (1)) = (exp(t Hyr)V exp(—t Hyr)) does not depend on 7 in the average
with respect to Hyr. The O(V?) term is non-negative. This can be recognized if
one regards the quantity

B B
/O de(V(r)V)e = /0 de([V(r) = (V)IIV — (V)D), (6.121)

as a susceptibility or a relaxation function with # = 0, which is represented by the
spectral intensity as in Eq. (3.54). By way of Eq.(3.32) we can confirm its non-
negativity. Using the relation In(i/(8)) = InZ — In Zy, we obtain Eq.(6.77),
provided the O (V?3) terms can be neglected.

Actually the inequality holds even with higher order terms [23]. For the proof we
scale V. — «V and construct the corresponding quantity (U4, (8)). It is sufficient
to prove that the function g(«) = In{l,(B)) is convex downward for 0 < o < 1,
which is equivalent to g”(«) > 0 in the same range. What we have shown above
is the convexity at « = 0 with g”(0) > 0. Regarding Hmf + oV as the new mean
field Hamiltonian, we introduce the new scaled perturbation V. Then we repeat
the same argument to take the second derivative in y which is set to zero in the end,
and arrives at g”(a) > 0. Hence Eq. (6.77) is valid without assumption of small V.

Problem 6.7
We make use of the identity

1
T; (ien — e1)(ien — €2)

__T 1 _ fle) = f(e2)
= Z(ie : >_ (6.122)

€ —€a n — €1 1€, — €2 € — €]

where f (¢€) is the Fermi distribution function. The identity follows from application
of Eq. (3.104). No difference arises whether f(¢) or f(e) — 1 is used in Eq. (3.104),
since the summation over Matsubara frequencies €, is absolutely convergent here.
Using this result in Eq. (6.79) we obtain

O =-T)" (G.’?(ien))2 ; (6.123)

where the Green function is given by

pF(€) 1
’}(ien>=/de. o TS Pt
16, —€ i€, — €5 +1Asgne,

(6.124)
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which has been used in Eq. (6.62) for €, > 0. In this Lorentzian form it is possible
to represent x1(0) as

ony

d
0)=——-T G*( =——, 6.125
x0) =5 Z jlien =~ (6.125)

Using Eq. (6.64), we obtain the first result in Eq.(6.81) at 7 = 0. The second
result follows straightforwardly from Eq. (6.79) by noting Im(w — € + i0,)~! =
—1é8(w — €).
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Chapter 7 ®
One-Dimensional Fermions Check for
and Bosonization

Abstract This chapter deals with interaction effects in one-dimensional (1D)
fermions. Because of the restricted spatial motion, interaction effects are stronger
than in higher dimensional systems. Detailed treatment is provided for a powerful
method called bosonization, which regards density fluctuation of 1D fermions
as a bosonic object. In terms of bosonization, it is possible to discuss such
interesting states as non-Fermi liquid with power-law decay of correlation functions,
and separation of spin and charge degrees of freedom, both caused by mutual
interactions. A state with an energy gap only for the charge sector is called the
Mott insulating state, while the energy gap only for the spin sector corresponds to
superconductivity. Finally we revisit the Kondo state from the 1D point of view.

7.1 Quantum Theory of String Oscillation

In order to deal with interacting quantum particles, we start from quantization of
the string oscillation, which is regarded as collection of harmonic oscillators. The
Hamiltonian is given by

1
Hg =)o, (nq + 5) . ng=Dblbg, (7.1)
q#0

where bj] and b, are creation and annihilation operators of a boson with momentum
q and energy w,. We shall show how the Hamiltonian Hg with w, o |g| is derived
from a harmonically oscillating string.

We take a string with length L and mass density p. For simplicity we consider
only the longitudinal displacement along the string, and neglect the transverse
displacements from the straight line. With tension 7 of the string, the classical
energy density H is given by

1 , 1
H= T (V) + 5 pd, (7.2)
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where @ is the displacement at space-time point (x, 1), V. = 8/dx and @ = d® /9.
The classical equation of motion gives a solution

D(x,t) xexplig(x — vt)] (7.3)

with v = /T;/p. To simplify the notation we choose p7; = 1 with appropriate unit
for the tension 7. Then the Hamiltonian can be written as

Humg = [ axn=""a (Vo) + M2 74
ing = =3 | ar[ver+nwy). (7:4)
0 0

where IT(x, 1) = p®(x, 1) is the momentum density.
The quantization is achieved by imposition of the canonical commutation rule:

[@(x), [T(y)] =i8(x — y). (7.5)

Here we have put + = 0, which is always the case unless stated otherwise. With
the periodic boundary condition, we make the Fourier decomposition in terms of
bosonic creation and annihilation operators as

®(x) = - biq) exp(igx), (1.6)

i
ZO V2lq|L (bq
(x) = — Z,/';IL b, +bT exp(iqx). 1.7

970

By changing the phase of boson operators such as b; — ib,, and b:; — —ib;,
we obtain different but equivalent expression. The present choice of the phase is
most convenient to make connection to bosonization of fermion systems. It can
be checked by direct substitution that the commutation rule (b, b;] = Jpq is
equivalent to Eq.(7.5). After quantization, Hgying becomes equivalent to Hp in
Eq. (7.1) with w; = v|g|. The demonstration is the subject of Problem 7.1.

For later convenience, we introduce the scaled displacement field 6(x) and its
conjugate ITgp(x) as

0(x) = Van ®(x), y(x) = @n)"'* 1 (x), (7.8)

which satisfy the same canonical commutation rule. In terms of the new fields we

can write
v (L 1 (36>
Hgring = = | dx|—(— 4117 | . 7.9
string 2/0 . (3)6) +4n il (7.9)
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Let us proceed to some useful relations involving o' and/or b in the exponential
function. First, with arbitrary complex number o we obtain

(b, exp(ab™)] = arexp(ab’), (7.10)

which can be confirmed by Taylor expansion of the exponential and using
(b, (b")"] = n(b")"~! repeatedly. As a consequence, we obtain

bexp(ab™)|0) = bla) = [b, exp(ab)]|0) = a|c) (7.11)
with |0) being the vacuum annihilated by b, and |@) = exp(ab’)|0). Since |a)
is a coherent state defined by Eq. (5.3), we conclude that the coherent state is an

eigenstate of b.
The next useful relation concerns factorization such as

1
exp (Ole + yb) = exp(abT) exp <yb + an)

1
= exp(yb) exp <otbT — an> , (7.12)

which results from [b, bT] = 1. Equation (7.12) is often called the BCH (Baker—
Campbell-Hausdorff) formula. Derivation of the formula is the subject of Prob-
lem 7.2. Concerning the statistical average (- - - ), we obtain the relation

(exp (ab* 4 yb)) — exp |:ot)/ ((b*b) + 1)} (7.13)
5| .

Problem 7.3 deals with the derivation using a little trick.

If a pair of operators A, B are both linear combination of » and b', the
commutator [A, B] becomes an ordinary number, usually called a c-number. Then
combination of Egs. (7.12) and (7.13) leads to valuable formulae:

Ay _ 1 2 A B\ __ 1 2 2
() =exp (A7), (e"ef) = expls (A +B >+AB), (7.14)

which play a central role in deriving correlation functions in Sect. 7.5.

7.2 Bosonization of Free Fermi Gas

The idea to deal with collective motion of one-dimensional fermions in terms of
bosonic degrees of freedom has a long history. The pioneering work of Tomonaga
[1] has already established the framework how to include the interaction effect
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with small momentum transfer. We first take the spinless free Fermi gas in order
to explain the Tomonaga theory. The reason for solving the trivial problem by
an elaborate framework is because the same method is useful in much more
complicated systems. The Hamiltonian is simply given by

Ho =Y ercicr, (7.15)
k

where we take, following Tomonaga, the free fermion spectrum ¢; = (k* —
k%) /(2m) with appropriate units. On the other hand, in the tight-binding approx-
imation for the lattice case, the spectrum is given by € = —2¢ cos k with the lattice
constant set to unity. The wave number & is restricted inside the boundary £m of
the Brillouin zone. In the low-energy excitations, only those k near the Fermi wave
number +kf are important. Then we expand the spectrum around €; = 0 as

€x ~ (k —kp)vp, (k~kF) (7.16)
€k ~ —(k +kp)vp, (k ~ —kF)
which is illustrated in Fig. 7.1a, where the lines tangent to the parabola at k = +kfp
indicate the linear spectrum.
The key quantity in the Tomonaga’s method is the density fluctuation operator as
defined by

p(q) =Y el jCriig: (7.17)
k

where £ indicates the sign of the momentum near w. To indicate the momentum
branches, the indices R and L instead of =& are also used as in cr, k.

The density operators defined in the real space commute with each other.
However, those defined for separate momentum branches satisfy the following

‘ — 4
(L) (R)
"
I
k

(a) (b)

Fig. 7.1 Spectrum of one-dimensional fermions: (a) Free fermions with the chemical potential
wu set to zero, (b) Spectrum in the Luttinger model, which corresponds to extrapolation of linear
approximation near the Fermi momentum in (a) to ¢ — oo together with shift of momenta by
+kp in left and right branches, respectively
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commutation relations:

[pa(CI)v pa’(_q/)] = O550(0(’51111/]\’(1, (7.18)

with @,&’ = #+ and N, = ¢L/(2x). In order to identify the origin of non-
commutativity, we remark that both R and L branches have the lower limit of energy
corresponding to the bottom of the band. Equivalently, there is a cutoff kg ~ 0 in the
momentum, which gives the lower limit for the the R branch and the upper limit for
the L branch. Then the commutation relation for the R branch with ¢ > 0 is derived
as

[oR(9), PR(—=)] =Y _ (Ax — Airsq) = Ny, (7.19)
k>kq

which is independent of the cutoff ky and the Fermi momentum kp. Similar
calculation for the L branch brings the minus sign in the RHS.

Without introducing k¢, the summation over k in Eq. (7.19) becomes ambiguous.
Namely, one has to take the difference of two divergent terms in the thermodynamic
limit. In fact, Luttinger took the RHS of Eq.(7.19) as zero by considering an
infinite system with the linear spectrum [2], as illustrated in Fig.7.1b. The R and
L branches become independent of each other for the linear spectrum without
cutoff. However, in order to have the well-defined ground state of fermions in
the thermodynamic limit, the difference of infinite quantities requires a particular
prescription. The choice of Luttinger did not match the physical requirement for the
ground state. In Tomonaga’s treatment, the linear spectrum is only an approximation
of the parabolic spectrum as illustrated in Fig. 7.1a. Tomonaga arrived at the proper
result (7.19) by assuming that the interaction does not affect the fermionic states
near the band bottom. This paradoxical consequence is an example of the quantum
anomaly, which may occur in field theory with infinite degrees of freedom [3].
Proper treatment in the thermodynamic limit has been examined in detail by Mattis
and Lieb [4]. As long as lattice models are used, such delicate issue does not appear
in condensed matter physics. In the continuum approximation, however, issues
analogous to the quantum anomaly may appear.

Simple calculation using the kinetic energy (7.15) leads to the commutation
relation:

[Ho, pa(q)] = vragpe(q). (7.20)

The same commutation relation ensues from another Hamiltonian

2m UF

B =

D> pa(@)pa(—q) : (7.21)

g>0,a=%

in place of Hp, which can be shown with use of Eq. (7.19). Here the colons (:...:)
is called the N-product, or normal ordering, inside which any operator annihilating
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the ground state should be moved to the right of other operators. In the present case,
the normal ordering results in

PrR(—=q)pr(q), (@ =R)
 00(@)pa(—q) 1 = 7.22
fa(@)pu(=4) {mq)m(—q), (@=L). (7.22)

With this convention, Hy and Hp give identical dynamics for the density fluc-
tuations, although they may give different results for other quantities. Since the
interaction to be discussed later is given in terms of density fluctuations, Hp is
justified for studying interaction effects. The overall use of Hp is the crucial feature
in the method of Tomonaga.

The density operators are related to the Bose operators by, b:;. With g > 0, the
correspondence reads

PR(q) = /Nyby, pr(—q) = \/Ngb!,
pL(q) = /Ngb' ;. pL(—q) = /Ngb_q. (7.23)

We further introduce the Hermitian phase operator 6g 1. (x) by

OR(x) = — Z (bqeiqx - b;e—W) (7.24)
q#0 q>0

oL(x) = =Y =~ ( eTix — bl o). (7.25)
q;rEO q>0

Using Eq. (7.23) we obtain the relations

VO (x) = 27y (X), (7.26)
[0 (x), pp(¥)] = —idapd(x — y), (7.27)
with « = %1 in the RHS of Eq. (7.27) depending on R or L branch. Here we have
defined the density operator py (x) in the real space by
<>—12 (q) exp(igx) (7.28)
palx) =+ 7éopaqe‘zXlﬂqx. :
q

Equation (7.27) shows that 6, (x) and pg(y) are canonically conjugate variables.
The equivalent relation is given by the y-integral of Eq. (7.27) as

[0 (x), O (¥)] = amwidepsgn(x — y), (7.29)
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Note that p, (x) and 6, (x) do not have the homogeneous component because g = 0
is excluded in the definition of the phase operators.

By combining the right and left branches of the density fluctuations, we introduce
the number and current operators by

N(q) = pr(q) + pL(q), (7.30)
J(g) = pr(q) — pL(q). (7.31)

In the real space we define accordingly

pn (x) = pr(x) + pL(x), (7.32)
py(x) = pr(x) — pL(x). (7.33)

In defining the corresponding phase operators, it is convenient to include the
homogeneous (¢ = 0) component N, J and the global phase 0y, 6 as

On (x) = Or(x) +6L(x) + Oy +27xT /L, (7.34)
0y (x) = Or(x) — OL(x) +6; +27xN/L. (7.35)

The components N = Nr + Ni, and J = Nr — NL correspond, respectively, to the
total number and current of fermions. Each of them is not a dynamical variable but a
topological one called the “winding number” [5]. The states with different winding
numbers do not mix by any bosonic excitation. Although the local fermionic number
increases with increase of 6, (x) by 2, such increase is always compensated for by
the negative change of 6, (y) in other place. On the other hand, each component

Oy = (09_1\7 + 019_1) (7.36)

NSR

can change the topological number N,,. This is equivalent to the commutation rule:
[0_0[1 Nﬂ] = _iaaﬂs [éola 0_/3] = Oa (737)

by analogy with Eq. (7.27). The commutation rule leads to [fy, J1 = [6;, N] = 0.

The variables 6, are useful in constructing fermion operators in terms of bosonic

variables to be explained in the next section. We summarize the important relations
involving number and current variables.

Von (x) =2n[pn(x) + pn]l, VO (x) =27[ps(x) + oy, (7.38)

[On (x), ps (V)] = [05(x), pn (V)] = —2i8(x — ), (7.39)

[On (x), on (D] = [0 (x), ps(¥)] =0, (7.40)



150 7 One-Dimensional Fermions and Bosonization

with py = N/L and p; = J/L. Note the factor 2 in Eq. (7.38) which comes from
our definition of Oy, 0;. We may alternatively use 0, = 0a/ V2 witha = N, J for
keeping the canonical commutation rule.

Thus the Hamiltonian Hp defined by Eq. (7.21) is also represented by

TTVF

Hp = —= ) NN + @) (=q) : (7.41)
q>0
VR L 2 2
= dx : (VON)" + (V)" :. (7.42)
167 0

Problem 7.4 is concerned with the derivation and identification of canonical
variables.

7.3 Bosonic Representation of Fermions

We have seen that density excitations in free fermions with the linear spectrum are
equivalently described by free bosons with the spectrum w; = vrlq|, provided
the ground state of fermions is well-defined. However, the fermionic creation and
annihilation operators cannot be described by bosonic operators alone, since the
complete set of bosonic operators belong to the Hilbert space with a definite number
of fermions. Together with an extra operator that connects the ground states with N
and N = 1 fermions, however, any fermionic operator can be constructed in terms of
bosonic operators. This situation was ambiguous in the early stage of bosonization,
and some confusion still remains in the literature. We take an approach [5] starting
from finite size of the system, which is capable of dealing with delicate issues in the
thermodynamic limit.
For R and L branches, we introduce the corresponding field operators by

1

YR(X) = 77 ; crk expli(k + kr)x], (7.43)
1

YL(x) = NG ; cLx explitk — kp)x], (7.44)

where dominant contribution in dynamics comes from k ~ 0. According to
Eq. (7.23), the density operators for the R branch are described by bosons with g > 0
only. We obtain

1 —igx
[bg, Yr(X)] = —que YR (x), (7.45)

YR (x), (7.46)

[b), YR ()] = —

q
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with the commutation relation [crk, pr(¢)] = CR k+4. Comparison with Eq. (7.10)

reveals that Ygr(x) behaves as exponentials of b, and b:; with ¢ > 0. This
observation leads to the representation

Yr(x)e K = Fpexp Z—b ¢4 | exp Z ,

q>0 q>0
(7.47)

where the unitary operator Fg is called the Klein factor, which decreases Nr by one
but does nothing to the bosonic state. Hence Fr commutes with b, and b;, and has
the commutation rule:

[Fr, NRl = Fr, [Fy, Nrl = —Fj. (7.48)

The Klein factors Fy (¢ = R, L) can be constructed in terms of the homogeneous
(g = 0) components of bosonic operators, which describe topological numbers Ny
and the global phase 6,. With use of Eq. (7.37), we find that Eq. (7.48) is reproduced
by the form:

F, = Cq exp(ify) (7.49)

with a unitary operator C; =C, I, which is specified soon.
With use of the normal ordering, we obtain the concise form of Eq. (7.47) as

Yr(x)e kY = %FR - explifr (x)] := LCR cexplibr(x) +1i0R] ;. (7.50)

VL

We can also use the alternative form

Yr(X) = Fr explifr (x) + ikpx], (7.51)

1
V2
where 7 is positive infinitesimal. The equivalence between Egs. (7.51) and (7.50)
can be seen from the BCH formula (7.12). Namely, in evaluating q>0[bq, qu] /Ng,
which appears in the commutator in Eq. (7.10), we replace the summation over g by
the integral [27r /L, oo]. In order to suppress the logarithmic divergence at g — oo,
we introduce the convergence factor exp(—gn) and obtain

* dg 1
—exp(—qn) = —=In(2nn/L). (7.52)
/L 29 2

After exponentiating the result we recover Eq. (7.51). This calculation shows that
the infinitesimal quantity n originates from a regularization that accompanies
calculation of the N-product. Although Eq.(7.51) has an uncomfortable form
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with the infinitesimal denominator, its compactness is convenient for practical
calculation. Due care should be taken for the meaning of n. The same line of
argument is applicable also to the L branch of fermions which are represented by
bosons with ¢ < 0. Including the Klein factor we obtain

YL(x) = FLexp[—ifL (x) — ikpx]. (7.53)

1
J21n

Any choice of C, guarantees the anticommutation rule for the same branch «:
{¥o(x), ¥o(y)} = 0 with x # y. This is confirmed by the BCH formula Eq. (7.12):

expliby (x)] explify (y)] = exp[ify (y)]explify (x)] explamisgn(x — y)],  (7.54)

where the last factor (= —1) in the RHS results from [6,(x), 8,(y)] corre-
sponding to Eq.(7.29). Since F, commutes with 6,(x), the anticommutation rule
{Ya(x), ¥ (¥)} = 0 is confirmed. If C, is chosen to be Hermitian: C; = Cq,
similar calculation confirms the anticommuation of w;r (x) and ¥y (y) for x # y.
The general case including x = y requires a way to deal with singular behavior, but
straightforward calculation reproduces the proper relation including the 6 (x — y)
term [5].

In order to reproduce the anticommutation rule: {yr(x), YpL(y)} = 0 =
{Yr )7, YL(y)}, on the other hand, it is nontrivial how to choose C, properly.
We try a choice

Cy =explin N(1 — «)/2], (7.55)
which means Cr = 1 and C;, = (—1). We obtain
FrFL = eiéR(_l)NeiféL _ (_DNfleiéReifé]_

(LNl gl — _p F. (7.56)

Thus we confirm the anticommutation property of ¥r and v ; the inhomogeneous
part exp[ify (x)] commutes for different branches R and L. The anticommutation
between wl; and 1, also follows since Cy in Eq. (7.55) is Hermitian. Note that even
if N takes even integer in the ground state, (—1)" cannot be regarded as unity in the
Fock space where 1, decreases N by one. We further remark that the choice of Cy, is
not unique. For example, another choice: Cr = 1 and Cp. = (—1)"® works equally
well. The anticommutation property of different Klein factors is summarized as

(F[,Fj}y=28;, (1—8){F, Fj}=0, (7.57)

together with FlTFl =1.
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Fig. 7.2 The gapped
spectrum due to the
hybridization of original
fermions. The dotted lines
show the momenta +kr. The
dashed line illustrates the R
branch shifted by —2k g

With these preliminaries we now deal with hybridization of R and L branches
such as

L
Hyyb = m / dx exp(Rikpx) : Y ()Y (x) : +hc., (7.58)
0

where the normal ordering means subtraction of possible singular terms. The
meaning is in common with that of the N-product in the bosonic case since both
focus in the change from the ground state. With inclusion of kinetic energy and
two-body interactions, the model with hybridization of R, L branches is called the
massive Thirring model. Motivation of the notation m as hybridization is its relation
to the effective mass in the relativistic spectrum with the energy gap 2m. If two-body
interactions are absent, it is possible to take exact account of the hybridization effect.
The resultant spectrum is illustrated in Fig. 7.2. After bosonization, the hybridization
is written as

Pkrx syl ()Y (x) ¢ hie. = j:% s cos [0y ()] := inin cos [0y (x)],
(7.59)

where Oy (x) has been defined by Eq.(7.34). Here the product of Klein factors
remains only as the phase factor £1. If this factor is —1, we can absorb the
minus sign by redefining Cp as Cp = (—1)V*!. Problem 7.5 concerns with the
demonstration in more detail.

Thus the massive Thirring model without interaction is equivalent to the follow-
ing model:

2m [F
H = Hg + — dx : coslan6y(x)] : (7.60)
L 0
with ay = 1. We rewrite the bosonized kinetic energy Hp in the form

L 1 . \2 .
He = 22 | ax [— (ve ) +47r17N(x)2:| , (7.61)
2 0 4
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where Oy (x) = Oy (x)/~/2 and ITy(x) = —(47)~'V6,(x)/+/2. The canonical
field variables for coordinate corresponds to éN (x) and the momentum to 1 N (x).
Here the normalization in Egs. (7.34) and (7.35) necessitates the factor 1/ V2. 1t is
also possible to choose 8 (x)/ /2 as the canonical coordinate. Problem 7.4 deals
with identification of the canonical momentum in this case. The Hamiltonian Hyg
with general value of ay is called the sine-Gordon model. Using the equivalence
of the sine-Gordon model with ay = 1 to the free massive Thirring model, exact
solution has been obtained for some interacting models. Sections 7.8 and 7.9 give
such examples.

In the classical sine-Gordon model where 6 and [Ty are c-numbers, the spatial
configuration of Oy (x) = 7 as x — =oo is called a soliton. The reverse change
of the phase is called the anti-soliton. After quantization, these phase configurations,
as described by Eq. (7.47), correspond to fermion excitations. In contrast to common
examples such as the Cooper pair where an even number of fermions constitute a
bosonic entity, the sine-Gordon model provides a reverse example that the coherent
bosonic excitations form a fermion.

7.4 Inclusion of Forward Scattering

Equipped with the formalism which may look too heavy for free fermions, we now
consider two-body interactions in spinless systems. Let us first take the following
form:

1
Hine = 3L Z [282 1 Pa(@)P—a(—q) : +84 1 Pa(@)Pu(—q) : ], (7.62)
g, 0=%

where g describes the interaction between R and L branches, while g4 describes
the one within each branch. In the total Hamiltonian Hg + Hjy, the whole effect of
g4 is taken into account by the shift

vy = vF + g4/ (2m) (7.63)

of the Fermi velocity. We assume that g4 satisfies the property v}, > 0. On the other
hand, g; gives rise to off-diagonal terms with respect to the indices &+ (or R, L) of
the density operators. Note that the g, term does not annihilate the non-interacting
ground state even with normal ordering. Hence the ground state is reconstructed.

We shall diagonalize the total Hamiltonian H = Hp + Hjy by a kind of canonical
transformation. It is convenient to introduce the positive parameter K and the
renormalized velocity vs by the following relations:

v K = vk — 5—;, (7.64)

Us * 82
— =vp+—,
K Fooon
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where vy, is the shifted Fermi velocity defined by Eq. (7.63). In the weak-coupling
limit g> = 0, the parameters become K = 1 and vy = v}.. Assuming |g2| < 2w v},
which gives vs > 0, we take the sum and difference of the two relations above to
obtain

e _L(L .,k h2¢ (7.65)
=== = cosh2¢, .
Vs 2\ K
8 /1 .
=22 = _([—= — K| =sinh2¢, 7.66
2rvg 2 <K > sinh 2¢ (7.66)

where ¢ and K are related by K = exp(—2¢). It is obvious that the dimension-
less interaction g>/vj. is characterized by a single parameter. Eliminating v in
Egs. (7.65) and (7.66), we indeed obtain such parameterization:

1 — K2
82 o tanh2¢p = —
2 vy 1+ K2

2 vk —
K = M (7.68)
vaF+gz

Derivation of these results is the subject of Problem 7.6. As we show later in
Eq.(7.73), ¢ corresponds to the (imaginary) rotation angle in the Bogoliubov
transformation.

Using Eq. (7.64), and the density and current operators defined by Eqgs. (7.30)
and (7.31), we rewrite the total Hamiltonian including Hjy as

(7.67)

which is equivalent to

s 1
H="23" ZN@Nq) +KI (@) (~q):

L K
q>0
L L 2+K17( )2 (7.69)
= — X . — —_— X N .
2 0 K ax

with @ (x) = Oy (x)/+/ 87 and IT1(x) = ~/8m 1y (x). This form of H motivates us
to introduce the quantities

& =Ko, M=I/VK, (7.70)
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which corresponds to renormalized coordinate and momentum of the bosonic field.
The commutation relation [@, [T] = [®, IT] shows that @ and IT are qualified as
canonical variables for quantization. We further introduce new quantities by

N(q) = pr(q) + pL(q) = VKN(q), (7.71)
. 1
J(@) = r(q) — pLg) = ﬁ1<q), (7.72)

which give the relation between the density operators as

(,5R(61)) _ <COSh¢, - Sinh¢) (,OR(CI)) (7.73)
oL(q) —sinh¢, coshg ) \ pL(q) )~ '
from the sum and difference of Eqgs. (7.71) and (7.72). As we shall show shortly,
the Hamiltonian is diagonalized in terms of the new variables py(q). The setup
by Eq.(7.73) is an example of the Bogoliubov transformation for bosons. The
imaginary angle in hyperbolic functions is contrasted with the case of fermions
where a real angle specifies the transformation as discussed in Problem 5.2
around Eq. (5.95). The unitary nature of the transformation Eq.(7.73) appears in
conservation of commutation relations for density operators. We note, however, that
the 2 x 2 matrix in Eq. (7.73) is not unitary.

The unitary operator that represents this Bogoliubov transformation as py(g) =
U pa(q)U is given by

21
U = exp Z L_¢pR(4])PL(_C]) =expS. (7.74)
g70 1

The proof of equivalence to Eq. (7.73) is the subject of Problem 7.7. The unitarity

of U is recognized by the relation ST = —S. The transformed Hamiltonian reads
A=UHU =22 3 @hu(—a) - (7.75)
= =77 P Palg)Pal—q) -, .
q>0,a

which is diagonal in «. The form of H is the same as that of free particles except
for the replacement vy — vg. The normal ordering is taken for the original density
operators. If one redefines the normal ordering in terms of p, the only difference is a
constant term appearing in Eq. (7.75), which corresponds to the shift in the ground
state energy.
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7.5 Momentum Distribution Near the Fermi Level

A great advantage of the bosonization method is its ability to derive correlation
functions of one-dimensional fermion systems. Let us first consider the right-going
(R) free spinless fermions. The basic quantity is the phase correlation function

gr(x —y) = (BR(DOR(Y)), (7.76)

which can be derived at T = 0 explicitly as

2 L
gr(x) = Z i exp(igx) = In (1.77)

o Na 2w (n — ix)

with use of Egs. (7.24) and (7.52). Then the exponentiated correlation function can
be derived as

ap
(eaGR(x)eﬁGR(O)) = Cexplafgr(x)] =C <;) , (7.78)
2w (n — ix)

C= exp<% (oz2 + /32) eR(0)2> (1.79)

with the cumulant property Eq. (7.14).

Referring to Eq. (7.51), we can represent the fermion annihilation operator ¥ (0)
by putting § = i in exp[B6r(0)]. Similarly, putting « = —i in exp[abr(x)] gives
w&(x) exp(ikrx). Hence for free fermions we find the correlation function, or the
density matrix, as

(U (DYRO)o ~ (x +in) ™" exp(—ikpx), (7.80)

where we have discarded the numerical factor, and put the suffix O in the average to
emphasize the non-interacting state. This result should agree with the one derived
by the elementary method for right-going free fermions. In fact, the inverse Fourier
transform of the momentum distribution:

nak = (chycar)o = 0(—ak), (7.81)
which is the step function, leads to the result given by Eq. (7.80) for « = +1 (R

branch). Here (> 0) works as the convergence factor in exp(—ikx + nk) at k —
—oo. When we consider finite x, we can neglect n in Eq. (7.80).
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We proceed to interacting spinless fermions where the unitary transformation
U = exp S constructs the new ground state |0) = U|0) from that of free fermions
|0). The density matrix is now given by

pr(x,0) = (01 ()VRO)0) = (U Y YR OU) - (7.82)
In terms of the transformed variables with tilde such as fg = UT6rU we obtain

UTyr()U = Yr(x) =

1 -
exp[ifr (x) + ikpx]FR. 7.83
NZT plifr (x) FX]1FR (7.83)
Explicit calculation is most concisely performed by going to density (N) and current

(J) variables since the unitary transformation then amounts just to multiplication of
K*1/2, Namely, we obtain

ey = L[4 g
k() =3 [y @) +8,0).
Oy (x) = VKOy(x), 0;(x)=0;(x)/VEK, (7.84)

The phase correlation functions in the non-interacting case are given by

L 2
(On (x)On (0))0 = (07 (x)0;(0))0 = gr(x) + gL(x) = In <ﬂ> ; (7.85)

where g1 (x) = gr(x)* represents the left-going branch.
Note that pr(x, 0) exp(ikrx) is an odd function of x as in the non-interacting
case given by Eq. (7.80). This property is most easily seen by writing

1 ~ ~ 1r- -
PrR(x,0) = o~ <CXP (-iQR(X) +i6r(0) + = [QR(X), 9R(0)] - ikFx)>
TN 2 0

o 17~ ol L L "
= 30 P (—5 [<9R(x) — f( )] >0 + simsen(o) i Fx),
(7.86)

where we have used Eq. (7.14) and the commutation rule Eq. (7.27). We now use
Egs. (7.84) and (7.85) to obtain

(O19 (YR O)1)*F ~ sign(x) exp | + <K N i) n (L)z
R 4 K 2 x

~x 7 Nx|7Y (7.87)
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withy = vi/vs— 1= (K + K~1)/2 — 1 = 2sinh? ¢ as deduced from Egs. (7.65)
and (7.66). Note that y vanishes without interactions. By Fourier transform we
obtain the singular behavior at the Fermi points as

nak = (Ol¢], cqx|0) ~ —sign(@k)|k|” + const. (7.88)

Note that the physical momentum is given by k + akp. Because of y > 0, the
discontinuity at the Fermi surface disappears by the interaction effect.
7.6 Separation of Spin and Charge

We now come to the point to deal with interacting fermions with the spin degrees of
freedom. The kinetic energy is given by

Hyp = vp Z [(ik - kF)Cl,kygci,k,a:I

k,x,0
27T VR
— Hp = I Z * Pa,o (Q)p(x,ﬁ(_q) 5 (7.89)
q>0,a=%,0

where the density operators have the spin index o (=1, | ), and are defined by

pro(@) =Y ch o Cihigo. (7.90)
k

We combine the spin components to construct the quantities

pa(@) = [pat (@) + Pay (@)]/V2, (7.91)
00 (@) = [pat (@) = Puy (@)]/V2, (7.92)
with « = = or, equivalently, R and L. Accordingly the kinetic energy is rewritten as

27 VR
L

Z : Pa(q) pa(—q) + 0a(q)0a(—q) 1, (7.93)
q>0,a==%

B =

where the charge p and the spin o degrees of freedom appear separately. If the
interaction Hamiltonian also has separate components for spin and charge, the total
Hamiltonian can be diagonalized by two Bogoliubov transformations: one for spin
and the other for charge. The renormalized velocity of spin and charge excitations
are in general different from each other. Namely, if the interaction constants g7, g4
are different for spin and charge components, the Bogoliubov angles are also
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different. In this case, it appears as if spin and charge move independently from each
other, in strong contrast with the case in Fermi liquids. This situation is specific to
one-dimensional systems, and is called the spin—charge separation.

The total Hamiltonian H is decomposed into spin and charge parts as H = H, +
H, . Each part is given in the real space by

v, L 1 [0d,\>
Hy=-2L1[ dx: — (-2 K, IT,(x)?: 7.94
o 2/0 Kp(ax)+ o p(x) ( )
L 2
Vo 1 [0, 5
Hy =2 [ dx:— (- Ko IT : 7.95
. 2/0 Ka<8x)+as<x) (7.95)

where @¢, I[1I¢ (§ = p,s) are defined by analogy with the spinless case as in
Egs. (7.8), (7.91), and (7.92). Accordingly the phase field 6(x) = +4nP(x)
introduced in Eq. (7.8) for Nand J components is generalized as

Onp = % (Orp + 6t + Ory +61y), (7.96)
0, = % (Orp — Or 4+ Ory —6Ly), (7.97)
Ons = % (Ort + 6Ly — Ory, —6Ly), (7.98)
015 = 5 (Ory — 001 — Or, +601) (7.99)

The dynamics of spin and charge are described by these four independent variables.
These one-dimensional fermion systems are called Tomonaga—Luttinger liquids.
The gapless excitation spectrum is common with the Fermi liquid in three dimen-
sions, but the different velocities of spin and charge are the distinct feature in
Tomonaga—Luttinger liquid.

Let us return to the momentum distribution function but including spins now. The
right-going (R) fermions with spin down has the phase

1
Or, = 2 (Onp +01p — Ons — O5) (7.100)

from Egs. (7.96) to (7.99). In the correlation functions of N and J, the interaction
effect enters through the factors K and 1/K, respectively. Hence by the same
reasoning that leads to Eq. (7.88), we find that the momentum distribution ny| has
the singular exponent

*
v
F
y:—— =

(Kp+Kp_l K, +K;1) —1 (7.101)
Us

Bl
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which is positive as in Eq.(7.88), and vanishes without interactions. The same
exponent applies to the up spin as well.

We can derive spin and charge correlation functions in a similar manner. For
example, the transverse spin correlation function, which involves the components
s+ = sy £ isy and the wave number 2k, are derived from

(U ) YRy ()Y, OY4 (U)o, (7.102)

where the unitary transformation U generalizes the one in Eq. (7.82) to systems with
spin. The x-dependent phase 6r| (x) + 6.4 (x) + 2kpx appears after bosonization.
Another component with the wave number —2kr is derived by exchanging R and L
in Eq. (7.102). We obtain from Egs. (7.96) to (7.99)

1
Op = 3 (Onp — 01p + ONs — O5) . (7.103)

Then together with Eq. (7.100) we can derive the relevant phase. Namely, after the
unitary transformation by U, we obtain

Or) + 614 = Onp — 015 = VK pOn, — (7.104)

JLK_UQM.
Following the same steps as in Egs. (7.78) and (7.87), we obtain the exponent
v=K,+ K, (7.105)
which appears in the transverse spin correlation function as
(s_(x)s4(0)) ~ |x]|”" cos(Rkpx). (7.106)

On the other hand, the longitudinal correlation function, which involves the
z component of the spin, is contributed by w{a (X)Y¥Re (x) with the same spin
component and the wave number 2k . The exchange of R and L branches gives the
opposite wave number —2k . The bosonization accompanies the following phase,
apart from 2kgx, as given by

é'Rcr + éLJ = é‘N,o + UéNs =/ erNp + o0+ KsOns, (7.107)
where o in the RHS is interpreted as o as 0 = =+1. Thus the exponent of the

longitudinal correlation function is given by K, + K,. Provided the rotational
invariance is present for the spin direction, the longitudinal exponent must agree
with the transverse one K, + K !. This requirement leads to the remarkable
relation:

K, =K '=1, (7.108)
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which is the same as the non-interacting case. In the repulsive Hubbard model,
for example, the rotational invariance is present. Then we have K, = 1, but
the spin correlation function itself involves K, which is in general different from
unity. Note that the algebraic decay of the correlation function is the necessary
condition for K, = 1. As we shall discuss in Sect. 7.8, the exact solution with a
superconducting ground state has a spin gap, and is characterized by K, = 1/2.
Such superconducting state is realized in the attractive Hubbard model as an
example of K, # 1 in spite of the rotational invariance.

Similar analysis can be performed for the charge correlation function. Prob-
lem 7.8 deals with its asymptotic behavior.

7.7 Backward and Umklapp Scatterings

In addition to the forward scattering, we now take into account scatterings from
R to L branches, and vice versa. Such scatterings involve the change £2kfr of
the momentum, as illustrated in Fig.7.3. The backward scattering shown in (a)
conserves the total momentum of two particles, while the Umklapp scattering shown
in (b) accompanies the momentum change by +4kr. Such change is allowed if
the crystal momentum is conserved, as will be discussed in more detail later. In
the present section, we analyze effects of these scatterings with large momentum
transfer.

The annihilation operators with momenta near the Fermi surfaces R and L are
written as YRre (x), Y1, (x) with spin o. According to the uncertainty principle,
the definite coordinate x for a particle is incompatible with definite momentum
+kr. We assume therefore that the range of momenta superposed around +kr is
much smaller than 2kr. The Hamiltonian for the backward scattering in Fig. 7.3a is
described in the real space by

Hy = %/OL dx Y- [ (Vo ¥y o V0 + hic)

gL (I/flig Vi s VRs VLo + h.c.)] : (7.109)

Fig. 7.3 Scatterings with

large momentum transfer: (a)

backward scattering with °
coupling constant written as

g1; (b) Umklapp scattering

with coupling constant g3
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with 0 = —o, and the argument x has been omitted in all field operators. The term
with g1 can be rewritten also in the forward scattering form:

—glnlﬁgalﬂRaﬁa%ﬂLa, (7.110)

by exchanging two Fermi operators. The explicit form is given by

Hij==30 57 (@)p-a(—9) + 00 (@)0—a(—4) : (7.111)

which indeed looks like a forward scattering.

Similar treatment for the g1, interaction results in forward scattering with spin-
flip. Namely, g1, can be regarded as an exchange interaction. Using Eq. (7.51), we
bosonize the g1 terms to obtain

811 Y U, V5 VRe VLo +hoc. = % cos(20y,). (7.112)
o

where 6 has been defined in Eq. (7.98). The Klein factors have been omitted since
their product can be made unity.

Let us proceed to the Umklapp scattering illustrated in Fig.7.3b. Here two
fermions both of which are near the left Fermi surface (point) transfer to the region
near the right Fermi surface, and vice versa. The Pauli principle allows Umklapp
scattering only for different spins. The change of total momentum of two fermions
is +4kF, and scattering is forbidden in general. However, if the density of fermions
with spin 1/2 is such that the average number per site is unity, the Umklapp
scattering is possible since it conserves the crystal momentum. Namely, with the
lattice constant taken as unity, the density n, per spin is given by n, = 2kr/(2m).
Then n, = 1/2 corresponds to 4kr = 2, which is the smallest reciprocal lattice.
As mentioned in Sect. 2.3, the unit occupation per site is precisely the condition
under which the Mott insulating state is realized. More details will be discussed in
the next section.

The Hamiltonian for the Umklapp scattering is given by

L
31
H; = gT i de Y W v Vs Vo +he.. (7.113)
o

Bosonization with use of Eq. (7.51) leads to the form
831 Vo Viks Vs VLo +hec.
o

= 8L cos[20, + @k —2m)x] (7.114)

()



164 7 One-Dimensional Fermions and Bosonization

where —2m x has no effect with the integer coordinate x. This form is convenient in
the continuum approximation for x since Eq. (7.113) is then finite only if 4kr = 2.
Otherwise Eq. (7.114) oscillates with continuum x, and Eq. (7.113) vanishes after
integration over x.

We have seen that the Hamiltonian with large momentum transfer is still
separated into spin and charge parts. In the spin part, the backward scattering
acts like the exchange interaction. In the charge part, the Umklapp scattering
becomes effective with the particular density n = 1. The important feature of large
momentum transfer is the appearance of cosine terms with 6 for spin, and 6, for
charge. These terms give rise to excitation gaps as discussed below.

7.8 Superconductivity and Mott Insulator

In one-dimensional electron systems, the bosonization method makes it possible to
take exact account of interaction phenomena such as superconductivity and Mott
insulator. These topics are discussed in this section.

Let us start with superconductivity which has gapless charge excitations, but a
finite gap for spin excitations. We have seen in Sect. 7.6 that the forward scattering
does not lead to the excitation gap. Hence the backward scattering should be
responsible for the spin gap in the Tomonaga-Luttinger liquid. It is known
from another method of exact solution, which is called the Bethe ansatz [6], that
the Hubbard model with negative U has the superconducting ground state. By
combining the idea of renormalization, we can make contact with exact solutions
obtained by bosonization and Bethe ansatz.

We analyze in detail the bosonized form of the backscattering term

281 / " v cos 20s )], (7.115)
@2rm= Jo

which has appeared in Eq. (7.112). As we have discussed in Sect. 7.4, Bogoliubov
transformation with the forward scattering parameter K is performed by Eq. (7.70).
For the spin liquid, this amounts to 6 = Ons/+/ K. In the special case K, = 1/2,
the cosine term in Eq. (7.115) becomes

cos v/ 20y (x). (7.116)

Similar cosine form, with Gy (x) replaced by On x) = On(x)/ V2, has appeared
in Eq.(7.59), which describes hybridization between R and L branches of free
fermions. Hence the spin liquid with K, = 1/2 behaves as non-interacting fermions
with hybridization gap. Physically, the gap is for spin excitations. On the other
hand, the charge excitation remains gapless unless the Umklapp scattering becomes
effective. This contrasting situation for spin and charge excitations corresponds to
the superconducting state.
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Fig. 7.4 Illustration of
strong-coupling limit for
understanding nature of
excitation gaps: (a)
(a)

superconducting state with
charge gap A; = 0, and spin
gap Ag # 0; (b) fermionic
picture of the anisotropic
XXZ spin model with vacant

site corresponding to down
spins. Repulsion among O O Q
fermions leads to A # 0,
which means Ag # 0 in the
(b)

original spin model; (¢) Mott
(¢)

insulating state with A; # 0
and Ag =0
Equations (7.67) and (7.111) combine to give the relation

g1y I—Kg 3
- _ =2, 7.117
2mvy, 1+ K? 5 ( )

where the last equality follows from K, = 1/2 [7]. Since g1 < O is related
to negative U, it is not surprising that superconductivity is realized in this case.
Nevertheless, the exact result in the special case Eq. (7.117) demonstrates the power
of bosonization method. Figure 7.4a illustrates a spin configuration that leads to
gapless charge and gapped spin excitations in the strong-coupling limit.

We now go a bit aside to discuss another origin of the spin gap, which is due
to anisotropy in the exchange interaction. In contrast with the bosonization so far
discussed, we map here conversely the spin excitations to fermionic ones. Let us
consider the following one-dimensional spin chain:

1

H=1J Z (Stx it Sz:VSin + AZS?SI-ZH), (7.118)
i

with the anisotropy parameter A, which is often called the XXZ model. The
Heisenberg model corresponds to A, = 1, while the Ising model corresponds to
the limit A, = oo. The case A; = 0 is called the XY model, which can be solved
exactly by introducing fictitious fermion operators. Namely, we define W,T and ¥;
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for each site i as

SS=yly —1/2=n —1/2, (7.119)

i—1
S7=SF —iS) =vyiexp|ir Y n;|. (7.120)
j=1

with i = 1 for the left end, and i = N for the right end of the chain. We obtain the
commutation relations

(Wi, v} =0, (Y, ¥} = &), (7.121)

from the spin commutation rule. Hence v, y represents the creation and anni-
hilation operators of fermions, and the corresponding transformation is called the
Jordan—Wigner transformation. This is closely related to the Klein factor described
in Eq. (7.55). In terms of the fictitious fermions, Eq. (7.118) is rewritten as

J + 1 1
H = E Z |:WIT1,[/Z'+] + wlj—i—lwi =+ ZAZ (n,- — 5) (nH_l — E)il s (7122)

1

where the anisotropy parameter A, represents the two-body interaction of fermions.
With A, = 0, the system is a collection of free fermions with the spectrum

€ = J cosk,

with —m < k < . In the ground state, N /2 fermions occupy the negative energy
states with the Fermi wave number kr = 7 /2.

With A; > 1, the spin excitations have an energy gap. In the fermionic repre-
sentation Eq. (7.122), the gap appears as the charge excitation gap. As illustrated in
Fig. 7.4b, the charge gap in the strong-coupling limit corresponds to crystallization
of fermions, which are originally up spins, due to the repulsion at nearest neighbors.

We now return to one-dimensional electron systems with spin 1/2, and focus
on the charge gap caused by the Umklapp scattering. With special value of the
interaction strength, which corresponds to the charge version of Eq. (7.117), exact
solution is possible. We introduce the charge fermions with R and L branches. Then
Eq. (7.114) for the Umklapp scattering is written in terms of R and L phase variables
as

Onp = (Orp + 0Lp) /N2, Ons = (Brp — OLp)/ V2. (7.123)

By analogy with the spin fermion case, the system with K, = 1/2 is mapped to free
fermions with hybridization of R and L branches. This corresponds to the special
value g3,/(2mvy) = 3/5 for the forward scattering of charge. The notation g
has been introduced in Eq.(7.62), for the spinless system, as the strength of the
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forward scattering involving R and L branches. Here we have added the index p to
represent the corresponding interaction that leads to renormalization of vg to v, as in
Eq. (7.94). On the other hand, the spin part remains a gapless Tomonaga—Luttinger
liquid. This state corresponds to the Mott insulating state, which is illustrated in
Fig. 7.4c in the strong-coupling limit.

It is intuitively clear that the ground states for exactly solvable cases with
g1/ mvy) = —3/5 and g2, /(2mv},) = 3/5 are connected smoothly to the strong-
coupling limit illustrated in Fig. 7.4. If we start from the weak-coupling limit, on the
other hand, it is more subtle to discuss the formation of an energy gap. The relevant
method in the latter case is the renormalization group for the sine-Gordon model,
which we shall not discuss in this book because of its complexity [8]. It is known
that in the case with g1 < 0 or g2, > 0, the absolute value of the relevant coupling
increases by renormalization. Namely, the Tomonaga—Luttinger liquid is unstable
against gap formation no matter how small is the bare interactions.

7.9 Kondo Effect Revisited

We reconsider Kondo effect from the view point of bosonization. It turns out that
a special value of the exchange interaction, which is called the Toulouse limit,
makes the Kondo model equivalent to a one-dimensional free fermion model. The
Toulouse limit corresponds to an impurity version of the free fermion model with
hybridization of R and L branches, which has been discussed as the massive Thirring
model in Sect.7.3. Moreover we can derive exact solution for the two-channel
Kondo model for another special value of the exchange interaction [9].

There are two ways to map the Kondo model to a one-dimensional impurity
model. In the first way, one takes the positive spatial coordinate that corresponds to
the radial coordinate r in three dimensions. A positive wave number k is assigned
to the outgoing s-wave, while a negative k is assigned to the incoming one. In
the second way, the incoming s-wave with exp(—ikr) is interpreted as having
the negative spatial coordinate —r. In this version the spatial coordinate has both
positive and negative values, while the wave number is restricted to be positive.
Namely, the Kondo model is mapped to an impurity model where the magnetic
impurity at the origin interacts with right-going one-dimensional electrons. Here we
adopt the latter mapping.

7.9.1 Bosonization and Fictitious Fermions in Kondo Model

The location of an impurity is at one of discrete lattice points with the lattice
constant a. Hence the dimensionless field operator \/as, (x) of conduction electron
is interpreted as the annihilation operator of a Wannier state at site x. Then Hexc With
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the exchange anisotropy in Eq. (6.25) is written as

1
Hese = 5J:5:a [W] 0001 0) = v 0y, 0]

5 01a (SO O + S YO O] = o L 120
On the other hand, the bosonization of conduction electrons is most conveniently
performed for continuous space. We interpret the slowly varying wave function
in the continuum space as the envelope function multiplying the Wannier orbitals
at each lattice point. Since the restriction |g| < m/a is imposed on the envelope
function in the first Brillouin zone, we identify n = a and regard that the high
momentum region affects the low-energy physics only through renormalization of
model parameters.
The kinetic energy of the right-going conduction electrons is given by

He=vp Y (k= kp)c), o (7.125)
ko

which is measured from the Fermi level. The bosonized expression reads

L 2 2
VR 06, 06
H. = — d — — , 7.126
C T 4x 0 x|:<8x>+<8x>:| ( )

where the phase fields 0., 6, are defined by

0o =270, +0)), 6, =272, —4)), (7.127)

Fo

W 2ma

with F,; being the Klein factor.
In terms of the phase field 6y, the spin density of conduction electrons is given
by

Yo (x) =

explify (1)1, (7.128)

1 " 1 96s(x)
- ‘ = — 7.129
DA MCNZAC) W, (7.129)
otl
with reference to Eq. (7.26). Then Hey, is rewritten as

J;a a0, Ji ¥ .

28 0 LS FTF 26 h] 7.130

TS (ST P w20 e (1130

where 6; is at x = 0. The charge bosons do not interact with the localized spin.
Hence we discard 6., and consider only the spin bosons hereafter.
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Let us first consider the effect of S;. By analogy with the phase shift in potential
scattering, we account for the distortion of wave functions by a local unitary
transformation

U, =expliy6s(0)S,]. (7.131)
Then 06, /0x is transformed as

uidsy % ¢ s 0, (7.132)
= — - — X, .

Voax VT ox PR

with reference to Egs. (7.10) and (7.27). Here 6(x, 0) means the Kronecker delta.

The spin bosons undergo a change in kinetic energy as

Uy (ae ) Uy = <%> - 4—”;/5 8—8()6 0) + (2”) 5(x,0).  (7.133)
0x 9x P

By a choice of y such that y = J.pe/~/2 with p. = a/(2vF), the second term in
the RHS cancels with the first term in Eq. (7.130). More details of this cancellation
is the subject of Problem 7.9. The third term in Eq. (7.133) is a constant, and can be
neglected.

We shall show that the transverse exchange H | is transformed to a hybridization
form of local and itinerant fermions which represent the spin degrees of freedom. In
U;S+Uy, wecanput S; = —1/2inU,,and S; =1/2in U;. Then we obtain

U S+Uy = exp [Fiybs (0)] Sy, (7.134)

where the result for S_ can be obtained from (U; S;+U,)". Hence in the special case
of y = +/2 — 1, which is equivalent to J. p. = 2 — +/2, we obtain

1
UJHLUy = — 01 [S+FIF¢ exp(ify) + h.c.] (7.135)

from Eq.(7.130). Here exp(ifs) constitutes the annihilation operator of spin
ferm10ns if supplied with appropriate Klein factor Fj. It is reasonable to restrict F

as F| | 'F 4+ & Fj since F| | FT decreases the spin of conduction electrons by unity, and
leaves intact the total number. To preserve the bosonic commutation property of
wl' (x)¥4 (x), we choose for the proportionality constant another Klein factor F SI o)
that

FT

TFy = F{F,. (7.136)

In this setting S F ;r acts on the local spin space, and causes the unit increase of the
z-component. The increase is now interpreted as creation of a local spin fermion, so
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that the sum of conduction and local spin fermion numbers is conserved. We thus
define the dimensionless spin fermion operators as

es(x) = Fyexplifs(0)]/v2r, SyFi=df, FsS_ =d. (7.137)

It can be easily checked by use of Eq.(7.57) that d and cs(x) indeed obey the
anticommutation rule for fermions. Then we finally obtain the form:

1 . .
UIHL U, = = (e, + ] ©)d] = Hiy, (7.138)

which displays hybridization between local and itinerant fermions at the lattice site
x=0.

Thus the original Kondo exchange Hex. with the special value J,p, =2 — V2~
0.6 is transformed to the hybridization form between spin fermions d and ¢, without
any further interaction. The kinetic energy of spin fermions is rewritten from the
bosonic form as

Hyin = vF Y _kCs (k) Cs (), (7.139)
k
where
Cs(k) = «/Lﬁ Xx: cs(x) exp(—ikx), (7.140)

with N being the number of lattice sites. Such bilinear form of the Hamiltonian
Hyin + Hhyb has been discussed already in Sect. 3.7, and the corresponding Green
function has been obtained in Eq. (3.123). Then it is clear that the ground state is
a resonant state of spin fermions without the energy gap. Since the weak-coupling
result shows renormalization flow to larger J,, the value of J,p. should cross the
special value 2— /2 during the renormalization where the exact solution is possible.
The ground state of the weak-coupling Kondo model is thus confirmed to be a local
Fermi liquid as has been discussed in Chap. 6.

7.9.2 Two-Channel Kondo Model

We now turn to the two-channel Kondo model, which is the n = 2 version of
Eq. (6.83). We demonstrate that the nontrivial fixed point is obtained exactly for
the special value of the exchange interaction J; at J;p. = 1 [9]. We begin with the
bosonized form of the conduction-electron operator as

Fis

Yio (x) = m

explifiq (x)]1, (7.141)
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where [ = %1 describes the orbital degrees of freedom, which we now call “flavor”,
and Fj, is the corresponding Klein factor. In place of the phase fields 6;, (x), it is
convenient to introduce new phase fields 6., 05, 6 and 6, by

1 1
bo =501t + 04y +0-4 +6-)) = 5{2%, (7.142)
o
9—1(9 Opy +6 ) )—129 (7.143)
s = 50+t —Up T 01 —¢—21 o0 '
(e
0; = 1(9 +6 6 6_)) = 1219 (7.144)
fF=30n T T T =5 - lo s ‘
1 1
Oy = E(BH—GH—G_T +6_)) = 5;109,,,. (7.145)

The inverse transformation characterized by the same unitary matrix gives the
original phase fields 6;, in terms of the new ones. Then the kinetic energy is given
by

HC:U—F/deZ 90a 2, (7.146)
4 0 p ox

with the index « indicating c, s, f, and sf. The spin density of conduction electrons
is given by

90 (x)

1
— , 7.147
dr  Ox ( )

1 .
3 2 OVl We () =

l,o+1

to be compared with Eq. (7.129). Thus the exchange interaction is rewritten as

J.a 00
H =325, 7.148
z 4 "F ox ( )
J1 4 ) )
Hy=5; Zl: F| Fiy exp(i6s +ii655) + h.c. (7.149)

We proceed to rewrite the products of Klein factors in Eq.(7.149) so as to
represent the change AN, of new fermions. We have met a similar case with spin
fermions in Eq.(7.137). Using Eqgs. (7.142)—(7.145) which also determine linear
relations between the changes AN, and AN, we obtain

AN4y — ANy, = AN; + ANy, (7.150)
AN_y — AN_| = AN — AN;;. (7.151)
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Then the corresponding Klein factors are converted as [10]

FjTFH = ijFj, FiTF_¢ = FyF], (7.152)
F{ Fi = FFy, FLF,T = FSij, (7.153)

which are to be compared with Eq. (7.136) for the original Kondo model.
We now make the unitary transformation generated by U; which corresponds to
U, in Eq. (7.131) with y = 1. We concentrate on the special case with J o, = 1.

Then U;'HZ U, is canceled by the second term in the RHS of Eq.(7.133), and 6;
disappears from U IT H, U;. Namely, we obtain

J .
2 S F ooy + cly | +he (7.154)
T

i
U H U =
! NG
where new fermion operators ¢y, cj at x = 0 have been introduced. Note that
Eq. (7.154) does not conserve the number of sf fermions. For general sites x, we

define

csp(x) = Fyp explifyr (x)1/+/27, (7.155)

and its Hermitian conjugate. By using the local spin fermion operator defined by
d" = S, F,, and the anticommutation property of fermion operators, we obtain a
peculiar form of hybridization:

1
U'H U = Fﬂ(d* —d)(csf + cjf) = Hiyb. (7.156)
T

It is possible to diagonalize the Hamiltonian exactly with J,p. = 1 because of
its bilinear form in fermion operators. In order to account for the mixing of particle
and hole components in Hpyp, we employ the Bogoliubov transformation. Since
only the species sf couples with local fermions, we introduce the corresponding
fermion operator in the momentum space by the first Bogoliubov transformation

c+(k)> I <1 1 ) < Csr (k) ) ( Cor (k) )

= — =U (7.157)
(c_<k) V2 \1 =1) \Csp(=k)" Csp(—k)'

with C,r (k) being the Fourier transform of cyr(x) in Eq.(7.155), and the matrix
U = (o + 0,)/+/2 is unitary. The kinetic energy of the sf fermions is given by

1
Hyin = vak L Cop () Cyp (k) = 3 Z Z vrk 1 Cp(k)TCpk) :,  (7.158)
k k p=%
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with the particle-hole symmetry. The factor 1/2 in the rightmost side comes from
double counting of the same state as a particle state and hole one. This is analogous
to the case of the four-component theory of superconductivity with same factor 1/2
in Eq. (5.63). The details of calculation are the subject of Problem 7.10. Note that
dt —d couples only with C4 (k), so that C_ (k) fermions remain intact.

We further introduce the two-component field d+ by the same Bogoliubov
transformation:

d d 1 . d
¢d = <d+> =U (dk> = E(l +10'y) (d‘) s (7.159)

with the unitary matrix U defined in Eq. (7.157). A closely related two-component
field is defined by /1 = d and v, = id_ both of which are real (Hermite) operators
with 1/fiT = ;. These real operators obey the anticommutation rule: {y;, ¥;} = §;;
with i, j = 1, 2. Such fermionic objects are called Majorana particles, which make it
explicit that a complex fermion is composed of two real objects. The transformation
to the Majorana basis is written as

(:2) =¥= <(1) 0) $a = % (_11 f) <$> : (7.160)

It is instructive to derive the Green function of decoupled local fermions in
various bases introduced above. Let us take the Hamiltonian H; = €4S; where
the Zeeman splitting of the local spin state is written as €4, which also corresponds
to the energy level of the d-fermion as seen from the expressions:

d

Lt
Sz=§(d d)o; dt

1, 1.
) = ¥'oyy = —§¢jiax¢d. (7.161)

Thus the Green function in the (d, d¥) basis is given by (z — €40,/ 2)~!. Note that
the hole component 1/(z 4 €4/2) follows from the particle component 1/(z —€,4/2)
by the replacement ¢; — —e,4. Namely, the same state appears twice as particle and
hole states. Hence the weight factor 1/2 is necessary in the counting of fermionic
states as in Eq. (7.158). In the ¢, basis we obtain the Green function as

Go(2) = (z + €40, /27", (7.162)

which will be most conveniently used in the following calculation.
We now consider the transformed form of Eq. (7.156) as given by

—1
Hiyp = ———J1 Y d C4(k) +hec.. (7.163)
hyb /_SJTN 1 Xk: +
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The bilinear form of the Hamiltonian composed of Hyin and Hhyp is characterized
by the matrix % as given by

—eq0x/2 VT 0

h = V. hy 0], (7.164)
0 0 h_
where hy are both N x N diagonal matrices with elements ¢, = vgk;. The

momentum k; runs from —mx/a to w/a with the interval 27 /(Na), where a is the
lattice constant. The hybridization enters through V which is the N' x 2 matrix with
the first column being all zero, and all the N elements in the second column are the
same: V = —J, /(87 N). Hence the 2 x 2 Green function G;(z) including the
hybridization effect is given by

G2(2) ' =Go) ' = Viz—hy)TV =G = 2(2), (7.165)

where X (z) is a 2 x 2 matrix in which the only nonzero element is X' (z)22. Following
the same procedure as in Eq. (3.120), we obtain for Im z > 0 and |z| < D,

T(@n=i(J1)’ pe/8 =i (7.166)

with p. = a/(2mvr). Hence G(z) is explicitly obtained as

2 1 i
Gyl = ¢ /2 \__ 1 — —(1 —0.)As. 7.167
2 <€d/2 i4iny) T ° Faa gl ( )

This concise result contains essential features of the two-channel Kondo model,
including the nontrivial fixed point discussed in Chap. 6.

To appreciate the implication of Eq. (7.167) we first consider the most interesting
case €4 = 0, where G2(z) becomes diagonal. The spectral intensity is given by

pie) = —%ImGu(e +1i04) = 8(e), (7.168)

Ap

—_—. 7.169
€2+ A3 ( )

1 1
p—(€) = ——ImGa(e +i04) = —
b4 b4

Namely, the d particle is decoupled from other fermions, and form the sharp level
at the Fermi level.
The impurity susceptibility at temperature 7 << A; is now derived as

xzm:/o dz(S.(1)Sz) /de/ (El) f()p (€)p4 (€1)

/ de tanh(Be/2) Ay 1 ! Ay
= | = . ~ n—,
47 € e2+4} 2mA T

(7.170)
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with use of Eq.(7.161). The logarithmic 7-dependence is one of the typical
signatures of the non-Fermi liquid state. Here and in the following, the integration
over € is, unless otherwise specified, always limited within the range of fermion
spectrum *vrm/a.

We proceed to derivation of the entropy. The thermodynamic potential £2 of the
system is given by

1 1
Q=—3TTr In(1 4 e Py = —ET/dG In(1 + ¢ #) Tré(e — h)
1 1 .
- —E/def(e)—ImTr In(e +i04 — h), (7.171)
s

where f(e) = (€ + 1)~!, and the overall factor 1/2 compensates the double
counting of each state as particle state and hole one. In order to separate the impurity
contribution, we resort to the matrix identity:

Tr In(z — h) = Indet(z — h)

= —Indet G2(z) — Indet G4 (z) — Indet G_(z), (7.172)

with G1(z) = (z — he)~'. The impurity contribution A2 is obtained from
Eq. (7.171) by subtraction of the Ci-fermion parts associated with G1(z). In the
most interesting case €; = 0, the result becomes particularly simple, as given by

de 1 1
AR =— | — Im (1 1 . 7.173
/an(e)m<ne+i0++ne+iA2> ( )

We thus obtain for 7 < A»,

T n? 12
A2 =——1In2 — — - — + const. (7.174)
2 12 A,

with use of partial integration to obtain the first term in the RHS. For the second
term in the RHS we have used the Sommerfeld expansion formula:

[ee) 0 2
/ def(e)g(e) =/ deg(e) + %ng’(o) +0(T%), (7.175)

—00

with a smooth function g(e). Thus the extra entropy AS due to the impurity is
derived for T <« A; as

AS 0 qo=1 2+”2 r (7.176)
= —— =—In ——. .
aT 2 6 A,
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In the opposite limit 7 > Aj, we obtain AS = In2 immediately from Eq. (7.173),
as expected for a fermionic impurity state.

With €4 = 0, the ground state is degenerate as signaled by Eq.(7.168); the
energy is independent of the occupancy of the level. One may naively expect
that the corresponding entropy AS is In2. However, we have obtained AS =
In+/2 + O(T/A,). In the thermodynamic limit N — oo, the fractional entropy
persists down to 7 = 0. This strange result is naturally interpreted as due to the
decoupled Majorana particle ¥; = (d 4+ d')/~/2 [9]. Since the Majorana particle is
half of the ordinary fermion, the associated entropy is also half of the fermionic one.
The specific heat derived from Eq. (7.176) is linear in 7 as in the Fermi liquid. On
the other hand, perturbation theory in J;p. — 1 shows that the specific heat behaves
as T In T once J, deviates from the special value J,p. = 1 [9].

Now we consider the case of €¢; # 0, where the ground state is no longer
degenerate. We obtain

Ap TAy
€2 —€3/4  48¢3

d
AR = —/ 2—6f(e)tan*‘ T? + O(T*) + const..
T

(7.177)

The rightmost result is valid at low temperatures 7 < |€g4|. Note that the 7 -linear
term in the entropy (or specific heat), which is given by —0 A2 /9T, grows endlessly
as |eg4| approaches to zero. In the opposite range 7 > |e4]| of temperature, AS2 is
dominated by O(T*) terms, and depends hardly on ;. This is understood easily
from the integral with f(¢) in Eq. (7.177).

Let us summarize how the Zeeman splitting €; controls the behavior of the
system. With €; # 0, Y1 and ¥, are never decoupled, and the Majorana particle
does not show up in the ground state. Namely, there is no fractional entropy and no
divergence in x, in contrast to that in Eq. (7.170). In terms of the renormalization
group, €4 is a relevant parameter that drives the system away from the nontrivial
fixed point. However, in the temperature range |¢;] < T <« Aj, the system
cannot feel the Zeeman splitting, and behaves as if it is in the non-Fermi liquid
state described by Eq. (7.176).

Problems

7.1 With quantization of @ (x) and I7(x), Hgying in Eq. (7.4) appears as a bosonic
system. Demonstrate the equivalence to Hg in Eq. (7.1).

7.2 Prove the BCH formula given by Eq. (7.12).

7.3* Prove the expectation value for the exponentiated bosonic operators as given
by Eq. (7.13).
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7.4 Represent the Hamiltonian Hp in terms of 6; and V6 as proportional to the
field coordinate and the momentum, respectively.

7.5* Demonstrate the equivalence between the free massive Thirring model and the
sine-Gordon model.

7.6 Derive the results given by Eqgs. (7.67) and (7.68).

7.7 Show that the operator defined by Eq. (7.74) generates the same transformation
as given by Eq. (7.73).

7.8 Derive the exponent controlling the asymptotic behavior of the charge correla-
tion function.

7.9 Derive the condition for y in Eq. (7.131) so that the new Hamiltonian U (H+
Hgxc)U does not contain the interaction term with J;.

7.10 Derive the kinetic energy of sf fermions in the rightmost side of Eq. (7.158)

Solutions to Problems

Problem 7.1
By using the Fourier decomposition we obtain
q ( T ) .
Vo = b, + b _)exp(igx), 7.178
(x) ; ST (b + b7y ) expian) (7.178)

which leads to the integral

L
/O dx (Vo2 =) %(bq +500) (bg +5}). (7.179)
q

Similar calculation using Eq. (7.7) gives another integral:

L

2 g t

/0 dx T(0)? = )7 (b — b (b-g — ) (7.180)
q

Hence the sum of Eqgs. (7.179) and (7.180) gives the bosonic form Hp in Eq. (7.1)

with w; = v|q].

Problem 7.2
We shall first show the equality

AHB _ oA B —(ABY2, (7.181)
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with the assumption that [A, B] is a c-number. It is convenient to introduce an
auxiliary function F(g) = e$4Be™84 with the parameter g. The derivative with
respect to g is given by

dF
= = e®4[A, Ble 84 = [A, B], (7.182)
g

where we have used the condition that [A, B] commutes with any operator.
Considering the initial condition F(0) = B, we obtain immediately F(g) =
B + g[A, B]. This result is equivalent to

e!4B = (B + g[A, B]) 54, (7.183)

On the other hand, another auxiliary function J (g) = e84¢8Be=¢’14:B1/2 has the
g-derivative

d; — N (A+ B - glA, B) P INBI2 Z (A4 B)I(g),  (1.184)

where the last equality follows from exchange between ¢4 and B with use of
Eq. (7.183), and resulting cancellation of g[A, B]. Then integration with the initial
condition J(0) = 1 leads to J(g) = ¢4+ By putting g = 1, we arrive at
Eq. (7.12).

Problem 7.3*
We first consider the special case @ = y. Putting ¢ = b + b, we derive the
generating function

G(@) = (exp(ag)) = Za—' (7.185)

which corresponds to the LHS of Eq. (7.13). The moments (¢") in the generating
function can be derived by considering the harmonic oscillator under a fictitious
external field x, which is defined by

x2

H(x) = wb'b+ x¢ = (b* + g) (b + g) — (7.186)

Z .
Here b+ x /w is interpreted as the annihilation operator in a harmonic oscillator with
its origin shifted. Since the commutation relation is independent of x, the spectrum
of H (x) is the same as that of H (0) except for the uniform shift —x2/w. Therefore
the partition function is derived as

Z(x) = Tre PH® = 7(0) exp(Bx?/w). (7.187)
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From the form of exp[—B H (x)] as given by Eq. (7.186), the moments are derived
as

1 9"Z
(=B (") = —— L)

70 o | (7.188)

x=0

where the x-dependence of Z(x) is given explicitly by Eq. (7.187). Hence we obtain

(™) =@< : ) , (7.189)

m! ,%

while the moments with odd power are all zero. Substituting the result into the RHS
of Eq. (7.185), we obtain

S 2m 2 2
Ga)=Y_ Ojn—!(ﬁw)*m = exp (;‘—w> = exp (%(q&z)) , (7.190)

m=0

where (¢2) = 2/(Bw) has been used. Considering (¢?) = 2(b'b) + 1, we obtain
Eq. (7.13) in the case of ¢ = y.
We recall that cumulants (¢"). are defined by
o an
_ = oan
InGa) =) 8" (7.191)
n=1
Comparison with Eq. (7.190) shows that only the second-order cumulant (qbz)C =
(¢2) is nonzero. In other words, the set of operators ¢" have expectation values
analogous to the Gaussian distribution of ¢. We refer to Problem 3.9 for the classical
Gaussian distribution.
In the general case o # y in Eq. (7.13), expansion of the LHS reveals that only
those terms survive which have equal powers of « and y . Namely, all nonzero terms
are obtained by replacing «? in the previous case by ay. Hence the replacement

a? — ay in Eq.(7.190) gives Eq. (7.13) in the general case.

Problem 7.4

From Egs. (7.30)—(7.35), we can represent quantities with indices R, L in terms of

N, J. Namely, we obtain

TVF

I 2 N(@N(—q) + J(@)J(—q) : (7.192)
q>0

B

L
”—F/ dx : (VOy)? + (VO,)2 - . (7.193)
167'[ 0
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The relation

1
F1a (), pp(¥)] = —idapd(x = y), (7.194)

with a, b = N, J is regarded as the canonical commutation rule of field coordinate
and momentum, as described by Eq. (7.5). If one regards Oy (x) =0n(x)/ /2 as the
canonical field coordinate, then the canonical momentum —ITy (y) is identified as
PJ (y)/ﬁ = (Zﬁn)’lvej(y). It is also possible to regard 6; x) = Qj(x)/ﬁ
as the field coordinate. Then the corresponding momentum —IT;(y) is identified
as ,oN(y)/ﬁ = (2\/§n)’1V9N(y). In this way we obtain the two equivalent
canonical sets such as

Hy = & faes L (véN)2 anTr? (7.195)
2 Jo  4x N '
_vr [P b (Vé,)2+4nﬁ2- (7.196)
> ) e 2. .

With use of the scaling described by Eq. (7.8), we recover the harmonic oscillator
form Eq. (7.4) where v is understood as vr.

Problem 7.5*
Let us choose CR = 1 and Cp, = (—1)N *1 for the Klein factor, and bosonize the
fermion operators as

1 ~
YR(X) = T explidr (x)] :, (7.197)
1 ~
YL(x) = (—1)N+lﬁ s exp[—ifL(x)] (7.198)

with 8, (x) = 6,(x) + 6, for « = R, L. Then we obtain

=DV

Y ()YL() = : expl[—ify ()] -, (7.199)

N

¥ ) YR(x) = ¢ - explify ()] (7.200)

In deriving Eq. (7.200) we have used the BCH formula in the form

ceft i eB = eMret-eBrel- = At eBreA-eB- exp[A_, B4]

=:exp(A + B) :, (7.201)

where A4 and B4 represent the boson creation (+) and annihilation (-) parts, and
the c-number [A_, B ] corresponds to [67—(x), Og+(x)] = 0. Thus the final result
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is given by

2
Ya YL + ¥ (O)Yr(x) = (=N =+ cosly ()] - (7.202)

In the absence of the current / = Nr — Ni, we obtain the even integer for N = 2NR.
Adding the fermionic kinetic energy as described by Hp, we recognize that the
massive Thirring model in the J = 0 sector is mapped to the sine-Gordon model
given by Eq. (7.60).

Problem 7.6
We obtain Eq. (7.67) by taking the ratio of Eqgs. (7.65) and (7.66). Next we utilize
Eq. (7.67) to obtain:

2nvh £
| & tanh2¢g = —F 82 (7.203)
2 v
The ratio of two quantities with & leads to
1 —tanh?2 2mvE —
L‘P —e M _ g2 M_ (7.204)
1 + tanh 2¢ 2mvy + g2

Alternatively, the ratio of two relations in Eq. (7.64) immediately gives Eq. (7.68).

Problem 7.7
For any pair of operators X, Y we have the relation

1
Y Xe M =X +1Y, X1+ E[Y, [Y, X))+ - = (exp Y1) X, (7.205)

where Y7 X = [Y, X] is defined by analogy with the Liouville operator used in
Sect. 3.6. The first equality is confirmed by comparing the term Y” XY™ in the
Taylor expansion of exp(£Y), and in the multiple commutators. The last concise
expression is confirmed by the Taylor expansion of exp(Yy) and the definition of
Yr.

Let us consider the particular case: X = b;, Y = —S with
=30 (beby —bjb,). (7.206)
q>0

with reference to Eq.(7.23). Then with U = exp S as defined by Eq.(7.74), we
obtain

i L2 t L s

= by coshg — b’ sinh¢. (7.207)
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In a similar manner we obtain U TbiqU = biq cosh ¢ — b, sinh ¢. Rewriting the
relation in terms of p,(q), we obtain Eq. (7.73).

Problem 7.8
The component in the density operator p(x) which contribute around the wave
number 2k is given by

Pe) = Y U, () YRe (). (7.208)

The phase for each spin component after bosonization is given by Eq. (7.107), which
is the same as the phase for the longitudinal (z) component of the spin correlation.
Hence the exponent of the charge correlation function becomes K, + K, which
agrees with the exponent of the longitudinal spin correlation.

Problem 7.9

The second term in the RHS of Eq. (7.133) takes the same form as the interaction
term with J; given by Eq. (7.130). Taking account of the coefficient in the kinetic
energy in Eq. (7.126), we obtain the zero-sum condition:

a v

F
—J 4oy =0, (7.209)
2on t am Y

which leads to J.p. = +2y. Here p. = a/(2rwvr) is the density of states for
conduction electrons with the s-wave.

Problem 7.10
The kinetic energy in Eq. (7.158) is rewritten as

1
Hyin = 5 3 vrk : Cop () Cop (k) = Cop (=R) Cop (—h) -
k

1 . Cyp(k
=3 > vrk: (Cop(k)F, Cop (=) (Cfﬁk))%) 3 (7.210)
k S

where the factor 1/2 compensates the double counting in summation over k. The
second line follows from the anticommutation property of fermions together with
the normal ordering. Using the unitary matrix U given by Eq. (7.157), we obtain

+ B + Csf(k) _ ¥ ¥ Ci(k)
(Csf(k) , Cyf( k))U U (fo(—k)T = (C+(k) , C_(k) ) C_())

(7.211)

which reproduces the form in the rightmost side of Eq. (7.158).
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Chapter 8 ®
Fractionalization of Charge and Statistics e

Abstract In this chapter we discuss most drastic non-perturbative effects of
interactions. Namely, mutual interactions may give rise to new quasi-particles which
are neither fermions nor bosons. We begin with the best-known example of such
quasi-particles with a fractional charge in two-dimensional electron systems. Then
we proceed to a simpler case in one dimension, where exact solution including such
exotic quasi-particles is available. The bosonic description discussed in the previous
chapter is regarded as the long-wavelength limit in the more general framework for
non-perturbative effects. We emphasize that the fractional charge does not contradict
with indivisible nature of electron, since such quasi-particle emerges as a collective
phenomenon out of a non-perturbative ground state. All the treatment in this chapter
use the first quantization formalism.

8.1 Magnetic Flux and Geometric Phase

Electron is regarded as indivisible. Protons and neutrons, which used to be believed
indivisible, turn out to be composite of quarks. However, electron is still regarded
as indivisible like other leptons such as neutrino. In condensed matter, on the other
hand, this viewpoint is not always valid. Great varieties arise in condensed matter
because the ground state, or vacuum in condensed matter, depends on systems.

The view on physical vacuum has changed with time. For a long time until
1930, there was little doubt that vacuum is vacant with no structure. By his
association of negative energy states with the antiparticle [1], Dirac put forward
a groundbreaking view on vacuum.' The Dirac picture was, however, modest as
compared with the picture of vacuum after 1960. Namely, by analogy with the
BCS theory of superconductivity, Nambu [2] proposed that the physical vacuum
undergoes spontaneous symmetry breaking. In this way, the current picture of

!Dirac interpreted proton as the antiparticle of electron [1]. After the experimental discovery in
1932, the antiparticle of electron has been identified as positron.
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physical vacuum has become closer to an ordered ground state in condensed matter;
the vacuum is full of structures.

One cannot observe the ground state by experiment, but only excitations out of
it. Hence if the ground state of a many-particle system is connected continuously
from the non-interacting counterpart, the Landau picture of quasi-particles, or minor
modification thereof, will apply. However, if the ground state with interactions is
separated from the non-interacting state, the observable excitations are also different
from the Landau quasi-particles. The most striking example of the ground state
distinct from the non-interacting counterpart has been found in two-dimensional
electrons in strong magnetic fields [3]. From the magnitude of the Hall effect
in GaAs-Ga,Alj_,As heterostructures, it has been deduced that the particles
responsible for the transport are fractionally charged. Hence the experimental
result has been called the fractional quantum Hall effect (FQHE). Shortly after the
observation of FQHE, convincing interpretation was offered by Laughlin [4], who
proposed a trial wave function for the ground state of the system.

Before discussing the non-perturbative interaction effects, it is necessary to be
acquainted with some elements in quantum mechanics for a charged particle without
spin. The first one is the Aharonov—Bohm (AB) effect [5] which shows that the
vector potential influences the observables even though there is no magnetic field.
Let us consider the simplest case illustrated in Fig. 8.1 where the conducting ring
in the xy-plane is threaded by a magnetic flux ¢ap along the z-axis. The flux is
infinitesimally thin so that there is no magnetic field except at x = y = 0 in the
plane:

B(r) = ¢aBd(r), (8.1
where r = (x, y). The corresponding vector potential A(r) is given by

®AB 4
= mz Xr, (82)

with the use of the unit vector Z along the z-axis. In terms of the polar coordinate
(r, 0), the components are written as

_ Pan

A =0, Ap= .
4 o 2r

(8.3)

Fig. 8.1 System of B
conducting ring on the

xy-plane with a thin magnetic

flux along the z-direction -
threading the plane
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The Hamiltonian of an electron confined in the ring with radius R is given by
1 2
H = —— (pg +eAs)”, (8.4)
2m

with pg = (iR)~'9/06. In the case of ¢ap = 0, eigenfunctions are of the form
Y () = exp(ikf) with k integers. Accordingly the eigenvalues are given by E; =
k%/(2mR?). There are two-fold degeneracies with %k, except for the ground state
k = 0. For nonzero ¢ap, we introduce the ratio o« = ¢ap/¢1 where ¢ = 21 /e is
the unit flux. Note that the flux quantum ¢y is defined by ¢g = h/(2e) = ¢1/2 with
the Planck constant 4 = 2w/ recovered. The factor 1/2 comes from the charge 2e
of a Cooper pair. With the gauge transformation

VaB(0) = exp (—iab) Y (0), (8.5)

we obtain

¢ (pg + eAg)* Yap(0) = pav(8) = (k/R)*Yi(6). (8.6)

Thus the vector potential Ay has been absorbed in the phase factor. It may then
appear that the magnetic flux does not play any role. However, we have to recall that
physical wave functions must be single-valued. Thus the new periodicity condition
for 0 requires n = k — « be an integer, which leads to the spectrum

1 2
En= 5 (14 ), 87)

with integer n. Namely, the ground state energy does depend on ¢ag, and oscillates
between 0 and 1/(2m R?) with the period Aa = 1.

The origin of observable effect by the vector potential, which has been
gauged away, is its singularity at r = 0. Accordingly such gauge transformation
exp [ief(r)] for general coordinate r is ill-defined at r = 0, and is called the
singular gauge transformation. As a consequence, the phase factor in Eq.(8.5)
does not have the periodicity 27 for 6 with non-integer «. We emphasize that the
spatial singularity matters even if the wave function vanishes there. In contrast, the
spectrum remains invariant against the ordinary gauge transformation, which is well
defined at all spatial positions. Let us confirm the invariance by employing a new
vector potential:

A A+ Vy (8.8)

with x (r) being a real and regular function of . We make the Fourier decomposition
in the angular coordinate:

e9]

X(R.0)= D" xn(R)exp(in), (8.9)

n=—0oo
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with x_, = x,. Then we recognize that the new phase factor exp(—ieRy)
multiplying ¥ap in Eq.(8.5) has the proper periodicity 27 in 6, and absorbs the
change of the vector potential without any physical effect.

The second element in one-body quantum mechanics is called the Berry (or
geometric) phase [6, 7], which generalizes the AB phase associated with the vector
potential. In general, nonzero phase may appear as a result of infinitely slow
(adiabatic) change of a system parameter that takes a loop trajectory in real or
hypothetical space. Specifically we consider a variant of the system in Fig. 8.1,
removing the confining potential along the ring but adding a smooth potential well
with the minimum at p. Let ¢/ (r — p) be the (real) wave function of the groundstate
with gap = 0. We assume that p is initially at p = (R, 0), and moves slowly along
the ring where the spread of ¥ (r — p) is much smaller than R. With ¢ap # 0, the
eigenfunction ¥, (r) is given by

Ypo(r) =exp |:iefr dr’ - A (r’)i| v(r—p), (8.10)
o

with the use of the gauge transformation. The integration path of r’ through [p, r]
does not make a loop around the flux so that v, (r) be single-valued.

Let us derive the phase factor acquired by v, (r) after the loop-wise move of p. It
is obvious that an infinitesimal move of p leads to the additional phase 86 in v, (r)
as given by

80 = —edp - A(p). 8.11)

Hence we obtain the net change A8 of the phase as
AD =e % dp-A(p) = 2na, (8.12)

where + depends on the direction of rotation. The result is the same as in Eq. (8.5),
except that the groundstate energy is now independent of «. On the other hand, if
the loop-wise move of p does not include the origin r = 0, there is no phase factor
acquired. The extra phase depends only on whether the path includes the origin, and
is independent of the details. Furthermore, the phase is independent of the potential
that makes vy (r — p) the groundstate. In this sense the extra phase characterizes the
topology of the surface S.

Accumulation of the phase factor along the loop integral may happen under more
general conditions. Let |y, ) be the groundstate of some Hamiltonian with A being
a slowly varying vector which generalizes the position p. The infinitesimal change
36 of the phase of |y ) is given by

d
86 = —ImIn{yn[rier) = —Im<%|alﬂx> 6L = Ap(}) - 81, (8.13)
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which defines the fictitious vector (Berry) potential Ag(L). We have here used the
property 6(yx|¥a) = O by the normalization of ¥,. The net change of 6 after the
move of A along the loop C is given by the Stokes theorem as

Af =7§ Ag(L) - dA = f V x Ag - dS, (8.14)
C S

where the surface S is enclosed by the loop C, and V x Agp is the fictitious magnetic
field. Note that A0 is independent of the gauge transformation of Ap as in Eq. (8.8).
In a general case of n-dimensional parameter A;, the terminology of differential
geometry [8] is properly used: each component Ag; of the n-dimensional Berry
potential is called the connection along the direction i, and the surface () integral
in Eq. (8.14) involves £2;; = d; Ag; — 0 Ap; which is called the Berry curvature.
It has thus become clear that the Berry phase is a proper generalization of the AB
phase. We discuss in the next section how the Berry phase is utilized in fractional
statistics of quasi-particles. The Berry phase appears in a variety of phenomena in
condensed matter [7].

As the third and final element in quantum mechanics, we survey the one-electron
problem in magnetic field B = (0, 0, B). Neglecting the spin degrees of freedom
for simplicity, the Hamiltonian of an electron confined in the two-dimensional plane
is given by

1 2 2
H=s-(ri+m}). (8.15)
where (1, my) = m = p + eA. Taking the vector potential in the symmetric gauge
such as A = B x r /2, we obtain the coordinate representation:

- A (8.16)
— + =Yy, Ty=-1—— —54xX, .
ox 2z dy 203

Ty = —1
where £p = /ch/eB is called the cyclotron radius, with /i and the light velocity ¢
written explicitly. We obtain the estimate £ ~ 81 A for B ~ 10 T.

It is convenient to introduce the operators

£ £
735 (nx + iny) , af 735 (rrx — irry) , (8.17)

a

which satisfy the bosonic commutation rule: [a, a'] = 1. Then the Hamiltonian is
rewritten as

. .1
H:<a‘a+§>hwc (8.18)
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with

h B
0o = —5 = (8.19)
miéy mc

The magnitude of fiw, is about 1 meV with B ~ 10 T. Since a'a is a non-negative
operator, the groundstate energy is given by %w./2. Hereafter we put i = ¢ = 1
again.

We next introduce the dimensionless complex coordinates z and z* by

1 . 1
- iy), = (x —iy), 8.20
z TP (x +1y) z TP (x —1y) (8.20)

which give the derivatives as

d g .0 ad a .9
—=dlp|——i—|, — =dp|—+i— ). (8.21)

0z dax ay az* ox ay

Then we obtain useful representations:
i ( + 9 ) i —|z)? 9 |z|? (8.22)
a=——|z =——e " —e*, .

V2 az* V2 az*

g . 0 > . 120 e
a'=— |7z ——|)=——F=e"" —e . 8.23
5 (5= ©29

From Eq. (8.22) we recognize that wave functions of the form

9@ = f@exp(—12?), (8.24)

with f(z) being any polynomial of z, give the groundstate energy w./2, since it is
annihilated by a, namely

a’alg) = 0. (8.25)

Thus we choose the unnormalized set of wave functions for the degenerate ground
state as

dn(@) = 2" exp (—12%) (8.26)

with m being non-negative integers.
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The functions ¢, form a complete set for the ground Landau level. The
degeneracy np per unit area increases with increasing B, which we now derive.
The maximum of | ¢, (z)|? corresponds to |z|> = m/2, and the width of the charge
distribution decreases as 1/4/m. Thus with m >> 1 the charge density takes the
circular shape with the diameter R, given by

R2 =20%m. (8.27)

Namely, the system with diameter Ry can accommodate N + 1 states from m = 0
to N. Thus the degeneracy per unit area is given by

N+l o 1
np=-——=——1+0(~). 8.28
PR, T i (N) (8.28)

We shall give another derivation later.

8.2 Fractional Charge in Two Dimensions

With these preliminaries of quantum mechanics in the previous section, we can now
proceed to many-electron systems. We begin with N non-interacting electrons in
strong magnetic field. The ground state with the most compact charge distribution
is given by the Slater determinant:

¢o(z1)  Po(z2) - Polzn)
W (21, 20, ... 2y) = det é1(z1)  ¢1(z2) - P1(zw) (8.29)

oN-1(z1) dn-1(22) - - dN-1(2N)

which is equivalent to

N
vi= [ @-zp[Texo(-1uP). (8.30)
i=1

1<i<j<N

Itis obvious that ¥1(z1, z2, - . ., Zn) 1s antisymmetric against interchange of any two
coordinates. Thus ¥ satisfies the basic property for fermions. In the thermodynamic
limit N — oo, ¥1(z1, 22, ..., zn) gives the fully occupied Landau level with the
electron density n = np.

Now we can turn to our primary interest: the system of N interacting electrons.
Experimentally, the Coulomb repulsion among electrons is the most relevant
interaction. However, we do not use the explicit form, and simply assume that the
relevant energy scale due to the interaction is much smaller than .. For FQHE
systems, Laughlin has constructed a simple but highly nontrivial trial wave function
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that takes advantage of repulsive interaction between electrons. The trial function
reads

N
W, (21,22, ...,2N) = l—[(zi —z;)! l_[exp (—|z,-|2) , (8.31)
i=1

i<j

with ¢ being odd integer. Evidently ¥, satisfies the antisymmetric property for
fermions. As compared with ¥, with the same N, electrons in ¥, with ¢ > 3
are more separate from one another.

There are a variety of ways to see that ¥, describes a state with 1/¢ occupation
of the ground Landau level in the thermodynamic limit. We shall use the analogy to
classical plasma [4], which also demonstrates the fractional charge most transpar-
ently. The analogy begins with the norm in the form:

(Y 1¥,) = /dZ1dzz~-~dzN exp(—BH,), (8.32)

1

SBH1, 22, 2w) = S zilP =g ) Iz -z (8.33)
i i<j

The quantity H, corresponds to the Hamiltonian of the two-dimensional classical
plasma at fictitious temperature 7 = 1/8. In the thermodynamic limit, only such
configuration that gives the minimum of B H, needs to be considered. The Coulomb
potential between two-dimensional particles with unit charge Q is given by

Q2
V2(Zi_Zj)=_§]n|Zi—Zj|, (8.34)

the derivation of which is discussed in Problem 8.1. Since V,(z; — z;) has the
dimension of energy, the dimension of Q is different from that of ordinary charge
in three-dimensional systems. On the other hand, the neutralizing background with
the charge density —Qp gives the harmonic potential as given by

Vi(zi) = Q%63 plzil*. (8.35)

Problem 8.1 also discusses how this potential comes out. The classical plasma
must be homogeneous in the thermodynamic limit. Otherwise the lack of charge
neutrality causes the logarithmically divergent potential to break up the system.
Comparison of V| and V, with Eq. (8.33) gives the correspondence

2 22
?q - ZQ_E 5= 0%¢%p. (8.36)



8.2 Fractional Charge in Two Dimensions 193

With the charge neutrality, which is necessary for the minimum energy, the electron
density is the same as p as given by

1
p=—5="E = unp. (8.37)
2w lypq q

Thus ¥, indeed corresponds to the occupation v = 1/g of the ground Landau level.
The special case g = 1 reproduces the degeneracy given by Eq. (8.28).
We proceed to discuss the fractional charge by modifying H. as

B B Y
5 Hen = EHC—Zlnm —w, (8.38)
i=1

which corresponds to inserting an external charge at w into the plasma. The
magnitude of the charge must be Q/q since the mutual interaction term in H, has
the coefficient g. The Hamiltonian H,y, is realized by the wave function:

N
Won(z1, 22, - avs w) = [ @ — wi¥yar, 22, zw). (8.39)
i=1

Thus ¥, describes an excited state with a fractionally charged (= ¢/q) entity at
w, which is called the quasi-hole. In the special case w = 0, it is obvious that
W, n is expanded a little more than ¥, due to the increase by N of the total angular
momentum. Thus the overall density is less than that of ¥, by O(1/N).

Similarly, we can modify H, in another way as

Hep =

SR Re)

,3 N
EHC~|—ZI:1n|zi —wl, (8.40)
iz

which amounts to inserting an external fractional (1/g) charge with the sign opposite
from that of N particles. In the special case w = 0, the associated factor

exp (— Zlnz,) = l_[zl-_l (8.41)

is reflected in the corresponding wave function ¥, as reduction of the power of each
z; in the polynomial part of ¥, . However, any negative power should not appear in
the final result. Thus the reduction is accomplished by d/dz; rather than by 1/z;.
Namely, we obtain

N N
)
Wyp(z1, 22, .-+, zv; w = 0) = exp <— > |Zi|2> [1 2k [TG—2)"
i=1 k=1 i

i<j

(8.42)
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Since the derivatives decrease the total angular momentum by N from that of ¥,
the overall density of electrons increases by O(1/N). The change is ascribed to the
fractionally charged quasi-electron at the origin w = 0. In a similar manner, the
case with w # 0 can be treated with a little more complication [4].

The plasma analogy makes it clear how the charge of a quasi-particle acquires
a fractional magnitude. We now ask how the quasi-particle affects the phase of the
wave function. It is convenient to consider the case with two quasi-particles. We
derive the change of the phase of wave function after one of them encircles the other.
The resultant change corresponds to the Berry phase, and the half of the change,
which corresponds to the interchange of quasi-particles, describes their statistics.
Namely, they are regarded as bosons if there is no change, and as fermions if the
sign reverses. It is convenient to allow for different species of quasi-particles with
the wave function:

N
Wohp (21, 22, o ans w, 0) = [ [ @ — w) @i — )P 1,22, ., 20)  (8.43)

i=1

with p being an integer. If we set p = 1, Y 1 describes a state with two identical
holes present, and ¥, with p = g describes another state with a hole at v and an
extra electron present at v. Although ¥, is symmetric against interchange of w and
v, this does not mean their bosonic property since w and v are just parameters in the
N-electron system. On the other hand, the Berry phase as a result of adiabatic move
w and/or v reflects the property of quasi-particles in the system with N electrons.

We shall inspect evolution of the phase of ¥, as w encircles adiabatically
around the origin with radius R (3> £p) [9]. Let us consider the two cases: (1)
[v] > R, and (2) |v|] < R with resulting phase changes 6 and 6,. We regard
Af = 61 — 6, as the Berry phase of the hole in the presence of another object
at v. Thus A6/2 corresponds to the interchange of two objects at w and v. The
manipulation of closed loop encircling or avoiding the other object is in line with
derivation of the Berry phase in Sect. 8.1. In the present case, however, it is essential
that we integrate over the position z; of a large number of electrons.

In the case (1), the factor (z; — v)? ~ (—v)? influences only normalization, and
we may take ¥,p, in Eq. (8.39) in considering the variation of w = Re!?. Since the
norm (¥,n|¥,n) does not change by d¢, we may use the unnormalized form for
variation. Thus according to Eq. (8.13) we need to evaluate

—1
80] = ———Im(W,u|8W,p). (8.44)
<"pqh|q’qh> 1 1

Using the relation

§InWyn = 8ln(z; — w), (8.45)

1
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we obtain

1
86, =——fdzl,...,dzN|lI/ hPIms ) In(z; — w)
(Wyn|¥gn) ! Z l

_ f dzp(2)Im 8 In(z — w). (8.46)

where we have used the electron density:

p(z)z/dzl,..., gl Z(S(z (8.47)

qh | th

As w encircles the contour with radius R, only the region |z| < R contributes to
fdwlmln(z — w) # 0. In this region we have p(z) = pg = v/(ZnE%) in the
thermodynamic limit N — oco. We thus obtain the simple result

2
0 = po/ dz/ d(argw) = 2w Ng (8.48)
lzI<R 0

with Ng = por R? = v(R/£p)>.
In the case (2), we use Wy, with v = 0 for evaluation of 6. By similar reasoning
to the case of (1) we obtain

86y = — / dzpp(2)IméIn(z — w), (8.49)
|Wynpl?
o (Z)=/d11,-..,dz — P N5z —2z). (8.50)
? N W (W) l

The density p,(z) includes a deficit region due to the factor []; (z; — v)? in ¥yp.
As a result the integration gives

/ dzpp(z) = Ng — P_ Ngr — pv. (8.51)
|zI<R q

The case p = g gives Ng — 1 in the RHS, which is understood naturally, since
the object at v has the same role as electrons but is not counted as such. In another
case p = 1 the deficit of the density is less than the case p = ¢ (>3), and gives
the fractional statistics. In fact, the phase that amounts to exchange of two identical
holes is given by

%(91 —0) = 7. (8.52)
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Actually, the sign reverses depending on the direction of rotation in the exchange.
The complete filling with v = 1 recovers the Fermi statistics. Otherwise, the
statistics is neither Fermi nor Bose, but fractional.

We may consider the move of v, instead of w, along the circle with radius R.
Correspondingly we derive the phase 63 for the case |w| > R, and another phase 64
where |w| < R. Following the procedure parallel to the previous cases (1) and (2),
we obtain

0 = — / dzp(z)Im In(z — v)? = 27pNp, (8.53)
04 = — / dzp1 (2)Im In(z — v)? =27p <NR - l) , (8.54)
q

where the electron density p;(z) includes a deficit region due to the factor [ [, (z; —
w) in ¥. Thus we obtain with p = 1

1
3 (03 —04) =mp/q =7V, (8.55)

which is the same as the result in Eq. (8.52). The equivalence persists even if p # 1.
Since the exchange of two objects gives identical results whether w or v makes
a move, the exchange statistics is well defined. In the special case of p = 1, the
fractional statistics of quasi-holes is characterized by v = 1/4.

As presented above, the wave functions constructed by Laughlin have convinc-
ingly demonstrated the emergence of fractional charge and exotic statistics. In
this scheme, however, it is difficult to analyze effects of finite temperature, and
dynamical property of the system exhibiting the FQHE. We shall thus turn to a
one-dimensional system where fractional particles also emerge. The great advantage
of the one-dimensional system is that exact analytic solution is available not only
for thermodynamics but also for dynamics [10]. We shall see that the mechanism
for the fractional charge shares something in common with the FQHE system, but
there are also different aspects. Especially there is no symmetry between quasi-holes
and quasi-electrons in the one-dimensional system as described in detail below.
Comparison of both systems will give deeper insight into such non-perturbative
effects as charge fractionalization.

8.3 Sutherland Model and Its Exact Eigenvalues

In the rest of this chapter we consider mostly a one-dimensional system of spinless
N particles. We take the Hamiltonian:

2 2 _
PR L N C e R (8.56)
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where x; is the coordinate of i-th particle, and L is the length of the system with the
periodic boundary condition. The denominator in the interaction term corresponds
to the chord distance squared for a ring with circumference L, and behaves as r2
for the interparticle distance r = |x; — x;| with /L < 1. The coupling parameter
A is taken to be a positive integer for simplicity. We have taken units such that all
variables are dimensionless. This model is known as the Sutherland model [11],
which realizes fractionally charged quasi-particles in its exact solution. The model
may appear very special because of its interaction form. In fact, the Sutherland
model corresponds to the fixed point model in the sense of renormalization toward
a non-Fermi liquid ground state. In other words, the model includes the Tomonaga—
Luttinger liquid for density excitations in the limit of long wavelength.
We take the following form of N-particle wave function:

Wexr, 2, ... xy) = [ [ sin® M (8.57)
j<k

which turns out to describe the ground state of Eq. (8.56). With an odd number for
A, the wave function is antisymmetric against exchange of two coordinates, which
corresponds to the property of fermions. In the particular case of A = 1, ¥, reduces
to the Slater determinant for free fermions, which is consistent with the vanishing
interaction A(A — 1) = 0 in Eq. (8.56). The reduction to the Slater determinant is the
subject of Problem 8.2. On the other hand, with an even integer for A, the exchange
of two coordinates in ¥y (x1, X2, . .., xn) leaves the wave function invariant, which
corresponds to the property of bosons.

We now demonstrate that Eq. (8.57) describes the ground state of Eq. (8.56) for
any positive value of A. The argument is actually not restricted to the case of integer
A, provided the power of the sine function is well-defined. We first take the derivative
of ¥, to obtain

d AT T(x;i — Xx;

lpg — — CO (]—l)

an — L L
i(#))

. (8.58)

Further derivative ¥ leads to the result

2
L\ | N 52 5 al T(x; —xj)
() o S| T o™
i=1 i i=1 | ji)
_Azsinﬂw (8.59)
L ’ '

i#]
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where the first summand in the RHS is separated into the two-site contribution

n rr —X;
> ot = = "sin 7 (i~ xj) —N(N -1, (8.60)
i#j i#]
and the three-site one

Z Z Z cot T (xiL_ xj) cot il (xiL_ xk). (8.61)

i JEED) kL)

Surprisingly, Eq. (8.61) gives a constant N(N — 1)(N — 2)/3 independent of the
coordinates! This fact results from the identity

cot(ij) cot(ik) + cot(ji) cot(jk) + cot(ki) cot(kj) = —1, (8.62)
with the abbreviated notation: cot(ij) = cot [ (x; — x;) /L]. The proof of this

identity is the subject of Problem 8.3. Consequently, the RHS of Eq. (8.59) is given
by

72 20— 1)
(Z> ; sin? [ (xi —xj) /L] ~ Eow, (8.63)

where the first term corresponds to the interaction term in H given by Eq. (8.56),
while the constant

Eon = (mA/L)> N(N? = 1)/3 (8.64)

gives the eigenenergy associated with ¥,. Thus by arranging terms in Eq. (8.59)
we obtain HW¥, = Eg nY¥;. We shall show later that Eg y is indeed the lowest
eigenvalue of H.

In addition to the ground state energy, we can derive all eigenenergies of the
Sutherland model without much effort. For this purpose we take any eigenfunction
¥ in the form ¥ = W,®. Then we consider a new Schrodinger equation
for @(x1,...,xy) with the condition that @(xi,...,xy) be invariant against
interchange of coordinates. For an odd integer A, this construction makes ¥
antisymmetric against coordinate exchange, as an inheritance from ¥y. Thus ¥
is capable of describing identical fermions. From the original eigenvalue equation
HY;® = EW, P, we obtain a new equation for @ as

Z Z 272 M ) (E — Eon) @. (8.65)

Bx,-



8.3 Sutherland Model and Its Exact Eigenvalues 199

In the following we make extensive use of the complex coordinate z; =
exp(2mix; /L), which leads to the following expressions:

0 2mwiz; 0 T(x; —x; u+zi
_ 2miz; cot (X1 j)=1z1 a4

oxj L 9z L 21—

(8.66)

In the solution of Problem 8.2, Eq.(8.128) utilizes the complex coordinates. The
Hamiltonian can also be represented in terms of z;. Namely, Eq.(8.65) can be
written as

(h(“ + xh@) o =Eo, (8.67)

with & = [L/(27)1* (E — Eo,n) and

3 \? zi+2j 0 0
D — (Z_> , h? = <¥> (z»— - z-—) : 8.68
lZ "9z ; i —Zj Y9z oz (8.65)

Note that #(12) are not Hermitian, but &z = 7D +A1h@ have real eigenvalues because
the original Hamiltonian is Hermitian. The transformation H — h = lI/g_l HY, is
an example of similarity transformations which are not necessarily unitary, but keep
the eigenvalues of H.

Let us proceed to derive all eigenenergies. We begin with the two-body (N =
2) problem in order to understand the strategy which is valid for any value of N.
Consider the symmetrized function @ (z1, z2) = z}'z5> + 225" By operating 1
upon @ we immediately obtain the eigenvalue /c12 + /c22. We next operate 4®) upon
@. The result is 0 in the case of k1 = k7, while in the case of k; > k7, we obtain the
following result:

at 9 8) K1 K2 K2 K1
N— 22— &2 +27°2
(==2)( o) @+ )

21— 22 921
z1+ 22

= (k1 — k2) (2Y'25? — 2%25")
21— 22

= (k1 —k2) (z1 +22) (297122 + - 4 20!
1 % 122

= (k1 — K2) (lengz + 22’1(1_lz§2+1 44 2Z’1‘2+1Zgl—1 + le(zzgl) )
(8.69)

It is clear from Eq. (8.69) that application of & keeps the degree k = k1 + k2 of
homogeneous polynomials in z; and z. Then the set of homogeneous polynomials
is arranged into the decreasing order of the maximum power of zj. Namely, we
obtain @ = z{ + 25, &2 = z’f_lzz + zlzg_l,... and so on. Here we do not
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care about normalization of &;. With this definition of the basis set, the result
hD £ A, is expressed as a linear combination of @; with j > i. This means
that the Hamiltonian matrix with this ordered basis has a triangular form with zero
components in the lower triangular part. Since the eigenvalues of a triangular matrix
are exhausted by its diagonal elements, we obtain

E(k1, k2) = k7 4 k3 4 A1 — k2] (8.70)

for the two-body eigenvalues. Here the condition k1 > k> is no longer necessary
because of the absolute value.

For the N-body wave function @ (z1, z2, ..., zy) with the total momentum «,
we take the same ordering of the homogeneous polynomials. Namely, in the set
(k1,K2,...,ky) With k = Zi ki, the first priority is a larger value of k. If this is
the same in the two polynomials, the second priority is a larger value of «, and so
on. In this way the set of basis functions are generated. For example, we obtain

-1
D) = sz D) = sz Zj,
i

i#j

3= 273 Py= Y Tz ®8.71)
i i)kt

Note that #? acts on a pair of coordinates, say z;, z;. Then application on @; results
in the diagonal element |«; — « ;| and a linear combination of @, with m > [. Hence
the Hamiltonian is upper triangular, and the eigenvalues are given by its diagonal
elements, just as in the case of N = 2. Thus Eq. (8.70) is generalized as

N A N
g(Kl,...,xN)=ZK§+§Z liei — ] - (8.72)
i=1 i j=1

In this way we have obtained all eigenenergies of the N-particle system. The
ground state energy is given by £(0, 0, ..., 0) = 0 which corresponds to Eq. (8.64).
The interaction effect enters only in the diagonal element in Eq.(8.72), which
may look like the mean field theory. Nevertheless, the present result is exact. It
is remarkable that a many-body problem can be solved exactly in such a simple
manner. The eigenfunctions can also be derived exactly with a little more effort. We
have already derived the ground state in Eq. (8.57) which corresponds to @ = 1. It
is known that the excited states with nontrivial @ are derived in the form called the
Jack polynomials [10].
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8.4 Rapidity of Quasi-Particles

We shall show in this section that the A-dependent interaction term in Eq. (8.72) is
absorbed into the new quantity called the rapidity, which in the present case refers to
a modification of the momentum. Explicit construction of the rapidity is the subject
of Problem 8.4. Namely, in terms of the rapidity, all eigenvalues are expressed as
the sum of free quasi-particle energies. To proceed we first utilize the following
relation:

Z(K, —IC/)—Z(N-l-l—Zl)K,, (8.73)

l<]

the proof of which is also the subject of Problem 8.4. Then Eq. (8.72) is rewritten as

€= ﬁ: [F a0 +1 =200 ] =Y (&2 - #%) (8.74)

i=1 i=1

where we have introduced the rapidity «; by
- A . - A ;
Ki=Ki+5(N+1—21), Ki,o=§(N+1—21), (8.75)

with k; o relevant to the ground state. It is remarkable that Eq. (8.74) has the form
of difference between k; 2 and i? i o both of which represent energies of free particles.
The ground state has £ = 0 Wthh corresponds to k; = k; o, or equivalently x; = 0
for all i. In the special case with A = 1, the rapidity «; is the same as that of free
fermions.

Alternative representation of the rapidity is given by

Ri=ui+ = Z sgn (R — &) (8.76)
/(;ﬁt)
because of the relation
i—1 N
Yosen(®i—kj) =D (-D+ Y. (+H=N-2i+1. (8.77)
JGED j=1 j=i+l

The form of Eq. (8.76) will be used conveniently in Sect. 8.6.
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The quantity p; = 2wk;/L has the dimension of momentum, and is also called
the rapidity. The main motivation to introduce p; is to use it as a continuous variable
in the thermodynamic limit L — oo. Then the total energy E as defined by E —
Eo.n = (2m/L)E is given for a general value of A by

N N
E=Y Q@nii/LY =) p}. (8.78)

i=1 i=1

Thus the rapidity p; (or ;) has the meaning of renormalized momentum including
the interaction effect. Problem 8.4 deals with derivation of Eq. (8.78).

Figure 8.2 illustrates the distribution of x; in the case of A = 2 and N = 5.
The ground state is shown in (a) with k1 = 4,k = 2,...,k5 = —4. Thus the
quasi-particles with A = 2 have an exclusion property stronger than that of free
fermions (A = 1) where the rapidity takes successive integers. On the other hand,
in an excited state shown in (b), k1 has increased to 6 from 4. We regard this as a
particle excitation, where k; can take any integer larger than 4. In another excited
state shown in (c), both 1 and k7 have increased by 1 from the ground state. As a
result, the difference ko — k3 = 3 is larger than the minimum difference 2, which
is the case for all the other momenta. Such state is called a hole. More generally, a
hole is present at &; if all K;’s with j < i have increased by 1.

@ 000000 eoOeoveovoo

particle

B 000000 eoveovoooeo

€0 O00000e0eo0eoveouo

hole

Fig. 8.2 Distributions of x; for N = 5, A = 2. Filled circles represent occupied states, while the
vacant ones are empty states. The center corresponds to the value k; = 0. (a) the ground state; (b)
a particle excitation with the rapidity k = 6; (c) a hole excitation whose location is between k2
and K3
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In terms of the distribution function v(x) for the momentum «, the excitation energy
of Eq. (8.72) is written as

2
AE[v] = (%”) [Z K2v(Kk) + % ZZ e — &'| V() (K/)} . (8.79)

Thermodynamics is derived by combining the entropy of the system. Let G be the
number of one-particle states in a given many-particle system. A block « in the
momentum space contains G, single-particle states specified by «;, and we assume
1 € G4 < G. The contribution to energy from each block is accounted for by a
representative value «,, inside the block. Then the averaged distribution function is
defined by

Ny
To = Na= > i) (8.80)

o Kea

The excitation energy is rewritten as the sum of block contributions as

_ 27\ 2 A
AE = (T) |:ZK§N01+§ZZ|K& _Kot/|NotNoz’:|- (8.81)
o o o

With this setting we derive the number of states W, in each block assuming
bosonic particles. Since identical bosons have no restriction on occupation of ky
inside the block, we obtain

_ (Ga +N(1 B 1)'

Wa .
(Go — DING!

(8.82)

The entropy S of the whole system is the sum of block contributions. Using the
Stirling formula In M! ~ M In M for a large number M, we obtain the standard
formula for bosons:

S = Z [(Je + DIn (By + 1) — Vg In Ty ] Ga, (8.83)

which will be extended later to general statistics. Combining with the internal energy
given by Eq. (8.81) we can derive the free energy F' = E — T'S. It turns out that the
thermodynamic potential 2 = E — T'S — uN is more convenient for applying the
variational (stationary) condition to determine v (k).
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In the thermodynamic limit N — oo, the block quantities such as 2wk, /L —
k, 2nGy/L — dk, vy, — v(k) are regarded as continuous variables. Then the
thermodynamic potential is given by

i/ L —7*2%n?/3
1 oo )\‘ o o
= —/ dk (k* — wv(k) + —/ dk/ dk’ |k — K'v(k)v(k')
27 J_ o 4 J_o oo
T oo
- —/ dk[(wk) + D In(v(k) + 1) — v(k) Inv(k)], (8.84)
27 J_ o
where the second term in the LHS is the contribution from the ground state. The

density n is given by
dk
= | —v(k).
" /271 V(&)

The equilibrium distribution function v (k) is determined by the stationary condition
for §2, which requires §§2/5v(k) = 0. The solution is given by

v(k) = {exp[Ek) — ) /T] =1}, (8.85)
Ek) = k> + /oo dk' |k — K| v (K) . (8.86)

Equation (8.85) takes the form of the Bose distribution. However, the energy € (k)
includes the interaction effect, and is determined self-consistently by Eq. (8.86).
Hence we regard € (k) as an effective one-particle energy analogous to the quasi-
particle energy in the Fermi liquid theory. We emphasize that the present scheme
is exact for all energies, which is in contrast with the Fermi liquid theory. In this
way, thermodynamic quantities can in principle be derived. Actually, the treatment
is much more simplified with the idea of exclusion statistics which is explained in
the next section.

8.6 Exclusion Statistics

We have indexed the neighboring momenta as k; > k1. As a result the rapidities
K; are constrained as

Ki —Kiy1 =Ki —Kit1 +A > A (8.87)

This restriction is regarded as a generalization of the Pauli exclusion principle,
and is called the exclusion statistics [12]. We note here the difference from the
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exchange statistics including the fractional one as discussed in Sect. 8.2. In one-
dimensional system, any spatial exchange avoiding the collision is not possible.
Hence the statistics on this basis does not have a meaning, in contrast with higher
dimensions. Hence the distinction including the one between ideal Fermi and Bose
particles is made most naturally in terms of the degree of exclusion.

From now on we use another notation of the rapidity p; = 2mk;/L and the
momentum k; = 2mk; /L, both of which are regarded as continuous variables. Then
Eq. (8.76) is written as

TA
pi=ki+ .(;) sen(pi — pj)- (8.88)
J(F

We introduce the rapidity distribution function by
=23 50— p) (8.89)
p(p) = L 2 P — Ppi)- .
]
Then Eq. (8.88) can also be expressed as

A
pi=ki+3 f dp'sgn (pi — p') p (P') - (8.90)
Using the relation
p(p)dp = v(k)dk = 2n/L)dN, (8.91)

we take the p-derivative of both sides of Eq. (8.90) to obtain

dk p(p)
l=—+2X =——=+A , 8.92
ap + Ao (p) (0 +1p(p) (8.92)
which is equivalently written as
p(p) M = vk +a (8.93)

By use of Eq. (8.93), v(k) and p(p) are expressed in terms of each other as

p(p) v

v(k) = p(p) = Tl

__rw 8.94
=200 (899

Making use of the rapidity distribution function, the energy is given in the free-
particle form:

_ 2 _ d_P 2
E—lZpl- —sznp p(p). (8.95)
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Furthermore the entropy derived in Eq. (8.83) is equivalently written as
S=L —[(e+p*)In(p+p*) —plnp—p*Inp*], (8.96)
o0 2T
where the argument p has been omitted in the integrand, and p* is given by

p =1-2xp, (8.97)

which has the meaning of the hole distribution function. Derivation of Eq. (8.96),
starting from Eq. (8.83) for bosons, is the subject of Problem 8.5. In the special case
A = 1, we obtain p* = 1 — p, and the entropy reduces to that of fermions.

It is possible to formulate the exclusion statistics in a way independent of a
particular model. We use G defined as the number of one-particle states in a given
many-particle system. We consider the influence of occupation of certain states on
further occupation of particles. The number of available states is written as D. In the
case of bosons, any occupation does not influence D, so that we have D = G. For
fermions, the available number D under m occupied states is givenby D = G —m
according to the Pauli principle. Hence in the N-particle systems, the available
number for the N-th particle is given by

D— { G (bosons), (8.98)

G — N + 1 (fermions).

These relations can be expressed in a unified manner with the use of a statistical
parameter g as

AD = —gAN, (8.99)

where the change AD of available states is proportional to the change AN of the
particles. The bosons have g = 0, while fermions have g = 1. In the Sutherland
model, the exclusion statistics with g = A is realized. Here we extend the range of
g to be any non-negative number.

Let us proceed to determine the entropy associated with exclusion statistics. We
consider a block « in the rapidity space which contains many (G, >> 1) rapidities,
but G is still much smaller than the number G of the whole system. We have
used similar idea to derive the bosonic entropy working in the momentum space
with the use of v(k) as in Eq.(8.80). We now prefer rapidity to momentum and
accordingly use p(p). The contribution to energy from each block is accounted
for by a representative value of rapidities inside the block. Then the averaged
distribution function py is defined by

Ne
pa=7"0 Na=) p(p). (8.100)
o

pea
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We define the hole distribution function p}; by

* DO!

Po = G_ =1—gpa, (8.101)
o

with use of Eq. (8.99). It is consistent with Eq. (8.97) defined from a different route
for g = A. The number of states W,, in each block is given by

_ (Doz +N()t - 1)'

W, = D DIV = exp(Sa), (8.102)

where S, is the entropy of the block. The entropy S of the whole system is the sum
of block contributions. Using the Stirling formula we obtain the result

S=Y Gal(pa+p5)In (oo + p}) = potnpo — pi 0 p%] (8.103)

o

which is consistent with Eq. (8.96) obtained for a specific model.

8.7 Thermodynamics with Exclusion Statistics

We now derive thermodynamics with exclusion statistics without referring to a
specific Hamiltonian such as the Sutherland model. The thermodynamic potential
£2 of free particles with the statistical parameter g is given by

(9 [T 9P * ") - — p*Inp*
Q/L—fzn(e 1P T/_oo27r [(p+p")In(p+p*) = plnp — p*Inp*],
(8.104)

with p* = 1 — gp. In the Sutherland model, the corresponding parameters are given
bye = p?and g = A.

The distribution function p(p) is determined by the stationary condition
882 /8p(p) = 0, which leads to

_ -1y _ €T H
In(1+ w) gln(l—l—w )_ — (8.105)
with w = p*/p. Equation (8.105) is also written as

exple —p) /T]=ws (1 +w)' 4. (8.106)

The distribution functions are expressed in terms of w and g as

p=1/(w+g), p*=w/(w+g), (8.107)
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with use of p* = 1 — gp. Then £2 is compactly written as
dp -1
Q/L=-T 2—ln[1+w ] (8.108)
g

Let us check Eq. (8.108) for some special cases. In the case g = 0, Eq. (8.106)
gives

w=expl(e —n)/T]—1, (8.109)

which leads to the bosonic distribution function

1
_ oot =1 8.110
= sple—m/m1—1" ° (6110

and the thermodynamic potential

.Q:T/;l—gln[l—exp[—(e—,u)/T]]. (8.111)

In another special case g = 1, we use the relation w = exp[(e — ) /T]. Then
Eq. (8.106) leads to

1 1
_ o 8.112
P aple—w/m+1 ° (®.112)

T expl—(e— ) /TI+ 1

and
dp
.{2:—T/EIn[1+exp[—(e—M)/T], (8.113)

which obviously describes free fermions.

For other special cases of g = 1/2 and 2, we can derive w as the solution
of the quadratic equation. Moreover, these particular cases exhibit some typical
characteristics of the exclusion statistics. With g = 2, we obtain the solution of
Eq. (8.106) as

1 1
w = 5e<€*“>/T [1 +V1+ 4e*(€*ﬂ)/T:| = Ee(““)” (1+Ry), (8.114)

Gl o L (8.115)
p=3 &) P TR :

Note that the restriction p < 1/2 with Ry > 1 is stronger than the restriction
p < 1 for fermions. In this sense such particles with g > 1 are sometimes called
ultrafermions.
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On the other hand, with g = 1/2 we obtain from Eq. (8.106)

1 STt ae it = L
_Ire /T =1 .
w 2[ 1+ V1 +4e ] S (-14R), (8.116)
p=2/R, p*=1—1/R. (8.117)

Now the restriction p < 2 with R > 1 is weaker than p < 1 for fermions. Hence
these particles with g = 1/2 have an exclusion property between fermions and
bosons. They are sometimes called semions.

For general values of g, it is hard to obtain distribution functions in a closed form.
However, there is a remarkable correspondence between p and p* as

p—gp*, w—1l/w, g—1/g, e—pu— —(e—pn)g, (8.118)

which may be called the particle-hole duality. The derivation is the subject of
Problem 8.6.

8.8 Quasi-Particles and Quasi-Holes in Thermodynamics

We shall gain another insight into the quasi-particle picture with exclusion statistics.
It is convenient to introduce the quantity pg by analogy with the Fermi momentum.
The distribution functions at 7 = 0 are given by

{p<p> =1/g. p*(p) =0, (Ip| < pr = n'1?) (8.119)

p(p) =0, p*(p) =1, (pl> pp)
which are step functions like those of particles and holes with the Fermi statistics.
The chemical potential is related to the density by u = p% = (nng)?.

The particle and hole excitations correspond to |p| > pr and |p| < pF,
respectively. Accordingly for general temperature we introduce the parameters as

wp = w, (for|p| > pp), wp= wl, (for | p| < pp). (8.120)

Then Eq. (8.105) is rewritten as

& (p)/T = (p2 _ M) /T =log (1 +wy) — gplog (1 n w;‘) : (8.121)

en(p)/T = (u - pz) /(gT) =log (1 + wy) — gnlog (1 + wg‘) , (8.122)
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where we have distinguished exclusion properties of particles and holes by defining
gp = g and gn = 1/g. Using Egs. (8.121) and (8.122), we write §2 as

Q d T d
LA / —pln(1+w;1)——/ —pln(1+w;1), (8.123)
L Ipl>pr 270 g Jipl<pr 2m

where the first term in the RHS represents particle excitations, while the second
term represents hole excitations. It is instructive to compare with Eq. (8.108) which
does not divide the rapidity regions at pp. In Eq. (8.123), the hole part has the factor
1/g which reflects the scaling of rapidities.

We next derive the effective charge of particles and holes. This is simply achieved
by looking at the coefficient to the chemical potential . The effective charge e,
of a particle excitation is e, = 1 independent of the statistical parameter, since
the coefficient of €, is always —1. On the other hand, the coefficient of ey, is 1/g,
which implies the effective charge e, = —1/g for holes. This result generalizes the
particle—hole symmetry for g = 1 for fermions. Namely, with an integer g # 1, the
corresponding holes have a fractional charge.

In closing this chapter, we summarize the main difference between the Suther-
land model and the FQHE systems in two dimensions. In the Sutherland model,
and more generally in systems with exclusion statistics, there is duality between
particles and holes, but no particle-hole symmetry. The absence is easily understood
from the parabolic single-particle spectrum that has no particle-hole symmetry. On
the contrary, in the FQHE systems, quasi-particles obey the fractional exchange
statistics, where the phase of the wave function by the interchange of two quasi-
particles changes by +m /g, rather than +m for electrons. The quasi-electrons
and quasi-holes in Laughlin wave functions have the same fractional charge with
magnitude e/q, which is not the case in exclusion statistics. This particle—hole
symmetry is associated with the absence of kinetic energy in the ground Landau
level. Provided higher Landau levels can be neglected, the ground Landau level has
the particle-hole symmetry in the form of complete degeneracy.

From another viewpoint, one can compare construction of wave functions in
the excited states with only quasi-particles or only quasi-holes. We have seen that
constructions for quasi-holes are similar in both FQHE and Sutherland systems,
as given in Egs. (8.39) and ®,® in p. 198, respectively. However, for the particle
excitation in the Sutherland model, there is no construction like Eq. (8.42). Namely,
both particle and hole excitations are described in the form ®,®. Hence fractional
statistics is a kind of family where each member has something in common, but also
has a distinct character.

Problems

8.1 Using the Gauss law for two-dimensional systems, derive Egs. (8.34)
and (8.35).

8.2 Show that Eq. (8.57) describes the Slater determinant in the case of A = 1.
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8.3 Prove the identity involving cotangent functions as given by Eq. (8.62).

8.4 Prove the rapidity relation given by Eq. (8.73). With the use of this relation,
show that the ground state energy is given by Eq. (8.78), as the sum of free quasi-
particle contributions.

8.5 Derive the entropy given by Eq. (8.96) starting from the expression in Eq. (8.84)
for bosons.

8.6 Express the duality relation between the distribution functions p and p* for a
general value of g.

Solutions to Problems

Problem 8.1
With the unit charge Q at the origin, the electric field E (r) at r is pointing radially
and its magnitude depends only on » = |r|. Hence the Gauss law takes the form:

2nrE(r) = 0, (8.124)

where we have chosen the unit so that the coefficient in the RHS does not involve
. We obtain the scalar potential ¢ () as

T a

o(r) = —frdrE(r) = 2Q In (5) (8.125)

where a is the length at which ¢(r) = 0. Choosing a = 2¢, we obtain V; given by
Eq. (8.34).

To obtain the potential due to the neutralizing background with homogeneous
charge density —p Q, we consider the integrated charge inside the circle with radius
r. Then the Gauss law gives

20rE(r) = —nr’p Q. (8.126)

The potential now is given by

o) =— /r drE(r) = g,orz. (8.127)
0 4

Putting r = 2 |z| we obtain Vj in Eq. (8.35).

Problem 8.2
It is convenient to introduce the complex coordinate z; = exp(2mwix;/L), which
maps the original coordinate x; to a point z; on the unit circle in the complex plane.
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The periodic boundary condition is now built in. Using the expression

. 1
sin[7 (xj —x) /L] = % (zj — 1), (8.128)
the wave function is rewritten as
Wy = Q)N DT T (@ — ) (8.129)
J j<k

In the case of A = 1, the product of z; —z; reduces to the Vandermonde determinant.

With a shift of the total momentum by [ | j Z;N(N_l), the determinant is equivalent
to the Slater determinant where the plane-wave states are occupied up to the Fermi

momentum.

Problem 8.3
The identity is equivalent to another expression

cotacot B+ cotfBcoty 4+ coty cotor = 1 (8.130)

with o + 8 + y = 0. The two terms on the LHS sum up into

1 — cota coty

(cota + coty) cot B = (cota 4 coty) (8.131)

cotar +coty

where the addition formula for the cotangent function is used together with 8 =
—a — y. By factoring out cot @ + cot y, we obtain Eq. (8.130).

Problem 8.4

In the LHS of Eq. (8.73), the number of times for «; to appear with the plus sign is
N — i, from k; — ki1 to k; — k for any i. On the other hand, the negative sign
for k; appears i — 1 times, from k1 — k; to kj—1 — k;. By combining both cases we
obtain the number N —i — (i — 1) = N + 1 — 2i for the coefficient in the RHS of
Eq. (8.73). The same argument applies to Eq. (8.77). We then use the formula

Y N +1 _2 N
;( 2 _l> :E(Nz_l)’ (8.132)

which corresponds to the summation of Efo. With multiplication of (277/L)? and
shifting the origin of energy by Eo y we recover Eq. (8.78).
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Note that the rapidity p and the momentum k in the thermodynamic limit are
related by

_ 10e(k)
T2 9k

p (8.133)

(k) :k2+A/dk’|k—k’|v(k’), (8.134)

which shows the character of p as the velocity of a quasi-particle.

Problem 8.5
In order to eliminate v in favor of p, we find it most convenient to use Eq. (8.93).
As a preliminary we arrange the bosonic entropy as

(v+1)1n(v+1)—vlnv:v[(l-i—l)ln(l—i-l) —llnl]. (8.135)
v vV vV vV

Furthermore the factor dk/dp = p(p)/v(k) enters through the change k — p of
the integration variable. As a result, the first factor v in Eq. (8.135) is replaced by p.
Then we use the relation v(k) ™! = p(p)~' —g repeatedly, and use p* = 1—gp after
all v’s are eliminated. In this way we obtain Eq. (8.96) after a little rearrangement
of terms.

Problem 8.6
We rewrite the relation of distribution functions so that the particles and holes
exchange their roles. Dividing both sides of Eq. (8.105) by —g, we obtain

€—
gT

=g 'nw! +(1 —g*‘)ln (1+w*‘). (8.136)

Furthermore Eq. (8.107) leads to the relation

* gw 1
= = ) 8.137
8= v ( )
Hence we recognize the correspondence
p—>gp*, w—1l/w, g—1/g, e—pu— —(e—w/g (8.138)

between the particles and holes in their distribution functions. Equivalently this
relation is summarized as

€— U 1 nw—e 1
p* (—; g) =-—p (—; —> , (8.139)
T g gT g

as a kind of duality.
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Chapter 9 ®
Many-Body Perturbation Theory Qs

Abstract This chapter deals with the field theoretical method to many-body
systems, especially the path-integral formalism for fermions with use of Grassmann
numbers. Green function appears as a natural element in Feynman diagram that
represents a group of terms in many-body perturbation theory. The graphical method
appeals to intuition, and is convenient to reorganize the perturbation series to infinite
order. The discussion in this chapter is rather technical, but is most useful in
understanding physical concepts including the dynamical mean field theory to be
explained in the next chapter.

9.1 Grassmann Numbers

We have discussed the coherent state already in Chap.5 as a superposition of
states with different number n of bosonic particles. The phase factor exp(inf) in
superposition has the fixed phase 6, while n taking positive integers. As shown in
Eq. (5.4), the coherent state is the eigenstate of the annihilation operator that changes
the particle number n to n — 1. Likewise, we can construct the fermionic coherent
state by superposition of occupation numbers 0 and 1 for each state. The resultant
state is very convenient for dealing with many fermion states.

It is necessary to introduce a special quantity called the Grassmann number that
anticommutes with another Grassmann number. Namely, the Grassmann numbers
n1 and ny satisfy

ninz2 = —n2ni. 9.1)

The anticommutation property holds also in the product with fermion creation or
annihilation operator. On the other hand, a Grassmann number commutes with a
c-number.
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We can define the complex conjugate so as to satisfy (n*)* = n and (nin)* =
nin1, as in the case of c-numbers. The construction of (n112)* is the subject of
Problem 9.1. The derivative of the Grassmann number is defined as

0
—n; =6, 9.2
on; nj ij (9.2)

which looks similar to ordinary derivative, except for d7n; being also a Grassmann
number.

Let us proceed to the integral of a function of Grassmann numbers. It suffices to
define the integrals of 1 and n since second and higher order terms of n vanish.
We impose the condition that the integral remains invariant against the linear
transformation  — n + & with use of a constant Grassmann number &. This
condition is satisfied by the definitions

/dnn =1, /dnl =0, (9.3)

where the first definition determines the norm of the integral, which is a c-number.
The 0 in the second integral is a Grassmann number, but is indistinguishable
from the ordinary 0. The second definition guarantees the invariance against linear
transformation. Comparison of Egs. (9.2) and (9.3) shows that derivative and
integral of Grassmann numbers give identical results.

As the most important case, we take the integral of Gaussian functions of
Grassmann numbers. We start with the identity: exp(—n*An) = 1 — n*An, where
A is an arbitrary c-number. This identity can be confirmed by expanding the
exponential. Thus we immediately obtain

/dn*dn exp(—n*An) = A, 9.4)

where we have used Eq. (9.3). The Gaussian integration is generalized as

[ ananexp (<utan+ e+ 0%6) = Aexp (a7 ) ©.5)

with & being any Grassmann number. This result is obtained either by expanding the
exponential or by the transformation n — n — A&, n* — n—E*A™L

Let us derive the multi-variable version of the Gaussian integration. With A being
an N x N Hermitian matrix of c-number elements, the following result holds:

/]‘[dn;*dn,-exp =Y nfAyn; | =detA. (9.6)
i

ij
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The result is obvious if A is a diagonal matrix, since the product of eigenvalues
is just detA. In a general case, we take a suitable unitary transformation to
diagonalize A, and use the new integral variables which result from the same unitary
transformation. Similarly, the multi-variable version of Eq. (9.5) is given by

/Hdn?dﬂi exp [ - ZU?Aijnj + Z (& ni + ﬂféi)]
i ij i
= det A exp —Zgi*Gijf;‘j Ez(é*vg)s 9.7
ij

where we have introduced the N x N matrix G = —A~!.
The average of fluctuating Grassmann variables is defined by

(ninj), = /]_[dn;;dnm ninjexp | =D nfAin; | /detA. (9.8)
m ij
This quantity is evaluated in terms of a second derivative of Z(£*, &) as

2
— lim — -
£ >0 Z ag,-as;j

(ninjo = ZE ) =Gji. 9.9)

Hence we recognize the correspondence n; — 3/85;‘, nf — —0/0&;. With use of
Eq. (9.7) for &-derivatives of higher orders, the average is generalized to the case of
2n Grassmann numbers. Namely, we obtain

(M3 m0s2, - M)y = Z sgn P Gu11,p1)Gn+2,P2)G2n, P(n),
P
(9.10)

where P represents the permutation of n (< N) variables (1}, 05, ..., n;), and the
sign factor sgn P = =1 follows according to whether the permutation is even or
odd.

It is instructive to compare with the c-number Gaussian distribution. Let ¢; and
v; withi = 1,..., N be a set of complex numbers. Then the Gaussian integration
corresponding to Eq. (9.7) is given by

/ndfﬁfd@ exp [ =Y orAiei+ > (viei + ¢,-*vi)]
i i i

=aVdetA™ exp | =) viGyv; | = Z.(0*, ), (9.11)
ij
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with G = —A~! as in the Grassmann case. In the c-number case, we have to assume
the convergence of the integral. The average is now given by

2
foido= lim ————Z.(v*,v) =Gj;. 9.12
(¢l ¢j>0 v*,lvrgo Z. 3\),'31)7 (v, ) Jji ( )
The multi-variable correlation is given by
(DT b 103 Bn12. - Did22)0 = Y Guy1,p(1)Gnr2.p@ G, P(n)» 9.13)

P

without the sign factor sgn P in contrast to the Grassmann case. Later in Sect. 9.3,
we shall use Egs. (9.10) and (9.13) in proving the Wick’s theorem, which plays an
important role in many-body perturbation theory.

9.2 Coherent States for Fermions

We are now in a position to construct the coherent state for fermions. Let f7 the
fermion creation operator of a certain state. The occupied state |1) and the vacant
state |0) are related as [1) = f7|0). The coherent state |n) is characterized by a
Grassmann number 7 and is defined by

in) = exp () 10) = (1+ 1*n) 10y = 10) = ). 9.14)
It is clear from the definition that the coherent sate is a superposition of vacant

and occupied states. Moreover, it is an eigenstate of the annihilation operator f as
indicated by

fln) = nin). (9.15)

The conjugate of this relation corresponds to (n| = (n| f i,
The inner product of two coherent states is given by

(m1m) = exp (nim2) - (9.16)

Hence any function F(fT, f) = af + bf" + ¢fT f, including f and f7, satisfies
the relation:

I F (£1, 1) m) = F (. n2) exp (nfn2) ©.17)

where the constants a, b, ¢ can be either c- or Grassmann numbers.
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It is most important for practical purpose to have the completeness condition,
or the representation of the unit operator in terms of coherent states. The set of
coherent states forms a overcomplete set for the Fock space spanned by [0) and |1).
The definition Eq. (9.14) leads to the completeness relation:

[dn*dnanII exp (—n"n) = 10)(0] + [1)(1] = 1, (9.18)

which is indispensable for representing the partition function in terms of path
integrals to be discussed shortly.

As the simplest case of using Grassmann numbers, we take the Hamiltonian
H(f, f) = EfT f. This trivial model most clearly demonstrates the characteristics
of Grassmann numbers. The grand partition function Z is given by Z = 1 +
exp(—pBE) with the origin of energy taken at the chemical potential. The same
partition function is written in terms of Grassmann numbers by

2= [ antan(on 2| = m)exp (~rim). 9.19
where we have used the completeness condition Eq. (9.18), together with

(k) (nle =" 1n) = (nle="H1n) (n] — ) 9.20)

for n = 0, 1. The minus sign in the state | — 1) follows from the anticommutation
property of n and n*. It will be shown below that the minus sign is also related to
the antiperiodicity of the Green function with respect to the imaginary time f.

We can rewrite Eq. (9.19) in the form of path integral of the action, which is in
fact valid for any Hamiltonian. For this purpose we take a large number M (>> 1)
and put 87 = 8/ M. Then we use the approximation exp(—fH) ~ (1 —8tH/M)M,
which becomes exact in the limit of M — oo. This operation is called the Trotter (or
Suzuki-Trotter) decomposition. We then insert the unit operator given by Eq. (9.18)
between all adjacent pairs of (1 — §tH/M), in total (M — 1) times. The partition
function is now given by

M
z =/l_[dn?‘dmR(nT, n2) exp [—nf (n — nm2)| R (13, 13)
i=1

X -+ R (3> nv+1) exp [=myy (o — 1)) 9.21)

where R(n}, n2) = 1 =38t H(n}, n2) ~ exp[—8t H(n}, n2)] and ny4+1 = —n from
Eq. (9.19). In the limit of large M, we may regard »n; as n(t) which is a function of
the continuous variable 7 in the range 0 < t < B with the boundary condition
n(B) = —n(0). Then n(r) can be Fourier decomposed with odd Matsubara
frequencies. Note that the maximum of the relevant Matsubara frequency should
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be smaller than the resolution (87)~! of the Trotter decomposition. In other words,
we may replace n(t;) — n(ti+1) by tdn(r)/dt provided n(r) is slowly varying in
the scale of §t. Under this condition the first part of the integrand in Eq. (9.21) is
expressed as

a
R (n}, m) exp [—n} (m — 12)] ~ exp [_& n*(r) (E + E) n(f)] . 922

with T ~ 11 ~ 7 and similar expressions for general 7(z;). The integration in
Eq. (9.21) can be carried out to with use of Eq. (9.6) as

Z = det, |:81 (i + E)] , (9.23)
ot

where the set of variables n; (i = 1,2,..., M) is regarded as an M-dimensional
vector, and det; denotes the determinant of the M x M matrix in the t-space.
The meaning of d/dt will be made clear shortly by the Fourier transform of 7 to
Matsubara frequencies.

After taking the logarithm of both sides, we obtain trace of the matrix, instead of
determinant, as given by

InZ = Tr, In [% (% + E)] = —BQ, (9.24)

where 2 is the thermodynamic potential. The trace operation is performed in the
limit M — oo with the basis set which is anti-periodic in the region 7 € [0, B]. The
orthonormal complete set exp(—ie,; t)/+/B with odd Matsubara frequencies €, =
(2n 4+ 1)n T serves best for the basis set. The result is given, apart from a constant
term, by

BR = — Zln (—ie, + E), (9.25)

where 9/0t is replaced by its eigenvalue —ie€,. The summation in Eq.(9.25)
actually leads to a divergent result. The divergence originates from the replacement
n(ti) — n(rix1) in Eq.(9.21) by §tdn(r)/dr. As we have discussed between
Eqgs. (9.21) and (9.22), this approximation breaks down in the limit of large
Matsubara frequency. Fortunately, this divergence can be managed in practical
cases. Namely, if we take the second derivative of Eq.(9.25) with respect to E,
we obtain the convergent result:

329 1 2 ,BE
coY - S = pe . (9.26)
IE n (ien — E) (eﬂE + 1)
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By two-fold integration with respect to E, we recover the physically meaningful
part of Eq. (9.25). The actual procedure is the subject of Problem 9.2.

Generalizing the variable 1 (7) used above, we introduce the Grassmann variable
N (7) for each one-particle state . Note that o can be a continuous index such as the
spatial coordinate in field theory. Since the integrand contains the functions 74 (7),
the corresponding multiple n-integrals are called the functional integral, which is
written symbolically as Dn*Dn. By analogy with the path-integral theory for one-
body quantum mechanics [1], the present version with Grassmann numbers is also
called the path integral.

We are in the position to describe the procedure for the path-integral represen-
tation for a general Hamiltonian H which may include mutual interactions. Let
F({ fj }, {fa}) be a function of fermion operators where the creation operators
always stand on the left of annihilation operators in each term. Such ordering is
called the N-product as used in Eq.(7.21). As a generalization of Eq.(9.17), we
obtain the matrix element

(7}

F(|7] ) 1) = F () L) exo (z n;;n;,) e

Then, as a generalization of Eq. (9.21), the partition function is written as

Z = /’Dn*Dn exp(—S) (9.28)

B 3 B
S = /0 dr [Xa: ”;E”"‘ + H(‘L’):| E/O dtL(7), (9.29)

where H(t) is the Hamiltonian in terms of Grassmann variables at 7, in place of
fermion operators. By analogy with the path-integral theory of quantum mechanics
in real time, S is called the action, and £(7) is called the Lagrangian.

9.3 Wick’s Theorem

The Grassmann path integral is possible not only for the partition function but also
for correlation functions including the Matsubara Green function. For a general
Hamiltonian the Green function

Gpa(r2 = 70) = = (T fp(@) £ (@) = (T £ o) () 9.30)
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with use of the Matsubara representation f,(t) = exp(tH)fyexp(—tH) is
equivalently given by

Gpa(n2—11) = /DH*DU e (TNp(12) exp(—S)/Z = (ny (x1np(w2)).  (9.31)

Note that the time ordering indicated by 77 is absent in the Grassmann integral. In
order to prove Eq. (9.31), we first assume 71 > 1 and rewrite (f(j(tl)f,g (1p)) as

Z " Trexp[—(B — 1) H] [ exp[— (11 — ) H] f exp [~ H]. 9.32)

Now we perform Tr operation using the completeness relation Eq. (9.18) and the
Trotter decomposition for exponentials including H as in Eq. (9.21). We thus obtain
the first equality in Eq.(9.31). In the case of 71 < 1, we change the order
of the fermion operators, and proceed in the same way to use the completeness
relation and Trotter decomposition. The anticommutation property 1g(12)n5(71) =
—n5(t1)ng(r2) compensates for the minus sign coming from the time ordering
T;. Moreover, we may include a fermionic source field &,(t)* and &,(t) in the
Lagrangian as £*n + n*& with abbreviated notation. Then the second & -derivative of
the partition function Z(&*, &) gives the Green function by analogy with Eq. (9.9).
Namely, we obtain

1 82

li - 7%, 8) = Gy (12 — 11). 9.33
0 Z S, bef () ) T el O3

(g (t)np(12)) = —

Thus we recognize the correspondence
Na(T) = 8/885 (1), 1o (r) —> —8/8a(T), (9.34)

in taking the average of Grassmann numbers.
Let us take the special case of a free fermion Hamiltonian

Ho =" hap f3 f5. (9.35)
op

for which we can derive the Green functions exactly. In this example the path-
integral formalism provides the simplest proof of the Wick’s theorem, which is the
key element in performing the perturbation theory for the general interacting case.
The Green function is derived by the Gaussian integration, with close similarity to
Eq. (9.8). The matrix A in the Gaussian integration is interpreted as

Aij = (84p0/0T + hop)d (r —T'). (9.36)

The matrix basis (i, j) is now extended from the single-particle states («, 8) to
include the continuous imaginary time (z, t’). Correspondingly, the Green function
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matrix G = —A~! also has double basis sets: « and 7, and the matrix element is
written as in Eq. (9.33). The Fourier transform to Matsubara frequencies results in
the replacement d/dt — —i€,,, and the Green function matrix G becomes diagonal
in €,. The explicit form as a matrix with the «, 8 basis is given by

Goliey) = (ie, — )", (9.37)

where the suffix 0 is put for emphasizing the free-fermion system.
Using Eq. (9.7) for Z(£*, &), it is now straightforward to derive the identity:

UV I ACAVICH))

= Z sgnP G() (Tn+l — tp(l)) . Go (‘Ezn — Tp(n)) , (9.38)
P

where the average (- - - ) is taken for the free-fermion system, and the index « for
single-particle states is omitted for notational simplicity. This result corresponds to
Eq. (9.10) for Grassmann numbers, and is called the Wick’s theorem. The original
version of the theorem is for the field theory at zero temperature, and the extension
to finite temperature has been achieved by Bloch and de Dominicis [2]. Hence the
theorem is also called by their names.

We now derive the time-independent form of the Wick’s theorem that is
convenient to use in the Goldstone diagram method. Only in this paragraph we use
the notations ¢'(7) and ¢(z) for creation and annihilation operators, and F(7) to
represent either of them. Presence of plural single-particle eigenstates ¢ is taken
into account simply as F; (). We obtain the limiting case of Eq. (9.38) by relabeling
the imaginary time as 71 > 73 > -+ - > T, > O:

T]iLnO(TrFl(Tl)F2(T2) coo P (mon))o = (F1F2. .. Fag)o
1

= Z’sgnP (Fp1Fp2)o...{Fpan—1)FP@n))o, (9.39)
P

where the summation over P is restricted to such permutations that satisfy P(2j —
1) < P2j)forj =1,...,nand P1 < P3 < --- < P(2n — 1), which
implies P1 = 1. The average (Fp; Fp(;+1))o becomes either the particle occupation
number f(hy) for if Fp; = c;, Fp@+1) = cq, or the hole occupation number
f(=hy) =1~ f(hy) if Fpj = cq, Fpiy1) = cZ{. Otherwise the corresponding
permutation P gives zero to the average. Here f(h,) is the Fermi distribution
function. In evaluating the Goldstone diagram, we encounter the 7 = 0 version of
Eq. (9.39). A simple case with n = 2 has appeared in Fig. 5.4 of Chap. 5. Because
of different spin states involved in the average, the partition in Eq. (9.39) is unique
in this case. Then the Wick’s theorem becomes trivial, and the product of number
operators is evaluated as the product of occupation numbers of particles and holes.



224 9 Many-Body Perturbation Theory

In the presence of two-body interaction V (£, f), the partition function Z cannot
be derived explicitly in general. Nevertheless, we may formally represent Z starting
from the non-interacting counterpart Zo(§*, £). With use of Eq. (9.34), we obtain [2]

. P 5 8 .
zZ= ‘S*{gfgoexp [—/0 drv <§ —8§*>] Zo(§7, 8), (9.40)

where V(fT, f) has the N-product form. Expanding the RHS in terms of V,
and applying the Wick’s theorem, we recover the perturbation expansion of Z to
arbitrary order.

The perturbation expansion can be performed also for the Green functions. For
the single-particle Green function, this is achieved by combination of Eqgs. (9.33)
and (9.40). The resultant quantity is expressed in terms of diagrams. Some examples
will be shown in Fig. 9.1. Such pictorial representation of the many-body perturba-
tion theory is first invented by Feynman [3], and is called the Feynman diagrams.
The constituents of a Feynman diagram are (single-particle) Green functions and
interactions. In contrast with Goldstone diagrams we have dealt with so far, a
Feynman diagram combines all cases of the time ordering of operators into a single
diagram. Thus the Green function of a particle and that of a hole are given by the
same diagram. In contrast, the Goldstone diagram distinguishes the particle and hole
by the occupation numbers 1 — f(¢) and f(¢), as has been mentioned in p.98.

The Feynman diagrams are classified into linked (connected) and unlinked
(unconnected) ones. A linked diagram cannot be separated into unlinked diagrams
without breaking interaction line(s) and/or Green function lines. Unlinked diagrams
need not be considered in the perturbation expansion of Green functions since the
Wick’s theorem guarantees cancellation of unlinked diagrams in the final average.
Such simplifying property of the many-body perturbation theory is referred to as the
linked cluster expansion. Since we have Wick’s theorem both for fermion operators
as Eq. (9.38) and for Grassmann numbers as Eq. (9.10), we may use either of them
to make the perturbation expansion. Utilizing the absence of the time-ordering T;
in the path-integral scheme, we may simply split the action as Sy + S, where S
corresponds to the free action with H = Hp in Eq. (9.29), while S| = fo’g dt V(1)
with V (7) expressed in terms of Grassmann fields. The partition function is written
as

Z = Zo (exp (—S1))g 9.41)
where Z( derives from Sy, and (- - - )¢ indicates the average with respect to Sp.
Taking the logarithm of Eq. (9.41), we can derive the perturbative part £2; for the

thermodynamic potential as

21 =T [(exp (—=S1). — 1], (9.42)
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where (- - - ). indicates the cumulant average with respect to Sp. By definition, the
cumulant average is contributed only by the linked Feynman diagrams.

9.4 Sum Rule for Green Functions and Variational Principle

Most quantum many-body systems are impossible to be solved exactly. One of the
established methods to proceed is the perturbation theory. Even for systems with
large two-body interaction, one may find a hidden small parameter to construct a
reliable approximation scheme. We have encountered such an example in Sect. 6.4.
On the other hand, it is sometimes possible to derive formal information that is free
from approximation. In this section we discuss such exact relation in Fermi liquids
using the Green function formalism. The variational principle plays an important
role in the derivation.

As a preliminary, we recall the variational principle, or simply the stationary
property, in thermodynamics. For example, the Helmholtz free energy F has an
infinitesimal change dFF = —SdT — pdV + udN according to variations of its
natural thermodynamic variables. Hence if we vary the other variables such as p
or u with fixed T, V, N, we obtain the stationary property d F = 0. Similarly £2
is stationary against variation of N or p as long as its natural variables T, V, u are
fixed. Namely, we obtain

JIF IF 052 052
aF _OF _o, % _ % —o0. (9.43)
ow/Srvn O /)rvn INJrvu °)rvu

We shall develop analogous argument in the Green function formalism. For
concise treatment, it is convenient to add

B B
Sext = /() dr/o dt'nk(Dpap (v — ') np (7)) (9.44)

to the system action S as given by Eq.(9.29). Here n;; and ng are Grassmann
numbers corresponding to fj and fg, respectively, and ¢op(t — ') is a fictitious
external field. We use the notation Tr to represent the path integral [ Dn*Dn, which
is equivalent to trace operation over all degrees of freedom for fermions including
Matsubara frequencies or imaginary time.

Let §¢ an infinitesimal change of the external field. The corresponding change
852 of the thermodynamic potential is given by

B82(¢p) = Tr(Gée), (9.45)

where G is the Green function matrix with space-time indices. In order to utilize
the variational principle, we now represent 82 in terms of §G instead of §¢. The
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(a) (b) (c)

Fig. 9.1 Examples of Feynman diagrams for the self-energy. The arrow in the Green function
indicates the propagation of fermions, and the dashed line represents the two-body interaction.
The second order self-energy include contributions from (a) and (b). The black circle in (¢) is
called the vertex part that includes not only the elementary interaction processes shown in (a) and
(b), but also all higher order Feynman diagrams

analogy with thermodynamics is made by the correspondence G — dN and 6¢p —
—du.

Let g be the “bare” Green function, which refers to the one in the non-interacting
system and without ¢. The “dressed”, or exact Green function G is related to g by

Gl=gl—9p-—2, (9.46)

where X is called the self-energy. Figure 9.1 shows some examples of X.
Equation (9.46), which is called the Dyson equation, leads to another form of §£2
via the relation

G5¢ = —Gs (G*‘ + 2) -5 <ln G+ GE) +(5G) . (9.47)
The trace of the last term (§G) X is written as
8P =Tr(X58G), (9.48)

which defines the new quantity @. In terms of Feynman diagrams, @ consists of
all “skeleton” diagrams that contribute to §2. The skeleton refers to such diagrams
where the self-energy part is included only implicitly through constituent Green
functions G [2, 4]. Using the quantity @, we can integrate Eq. (9.45) to obtain

B(2(G) — 20) = P{G} — Te(EG) — Trln (G_lg) , (9.49)

where §2p is the thermodynamic potential for free fermions. The natural variables
in Eq. (9.49) correspond to ¢, T, and V. Hence making §G # 0 with §¢ = 0 is
analogous to varying N with fixed p in the thermodynamic potential. Note that
Eq. (9.49) does not have explicit dependence on ¢. Therefore 2 with ¢ = 0 should
be stationary against variation of G [5, 6]. Problem 9.3 deals with the explicit
procedure of variation.

Using the variational property, we prove the following statement valid at zero
temperature: The volume inside the Fermi surface is independent of the mutual
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interaction as long as the symmetry of the system is unbroken. This property is
often called the Luttinger theorem, or sometimes Luttinger—Friedel sum rule [4].
Let us consider the zero-temperature limit of Eq. (9.49) with imaginary frequencies.
For any Feynman diagram that constitutes @, the result is invariant against uniform
shift i€ in all the constituent Green functions. Namely, we have

3G
8P = §eTr (28—) =0. (9.50)
€

By partial integration over € and noting that ¥'G vanishes at both ends of integration
at € = 100, we obtain from Eq. (9.50)

ox
Tr <G—) =0. 9.51)
de

Next using the algebraic property
5InG = —51In (g—‘ - 2) — _G(ise — 85),

we obtain

dlnG )
- =-G+G—, (9.52)
10€ 10€

where the second term in the RHS vanishes after taking the trace. The total number
N of fermions is then obtained as

. . dlnG
N = Trexp (i€04+) G = —Trexp (1€04)

(9.53)

where we put the convergence factor exp(i€0). The details are discussed around
Eq. (9.69).

For a spinless system with translational invariance, the result is most simply
represented in the momentum space where the Green function matrix becomes
diagonal. Namely, we use i€ = w and perform the trace by

® de dw
T E —=E .54
e k/ 2 k/27'[1 ©-54)

where the integration contour C is indicated in Fig. 9.2. Then Eq. (9.53) is rewritten
as

0 da) 81nG(k,w+i0+) 1 _
N = Z/ — =;Im2k:ln[—G(k,1O+)], (9.55)
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Fig. 9.2 Integration contour

C in Eq. (9.54), which has fmw v
been deformed from the
original one along the
imaginary axis
C
~N
J Rew

where the minus sign in front of G (k, 10 ) is due to the contribution of the integrand
atw — —o0.

From now on, we make explicit use of a Fermi liquid property. The lifetime of
a quasi-particle tends to infinity at the Fermi surface. More generally we can prove
that X'(k, i04) is a real number for general momentum k. The proof of this property
is the subject of Problem 9.4. With the real self-energy, G (k, i0.) is also real except
for the case €x + ¥ (k,i04+) = 0 where the Green function is divergent. If |k| is
small and G(k,i04) > O, the phase given by ImIn[—G (k, i04)] becomes 7. On
the other hand, with |k| — oo, G(k, i0) tends to zero from negative side. The set
of momentum k where G (k,i04) changes sign is nothing but the Fermi surface.
Namely, Eq. (9.55) states that the total number N of particles is given by the volume
inside the Fermi surface. Hence with fixed N, the mutual interaction, how strong
it may be, keeps intact the Fermi volume of the free Fermi gas. Thus the Luttinger
theorem is proven. In the presence of periodic potential as in metals, the Fermi
surface is not a sphere but takes a complicated shape in general. Accordingly, the
Green function depends on the direction of k, and so is the Fermi surface. Even
in this case, the volume inside the Fermi surface is related to the total number of
itinerant electrons in the same way as in the absence of mutual interactions. Hence
the Luttinger theorem is practical in dealing with strongly correlated electrons [5].

We now turn to the Fermi liquid without the translational invariance nor lattice
periodicity. The most important is a resonant impurity in metallic matrix. Let us
consider the Anderson model as given by Egs. (6.1) and (6.2). If the ground state
is connected smoothly from the non-interacting limit U = 0, we obtain the result
corresponding to Eq. (9.55) [7]:

ny= ;Im In[-G (i04)], (9.56)

where n ¢ is the occupation number of the local state which may be a non-integer,
and G 7(i04) is the Green function of local electrons at the Fermi level. The factor
2 in the RHS comes from the spin degrees of freedom. Equation (9.56) is called the
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Friedel sum rule. Since both Egs. (9.55) and (9.56) originate from the same Fermi
liquid property of infinite lifetime at the Fermi level, it is reasonable to call them
together as the Luttinger—Friedel sum rule.

The phase o of the Green function, as defined by G 7 (i04) = |G £ (i04)| exp(ia),
enjoys a simple relation ny = 2a/7. If G £(i04) is pure imaginary, we obtain o =
/2 and ny = 1. The Kondo model represents this limiting case explicitly.

9.5 Effective One-Body Problem Under Fluctuating Fields

It is possible to convert the interaction among electrons into an effective external
field, which is fluctuating both spatially and temporally. After the conversion, the
path integral over fermionic degrees of freedom can be performed exactly since it is
the Gaussian integral. Usually, of course, the remaining average over effective fields
cannot be performed exactly. Thus the conversion may seem merely a replacement
of the problem. Nevertheless, in some cases, this conversion of the problem turns out
useful. For example, the fluctuating external fields may be treated more conveniently
in numerical calculations. In approximate analytic treatment, on the other hand,
various mean fields can be introduced easily in the framework of effective external
fields. In this section, we describe this framework briefly by taking the Hubbard
model.
In the partition function given by Eq. (9.21), the factor

exp (—b‘tUnTm), (9.57)

describes the two-body interaction. Here we focus on a certain (arbitrary) site in the
system and omit the site index for brevity. The operator n4n| can be equivalently
given in terms of occupation number n and spin S, operators as

1o 2
nyny = Zn (S;) (9.58)
which is more convenient for Gaussian integration. We first assume n = ny +n as

constant (=1) and concentrate on the spin part (S;). We use the identity including
a positive constant A:

* dx x2
exp (Ay? =/ ex <———2x ) 9.59
p( y) o p " y (9.59)

which is analogous to Eq.(9.11). In the case of A < 0, we obtain similar identity
by replacing the integration range of x by (—ioo, i00). The spin part of Eq. (9.57) is
thus converted to the one-body form in Eq. (9.59) with substitutions:

A=U, y=+08tS., x=+81¢. (9.60)
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The partition function Z of the Hubbard model with the constraint n = 1 is then
represented as

B
Z:/Dn*DnD¢exp{—/ dr [ﬁo(r)+£2(r)+£¢(t)]}, (9.61)
0

Lo() = 52@ (1)?,  Lp(r) = 2Z¢,-(r)s,?<r>, (9.62)

where Lo is the Lagrangian of the non-interacting system with U = 0. This
procedure to rewrite Z with the auxiliary field ¢ is called the Hubbard—Stratonovich
transformation.

It is possible to carry out the Gaussian path integral over n* and 5 exactly. The
result is given by

B
7 = /Dqﬁ exp |:—/ dtLy(t) + Trin (g_l — ¢O'Z>:| , (9.63)
0

where Tr indicates trace over spin, spatial, and temporal degrees of freedom, and g
is the bare Green function matrix. We have encountered a simpler form equivalent
to Trln g~! in Eq. (9.25). In this way, the system with the two-body interaction U is
replaced by the equivalent one-body system under the fluctuating effective field ¢.
We consider now the correlation function of spins. Using Eq. (9.62) we obtain

8
<TTSI.Z(I)S§ (z’)>= 7! /Dn*DnD¢exp [—/O dr {Eo(r)+£2(t)}}

32 B
X W exXp [_A dfﬁqj(f)} . (964)

where 9/d¢; behaves as the spin operator S (7). This is naturally understood by
regarding ¢; as a fluctuating magnetic field conjugate to S;. By partial integration
to operate d/d¢; on L2(7) in Eq.(9.64), and by space-time Fourier transform, we
obtain the spin susceptibility as

. 11 2
x(g.iv) = [U (I, iv)P2) 1] : (9.65)
where ¢(q, iv) is the Fourier transform of ¢;(t), and (...) is the average over
fluctuating effective field ¢. This result suggests that ¢; (t) represents the fluctuating
magnetic moment. However, the fluctuation (|¢(q, iv)|?) tends to U in the high-
frequency limit, instead of going to zero. This limiting value is cancelled by the
term —1 in the RHS of Eq.(9.65). Since the fluctuation of ¢ is complicated, it
is impossible to evaluate Eq. (9.65) exactly. The simplest approximation is to use
the Gaussian fluctuation for ¢, which amounts to the lowest-order expansion of
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¢ in the exponent of Eq. (9.63). Problem 9.5 deals with deriving the approximate
susceptibility.

The spin—charge decomposition made in Eq. (9.58) is not unique. For example,
the rotational invariance in the spin space allows the replacement (S,)%> — §2/3.
If one uses the latter representation, the effective field becomes a vector, and the
lowest-order result for x (g, iv), which will be given in Eq. (9.75), involves U/3 in
place of U. The discrepancy is traced to the approximation in the expansion of ¢.
Since the factor 1/U in Eq. (9.65) lowers the degree of U by one, it is necessary to
expand the logarithmic function up to O(¢*) in order to derive x(q, iv) correctly
up to O(U). Then (|¢(q, iv)|2) is evaluated up to O(U?). 1t is a fortunate accident
in using S, that the lowest-order theory can derive the susceptibility equivalent
to the mean field theory. Finally we comment on including the fluctuation of n
by introducing the corresponding effective field. By a procedure similar to obtain
Eq. (9.65), the charge susceptibility is represented as the second moment of the
effective field.

Problems

9.1 Define (n112)* in a proper manner for general Grassmann numbers 711, 1.

9.2* Derive the physically meaningful result from Eq.(9.25) where the RHS is
divergent as it stands.

9.3 Demonstrate the variational property §§2/6G = 0.

9.4* How do the Luttinger theorem and Eq. (9.55) depend on perturbation theory in
the two-body interaction v?

9.5 Expand the logarithm in Eq.(9.63) up to O(¢?), and derive the dynamical
susceptibility from Eq. (9.65).

Solutions to Problems

Problem 9.1
The complex conjugate is defined so as to satisfy the equality (n*n)* = n*n, which
is analogous to the Hermite conjugate of the matrix product. Then we have to follow
the definition

mm)* = nint = —nins,  (05n})" = mn. (9.66)
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The minus sign in —7»}n3 may appear strange if both 1y and #; are “real” Grassmann
numbers with n* = 5. However, the product of two real Grassmann numbers need
not be real.

Problem 9.2*
By integrating Eq. (9.26) we obtain

e _ (E)+C 9.67)
BE_f )+ 1s (~

where f(E) = 1/[exp(BE) + 1] and C; is a constant of integration. Further
integration leads to

2 =-Th[l+exp(—BE)| + C1E + C3, (9.68)

where C» is another integration constant. The occupation number given by 92 /90 E
should go to zero in the limit E — oo. This condition makes C; = 0. On the other
hand, C; only sets the origin of §2, or the Hamiltonian H, and remains arbitrary. We
put C, = 0 for simplicity.

We now try to avoid the divergence by modifying Eq.(9.25). Writing 0 as
positive infinitesimal, we make use of 78(x) = —Im (x + i0+)_1. Then we rewrite
the thermodynamic potential £2 = 2(E) as

0 de 1 1

2= 5=52(e) — = .
oo 27l -+ E+i10p —e+ E—i04
o0

=/ d—e,f(e)[ln(—e—i-E—i-i0+)—1n(—e+E—iO+)]
oo 2mi

= / & exp (z04) f(@D)In(—z+ E)
c 2mi

=-T Z exp (i€,04) In (—ie, + E) , (9.69)

by partial integration. The integration contour C is the same as that shown in
Fig. 3.3. However, this time the contour runs originally parallel to the real axis along
both directions, and is continuously deformed so as to pick up all poles of f(z) at
z =1i€, = (2n+ 1)in T lying on the imaginary axis of z. The convergence factor is
inserted so that exp(z04) f (z) goes to zero with z — F00. The last line of Eq. (9.69)
is derived by taking the residues at all poles of f(z). In other words, Eq. (9.25) is
made finite by insertion of the factor exp (i€, 04).
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Problem 9.3
Variation of each term composing 2 in Eq. (9.49) reads

5 = TrE8G, —8(5G)=—(3%)G — £8G, —8In (G_lg) — (6X)G.
(9.70)

These terms clearly add up to zero. Hence we obtain §§2 = 0. The stationary
property does not depend on whether the natural variable is §G or § X, as long
as the relation G~! = g~! — ¥ holds.

Problem 9.4*

In the original derivation [5] the perturbation series in v is expressed by Feynman
diagrams, and @ is derived by analysis of the diagrammatic structure. Therefore the
proof needs convergent perturbation series. On the other hand, the present derivation
of Egs. (9.49) and (9.55) has assumed only the continuity against the change of
external field ¢. The perturbation theory in v has not been used [6]. Therefore,
Eq. (9.55) should be valid even for one-dimensional systems where the perturbation
theory in v is not valid [8]. On the other hand, the Luttinger theorem requires the
real self-energy at the Fermi level, which relies on perturbation theory in v.

Let us explain the logic for the real self-energy by taking the Feynman diagram
in Fig. 9.1c. Similar argument applies to general diagrams with more internal lines.
After analytic continuation to real frequencies, the right-going internal line has the
energy €1, and two left-going lines have €3, €3. Correspondingly, each line has the
momentum k; with i = 1,2, 3 and the spectral function p(k;, €;) as defined by
Eq. (3.100). The imaginary part is then given by

—ImX (k, e +i04) ~ /12 X |23 p ke, €1)p(ka, €2)p(ks, €3) f (€1) f (—€2) f (—€3)
X 6(e+€1 —er —€3)8(k+ ki —ky —k3), 9.71)

where I773 is the vertex part, and the integration is written symbolically. The Fermi
function f(e) at zero temperature is reduced to the step function 6(—e). For a
nonzero product of Fermi functions, it is necessary to have €; < 0 and €3, €3 > 0.
With this combination, however, it is impossible to have nonzero delta function
for ¢ = 0. Thus we obtain ImX¥ (k,104) = 0, which means the real self-energy
at the Fermi surface. Note that the momentum k is arbitrary. Moreover, since the
momentum conservation does not play any role, the argument applies equally to
impurity systems, resulting in the Friedel sum rule.

If the self-energy has five or more internal lines, similar argument leads to the
zero product of Fermi functions and the energy-conserving delta function. Hence
we can safely take G (k, i04) real in Eq. (9.55).
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Problem 9.5
We make the expansion by writing ¢, = ¢o,

(g™~ 6.) ~Ing™" — gp. + 389:89: + 0 (¢°). ©.72)

where g is the bare Green function matrix. Taking the trace and making the Fourier
transform, the 0((}52) term in Eq. (9.72) gives xo(q, iv) as the coefficient of ¢2. This
process is similar to the one in Eq. (3.140). Hence the coefficient ¢2 in the action is
modified as

1 1
o 00 i), 9.73)

which determines the Gaussian fluctuation of ¢. Namely, we obtain

1 _1
(I, iv)2) = (5 ~ x0(a. iv)) 9.74)
and consequently
o1 1 ) xo(g.iv)
10 =5 (i ) = e O

This result is the same as the one obtained in the random phase approximation
(RPA), which we have encountered in Eq. (6.80).
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Chapter 10 ®
Dynamical Mean Field Theory Qs

Abstract In the ordinary mean field theory, the effective field is static. If one
allows temporal variation of the effective field, fluctuation effects of the corre-
sponding field can be included. The correlation problem in a large system is then
replaced by a single-site problem surrounded by a dynamical effective medium.
The effective impurity system is regarded as zero-dimensional. It can be shown
that the replacement by an effective impurity is exact in the limit of large number
of neighboring sites, which is the case in infinite dimensions. Hence the zero and
infinite dimensions are connected continuously. In this way the dynamical mean
field theory (DMFT) approaches actual three-dimensional systems from the infinite-
dimensional limit. The DMFT has achieved remarkable success in understanding
those many-body effects which come from strong local correlations. This chapter
explains the DMFT starting with the background of its development.

10.1 Mean Field and Fluctuations

The concept of mean field, also called molecular field, has a long history in physics.
One of the most successful applications in condensed matter is the BCS theory
of superconductivity where the two-body interaction is replaced by a form given
by Eq. (5.18). The BCS theory is highly accurate if the transition temperature 7,
is much smaller than the Fermi energy. Another remarkable success is the Fermi
liquid theory described in Chap. 4 where the interaction effect is taken into account
in terms of the Landau parameters. In both cases, mean fields comprise a large
number of degrees of freedom. Hence individual fluctuation affects the magnitude
only slightly.

The mean field is most simply defined in the momentum space in these examples
for itinerant fermions. In strongly correlated electron systems, on the other hand, it
is sometimes more convenient to start from the localized picture, even though the
ground state becomes a Fermi liquid. In this section we study the mean field theory
from the localized picture. Let us first take the Ising model as the simplest model
with localized degrees of freedom. The Ising model has the variable o; taking +1
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at each site i. Under a magnetic field % in the z direction, the model can be written
as

H=-J) o0i0;—hY oi (10.1)
(ij) i

where (ij) are the nearest-neighbor sites, and we consider the ferromagnetic case
J > 0. The molecular (Weiss) field hw at arbitrary site i is defined by

hw=1J Y (oj)=JZm, (10.2)
jen()

where n(i) denote the set of nearest-neighbor sites whose number is Z,,, and {0 ;) =
m is the average of o ; to be determined self-consistently. One has Z,, = 2d in the
d-dimensional hypercubic lattice. The mean field Hamiltonian HyF is given by

Hye = —(hw +h) Y _oi, (10.3)

l

which gives the magnetization as
m = tanh[B(hw + h)], (10.4)

with B = 1/T. Together with Eq. (10.2), Aw is determined self-consistently. Even
without 4, nontrivial solution m # 0 emerges if T is smaller than the Curie
temperature 7, = JZ,,.

Let us now ask how reliable is the mean field approximation (MFA). If hw
consists of contribution of many (Z,, > 1) spins, fluctuation effect from each spin
should be slight. To be more quantitative, we consider the deviation from the mean
field as defined by

Ahw =17 > (o) —m), (10.5)
jen(i)

which becomes zero on average. The variance is evaluated as

(nw?) =72 3 (0 =m)) = 212 (1= m?). (10.6)

jen(i)

with use of {(o; — m)?) = 1 — m2. Thus we obtain the ratio

2
((ahw)?) _ ZL <L _ 1) , (10.7)

2
hW



10.1 Mean Field and Fluctuations 237

which is of O(1/Z,) as long as m is not too close to 1, nor to 0. This is the case if
either the nonzero external field of 4 ~ O(T) is present in the paramagnetic phase,
orl —T/T, ~ O(1) in the ordered phase. In the case of m? < 1 /Z,, however, the
fluctuation becomes significant.

By imposing the self-consistency of thermal fluctuations, the improved MFA
becomes applicable even to the paramagnetic phase with m = 0. As a result, for
instance, the specific heat for T > T, which is zero in the simplest MFA, becomes
finite with inclusion of fluctuations. Let us consider the susceptibility which reflects
spin fluctuations in the disordered phase. Assuming that the external field /; may
depend on site j, the magnetization at site i is given in the MFA as

mi=xo|hi+J Y ()] (10.8)
jen(i)

Here xo = B is the susceptibility of an isolated spin. If the infinitesimal external
field has the wave number ¢, the corresponding susceptibility x (q) = dmg/0hy is
given in the MFA by

X0
AMFA(Q) = ————, (10.9)
1 —Jgxo0
where J; in the hypercubic lattice is given by
d
Jg = 2]Zcosqi. (10.10)

i=1

The homogeneous susceptibility xmra (g = 0) is divergent at the Curie temperature.
We note that the simplest MFA does not satisfy the basic consistency relation
between response and fluctuation. Namely, the local susceptibility, which is given by
the g-average of x (q), should be equal to xq for any value of J. This is the special
property of the Ising model that comes from conservation of each spin o;. In the
MFA, however, the LHS in Eq. (10.9) does not give xo on average. The reason for
this inconsistency is traced to the overcounting in Ay as the effective field acting on
the given spin. Namely, 2w includes a part contributed by the given spin itself. This
part, which is called the reaction field, should be removed in considering the action
on the given spin. The reaction field must be proportional to the local magnetization,
and is written as —Am. The corrected field hw — Am is called the cavity field. The
inhomogeneous magnetization m, under the external field i is now given by

mg = Xghq = xo [hg + (Jg — ¥) mq]. (10.11)
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which gives

X0

I — 10.12
1+ (A = Jg) xo ( )

Xq =
or
Xg =X A=y =%y = Jg (10.13)

Here xo is called the irreducible susceptibility which includes the local field
correction in terms of A. From the self-consistency condition, the g-average of x4
must be equal to the local susceptibility xo, which leads to the relation:

1 1
1= — S 10.14
NXq:I—i—(A—Jq)xo (1019
where N is the total number of lattice sites, being equal to the number of ¢ inside
the Brillouin zone. Equation (10.14) determines A self-consistently.

Because of its nature of correcting the molecular field, the reaction field has a
tendency to suppress the transition temperature below the mean field value. In the
extreme example in which the exchange interaction is independent of g as given by
Jq = Jo, Eq. (10.14) demands that A = Jy. Then we obtain finite x4 (= xo) for any
finite T. This is in strong contrast with the mean field results giving T, = Jy.

Another contrast with the ordinary MFA is that T, becomes zero in one- and
two-dimensional systems. This is because Eq. (10.14) is never satisfied with finite
T. To see this, we assume certain finite T, which leads to T, + A — J; qz.
Then integration over ¢ gives divergence in the form ¢! (d = 1) or Ing, (d =
2) where g = L~! — 0 is the lower cut-off determined by the size L of the
system. The result for d = 1 is qualitatively correct, but that in d = 2 is different
from the exact solution [1]. Thus the correction to the MFA in d = 2 is too much.
As d increases beyond 2, it improves the original MFA in a reasonable way. It is
possible to interpret the reaction field as incorporating the mode-coupling effect of
fluctuations with different wave numbers.

10.2 Dynamical Effective Fields

The effective Hamiltonian for the Ising model takes the single-site form in the MFA.
Furthermore the local feature remains after with inclusion of the reaction field.
We shall now turn to electrons with strong local correlations. At a given site, the
effect of other sites is represented by a local effective field which is now dynamical.
Such extension keeping the local nature is called the dynamical mean field theory
(DMFT). An important feature distinct from the Hartree—Fock theory is that the
self-consistency is imposed on each energy of the Green function. Among the vast
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literature of relevant papers, we recommend the extensive review [2] including the
historical background and basic ideas. The DMFT turns out very useful for studying
dynamical as well as thermodynamic properties of quantum particles with strong
local correlation. For simplicity, we confine the discussion in this chapter to the
paramagnetic phase.

To be specific, we take the Hubbard model

H=Yect oo +U Y clicire ciy. (10.15)
ko i

where the energy spectrum &y is the Fourier transform of #;; as given by

ek =Y tijexp(—ik - Rij), (10.16)

with vectors for the lattice sites R;; = R; — R;. The on-site interaction (U) term
has been written in the site representation.

As the crucial feature with large number Z, of neighbors, we show the
dominance of the site-diagonal part of the Green function. We first take the free
fermions, and derive the upper bound of the off-diagonal part of the Green function.
In the momentum space, the Green function gr[t] = —(Ticks (r)c}; - (0)o is
obtained explicitly as

_ [l = f@lexp (—exn). (> 0) .17
sult] {f (ex) exp (—exT) (r <0), (1017
which is real and bounded as

— 1 <grlt]l <1, (10.18)

for any value of . We have used the notation gr[r] with angular bracket to
distinguish the object from the Green function gg(z) in the energy (z) domain.
Similar notation has been used in Eq. (3.45). By Fourier transform to the real space,
we obtain the site representation of the Green function

1
gt = = (Tecio ()], ) = = D sulrlexp (ik - Ryj). (10.19)
k

By the inverse Fourier transform we obtain

el =) gijltlaultlexp (ik - Rji), (10.20)
jl
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where only terms with j = / remain after the summation over k. Using the property
gjii = g;"j, which follows from gj being real, we obtain the inequality:

1
Nzk:gkmz =Z|gi,-[r]|2 <1. (10.21)
J

If there are Z,, equivalent sites j as seen from i, we obtain |g;;[t]| ~ O(1/ NZy).
On the other hand, the diagonal element g;;[7] has the order of unity. Thus the off-
diagonal elements are small for large Z,,. In this way the thermodynamics is derived
in a controlled manner with large Z,,. However, in dynamics, the 1/Z, classification
requires more care. Namely, as seen from the divergence at z = ¢ of the Green
function g(k, z) = (z — er)” L, the k-dependence cannot be neglected in dynamics.
Hence selection of Feynman diagrams according to the 1/Z,, classification requires
partial inclusion of higher order processes. This means possible relevance of off-
diagonal elements g;;(z) in dynamics.

We now extend the inequality given by Eq.(10.21) to the Green function of
interacting systems. We use the representation:

Glk, 7] =/ dep(k, €)gelt], (10.22)

where p(k, €) is the spectral function and

geltl=e " {=0(D[1l — f(O]+0(-1) f(O)}. (10.23)

With use of the sum rule Eq. (3.103) for p(k, €), we obtain

IGlk, 7] < f dep(k,€) [ge[r]l =1 (10.24)

—00

because |g.[7]] < 1. Hence we have generalized Eq. (10.18), and further generaliza-
tion of Eq. (10.21) for G;; is straightforward. Namely, the magnitude of off-diagonal
elements G;;[t] is smaller by O(1/ /Z,;) as compared with the diagonal element.
We proceed to discuss the self-energy for large Z, [2, 3]. Figure 10.1 shows
the simplest Feynman diagrams which contribute to the off-diagonal elements in

Fig. 10.1 Lowest-order processes for the off-diagonal elements X; of the self-energy
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the lowest order. Since both diagrams have three off-diagonal elements G;;, the

upper bound of Xj;[r]is O(Z, 3/ 2). Account of higher order self-energies does
not change the order estimate. Thus any off-diagonal element X;;[t] of the self-

energy is smaller by O(Z, 3 2) as compared with the diagonal element. Note that
this argument does not depend on temperature and energy scales. If a theory is free
from approximations other than neglecting the k-dependence of the self-energy, the
theory becomes exact in the limit of Z,, — 00, or in infinite dimensions. The DMFT
has precisely this feature.

The Green function in the DMFT is thus given by

Glk,2)=[z—ex— 2], (10.25)

with neglect of k-dependence of the self-energy [2, 3]. The site-diagonal part G(z)
of the Green function is related to G(k, z) as

N 1 Y p(€)
M G(Z)_sz—sk—z(z)_/_oodez—E(z)—e

k
=gz = X(2)), (10.26)

where N is the total number of lattice sites, and g(z) is the local Green function in
the non-interacting system. For simple form of the density of state p(¢), integration
over € can be performed analytically. Some examples will be discussed later.
Equation (10.26) is the first of the DMFT equations.

In order to derive G(z) as the solution of the effective impurity problem, we
introduce the cavity Green function G(z) = [z — 1(z)]~! which serves as the zeroth
order Green function for the effective impurity. Namely, G(z) includes the effect of
effective medium, while it has not included the effect of U at the impurity site. The
latter should be included as the self-energy. Thus we obtain the second equation of
the DMFT:

_ —1
i) G() = [g(z)*l - 2(z)] —lz—r2) - T (10.27)

Because of the translational invariance of the lattice system, the self-energy X (z)
should be common to the impurity and the medium. Figure 10.2 illustrates the steps
to replace the lattice system to the effective impurity.

The two relations set by Eqgs.(10.26) and (10.27) are not yet sufficient to
determine the Green function, since we have three unknowns A(z), X (z), G(z) for
given z. By solving the effective impurity problem explicitly, we obtain another
relation between A(z) and X (z). Namely, the DMFT is completed in the following
third step:

(iii) By solving the effective impurity problem, G (z) is derived
in terms of A(z) and U.
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(a) (b) (©

Fig. 10.2 Construction of the effective impurity problem. The original lattice (a) is simulated by
an effective medium characterized by A(z) as shown in (b). The local interaction in the impurity
system is accounted for by the self-energy X'(z) as shown in (c)

Any method can be used in the step (iii), which is called the impurity solver. In the
Hubbard model, and in more complicated models, one employs mostly numerical
methods as the impurity solver.

As seen in Eq. (10.26), once we know g(z) for a given lattice, the renormalized
Green function is obtained by the replacement: z — z — X (z). The density of states
p(€) determines g(z) by the spectral integral, which is equivalent to the Hilbert
transform. We now discuss representative results for g(z) and p(€), assuming the
nearest-neighbor hopping. Let us first consider the generalized cubic lattice in large
spatial dimensions d with the hopping parameter —¢ (<0). The spectrum is given
by

d d
& = —2t Zcos ki = Ze,-, (10.28)
i=1 i=1

with the lattice constant unity. Writing the momentum average as ({- - - ), we obtain

((ex)) = ({&i)) =0, (10.29)
d

(e2)

If one fixes the magnitude of ¢, and makes d larger, both the bandwidth 4¢d and

the variance Dé diverge. On the other hand, if one lets d larger while keeping the
Dé = 12d fixed, the resultant density of states tends to the Gaussian form [4]

((e2)) = r2a = D. (10.30)

i=1

2

1 €
= - . 10.31
oG(€) N R exp ( > Dé ) ( )

with finite width Dg. Although the band tails extend to € = +00, the main weight
of the density of states is concentrated in the finite energy range of O(Dg). Thus
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physical quantities such as free energy remain finite with the Gaussian density of
states.

The emergence of the Gaussian distribution corresponds to the central limit
theorem in probability theory, which can be proved most concisely with use of the
generating function:

M) = /00 dep(e)e™ ¢ = ({exp(—iggx))). (10.32)

—00

In terms of the moments w, = ({e)), which is the same for all i, we obtain

1 2 1 4 ¢ 1 2112
M(x) = (1 — Ex no + Ix na =+ -+ > d—_:oo exp <—§x DG) , (10.33)
where odd moments all vanish because ¢; is an even function of k;. Thus inverse
Fourier transform gives Eq. (10.31). More details of the derivation is the subject
of Problem 10.1. The real part of the Green function is obtained by the Hilbert
transform of the Gaussian as

x/V2
DGReg (e +i04) = 2612 / dye” =v2D (x/ﬁ) , (10.34)

0

with x = €/Dg. Here D(y) is known as the Dawson function:

DGy =e /ydu o = 2o erfi(y) (10.35)
=< N ’ |
with erfi(y) = —ierf(iy) being the imaginary error function. Figure 10.3a shows

the real and imaginary parts of g(e + 104). Derivation of Eq. (10.34) is the subject
of Problem 10.2.

a aDg b iDg
2
0.5 Re g
1 Re §
e/Dg
-3 <2 -1 1 2 3 X
e e ¢/Dg
~0.5
Im g e Im §
-1.0
-2

Fig. 10.3 Real and imaginary parts of the Green function g(e + i04) for (a) Gaussian and (b)
semi-elliptic density of states. The unit of energy is taken to be the respective bandwidth parameter
Dg or Dp
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Another useful density of states is given by

=2 |1 <i)2 (10.36)
PBLE _7TDB DB ’ '

for |e| < Dg, and zero otherwise. This semi-elliptic density of states emerges if
one considers a hypothetical lattice which has no connected path to return to the
original site without retracing, and takes the limit Z, >> 1 in the lattice. The lattice
without such loop is called the Bethe lattice or the Cayley tree. Let us consider
the homogeneous Bethe lattice with the nearest-neighbor hopping —¢. An electron
situated at the origin can hop to one of the Z, neighbors, then the electron may
either return to the origin or hop to one of the Z, — 1 neighbors other than the
origin. Thus the site-diagonal part g(z) of the Green function of non-interacting
electrons satisfies the relation

1

_ 10.37
Z_tzzng(z) ( )

8(2) =

where g(z) is the modified site-diagonal Green function which excludes hopping to
the origin. The term with g(z) acts as a self-energy to the bare Green function 1/z.
If one takes the limit Z, > 1 keeping 1>Z, = 4Dg fixed, the difference between
g(z) and g(z) becomes negligible. Hence from Eq. (10.37) we obtain the quadratic
equation for g(z) with the solution

_ 2 ,
8@ =—5 (z —iy/D} - z2> , (10.38)

B

where the branch of the square root should be chosen so that g(z) tends to 1/z with
|z|/Dg > 1. The semi-elliptic density of states given by Eq. (10.36) corresponds to
—~'Img (e 410, ). Figure 10.3b shows the real and imaginary parts of g(e +i0,)
for the Bethe lattice.

Let us now turn to a simpler model with a local interaction where the DMFT step
(iii) in p.242 can be carried out easily [5]. The model is given by

Hex =Y tijclej+ Y s flfi+U Y f ficlei, (10.39)
i

ij i

which is called the Falicov—Kimball (FK) model. The FK model is obtained from
the Hubbard model by setting #;; = 0 only for down-spin electrons, and shift their
energy to € r. The spin-up electrons are rewritten as spinless c-electrons, while spin-
down electrons as spinless f electrons. Because of the absence of hopping, the f-
electron number 7 ¢ is conserved at each site. In terms of the cavity Green function
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G(z) = [z — A(z)]! for c-electrons, G(z) is written as

l—ny nfg

G =
@O=Seot oo

(10.40)

which takes exact account of U. Thus the step (iii) has been performed immediately.
We proceed to derive A(z) and X (z) by taking the Lorentzian density of states:

Dy

1 1
DL e rion. 10.41
ne2+Dﬁ T[mg(e 0+) ( )

pe) =

with g(z) = (z+ iDL Although the Lorentzian form is hardly realized in actual
lattices, this form is useful for obtaining nontrivial results analytically. With a little
manipulation through steps (i) and (ii), we obtain A(z) = —iDp, with Im z > O.
This independence of A(z) on z results in the simplifying relation: G(z) = g(z). The
resultant G (z) gives the self-energy in the closed form:

Uznf (1 — nf)
Z+iDL—U(1 —l’lf)'

2(z) =Unys + (10.42)

The first term Un ¢ in the RHS corresponds to the Hartree—Fock (or the simplest
MFA) result, which becomes dominant for large |z|. In the opposite case of U >
|z], DL, the second term tends to cancel the first term, making X'(z) ~ [ns/(1 —
ny)1(z+1iDp). The second term thus corrects the MFA like the reaction field in the
Ising model. Details of deriving Eq. (10.42) is the subject of Problem 10.3.

10.3 Variational Principle and Optimum Effective Field

The fundamental DMFT equations (i) and (ii), given in Eqs. (10.26) and (10.27), are
not only intuitively appealing, but are also based on the variational principle [6, 7].
We shall apply the argument in Sect. 9.4 and derive (i) and (ii). The starting point
is Eq. (9.49) which represents §2 as a functional of the Green function. We shall
show near the end of this section that the functional @{G} in Sect. 9.4 is actually
determined by the site-diagonal element G in the limit of many neighboring sites.
The self-energy is independent of the momentum in the same limit. The stationary
condition §§2 = 0 is equally valid no matter whether we vary G or X, as long as
we keep the relation G~! = g~! — X In Eq. (9.49), it is convenient to regard

BP{G} —Tr(XG) = ¥ (X) (10.43)

as a Legendre transformation to change the natural variable to X.
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We regard the cavity Green function G(z) or, equivalently, A(z) as the reference
for the effective impurity. Correspondingly, the renormalized Green function with
account of U is written as D (z) = [z — AM(2) — Z5.(z)]”" where the A-dependence
of the self-energy is emphasized. The thermodynamic potential £2; of the impurity
is then given, in accordance with Eq. (9.49), by

BI2: — 20(G)] = (%) — TrIn D} 'G, (10.44)

where £20(G) is for the reference state. The crucial observation is that ¥ (X)) has
the same functional form as the original ¥ (X') in £2, as long as ¥ is independent of
the momentum. Hence we can eliminate ¥ to write [7]

B2 () = B2 (55) + Trin (g*‘ _ ):A) —Trin (g*‘ _ ):A) . (10.45)

We consider varying X, with A(z) fixed at some trial value. Although £2, is
stationary against variation by construction, £2(X;) is not so in general because
the optimum self-energy for §2 is different from X for this choice of A(z). With
correct choice of A(z), on the other hand, we obtain X, = X which realizes not
only 82, /6%, = 0 but also 6£2/6X, = 0. In this case the stationary condition
gives Tr(D; — G)§ X, = 0 or, equivalently,

D@=—— =y L (10.46)
TS0 Nieima -3 '

which combines the first and second DMFT equations given by (10.26) and (10.27).

10.4 Anderson Model as an Effective Impurity

As we have discussed in p.242, the DMFT has the step (iii) to derive X' (z) for given
A(z) and U. The effective medium characterized by A(z) can be simulated by the
Anderson model which has been discussed in Chap. 6 [8]. Using the analyticity of
A(z) in the upper half plane of z, we employ the spectral representation

M) =€s+ /oo de 1€ (10.47)

oo I—E€

where € ¢ corresponds to the local electron level. The spectral function is simulated
in terms of the hybridization parameter V and the energy €.(k) of hypothetical
conduction band as

V2
n(e) = ~ Xk: Sle —e.(k)]. (10.48)
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Thus a hypothetical Anderson Hamiltonian Hy is specified in terms of € ¢, V, and
€.(k). We take the one-dimensional model for €. (k).

In the Hubbard model with realistic density of states, an insulating state with
antiferromagnetism can be realized as the ground state with unit occupation per site.
The antiferromagnetism disappears with increasing temperature, but an insulating
paramagnetic state may persist. This is a typical situation of Mott insulators. In low-
dimensional systems, on the other hand, the insulating state may remain down to
zero temperature. We have discussed such cases in Sect. 7.8 for one-dimensional
systems. In the Mott paramagnetic state toward zero temperature, the spin entropy
is actually removed by intersite spin correlations. If there are competing interactions
between the spins, any magnetic order may be prevented even in higher dimensional
case, but the entropy is removed by correlations. In such situations, the DMFT has a
serious difficulty in describing the low temperature state. Namely, within the DMFT
framework, a finite amount of entropy remains in the insulating ground state. Thus
although the DMFT is powerful in dealing with strong local correlations, it loses
the power if the dominant intersite correlations are beyond the mean field theory.
In order to remedy the defect by including intersite correlations more accurately,
various approaches have been tried either from the real space [9], or from the
momentum space [10].

On the other hand, the DMFT has no difficulty of entropy in the metallic ground
state, which is realized in the presence of a substantial band tail. In the following we
confine the discussion to the metallic ground state without a long-range order such
as magnetism and superconductivity. In the special case where the density of states
p(€) of the Hubbard model has a Lorentzian shape, the step (iii) is much simplified.
Namely, using Eq. (10.26) we obtain

1

GZ = N )
@ z—¢€y+1iDL — X (2)

(10.49)

where the Lorentzian is characterized by the center energy €g, and the width Dy .
This means A(z) = €p—iDr. The corresponding Anderson model has the conduction
band with the constant density of states p.. The relation to the Lorentzian is given
by

V2pe = Dy. (10.50)

The Anderson model Hp with the constant p. can be solved exactly by use of
the Bethe ansatz [11]. The absence of the cut-off in the hypothetical conduction
band is obviously unrealistic. However, this does not cause a further mathematical
trouble since the natural cut-off for the many-body effect is provided by U. Hence
the bandwidth much larger than U does not influence the solution. Although we
do not go into details, exact thermodynamics has been derived for arbitrary set of
(Dy, U) in the Anderson model [11].

On the basis of knowledge about the impurity Anderson model, we now discuss
the dynamical property of the Hubbard model in infinite dimensions. The ground
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state with the Lorentzian density of states is a Fermi liquid, which derives from
the local Fermi liquid property in the effective impurity model. We expand ¥ (z) in
Eq.(10.49) as

@) =20)—az+ 0 (zz) : (10.51)

where both X' (0) and « are real in the Fermi liquid. Then the local Green function
for small |z]| is arranged in the form

1 a
(1+a)z—€+iDL—20) z—ale—iDL— 20)]

G(z) ~ (10.52)
where a = (1 + «)~! is the renormalization factor, which is smaller than unity.
Similar calculation has been done around Eq. (6.74). Using Eq. (10.52) we obtain

the renormalized density of states pg(¢€) near the Fermi level in the Hubbard model
as

a aDy,
T (¢ — aéy)* + (aDp)?

1 -
pr(€) = ——ImG (e +1i04) ~ (10.53)
b4

with €g = €9+ X'(0). The energy shift is estimated as X' (0) ~ Un/2 in the Hartree—
Fock approximation, with n being the occupation number per site. We should have
€0 = 0 for n = 1 because of the particle-hole symmetry. Namely, the fully occupied
state with n = 2 and the vacant state n = 0 turn into each other by the particle-hole
transformation, which corresponds to the sign change of the energy level. The state
with n = 1 turns into itself by the transformation. Hence the energy level must be
zero. Note that occupation number per spin is 1/2.

The width of pg(€) has been reduced by the factor a as compared with the non-
interacting value Dy . Accordingly, the renormalized center energy a€p comes closer
to the Fermi level for n # 1. On the contrary, in the density of states at € = 0, the
renormalization factor cancels each other in the numerator and the denominator,
resulting in 7pr(0) = D/ [E% + Dﬁ]. In the special case n = 1 with €y = 0, one
obtains mpg(0) = 1/Dy, independent of U. In other words, the density of states at
the Fermi level is the same as the non-interacting one. Remarkably, pr(0) can be
evaluated exactly for any occupation n with the help of the Friedel sum rule. As
discussed in Problem 10.4, the Fermi liquid constraint leads to

pr(0) =

T
sin? (). (10.54)
7 Dy, 2
In the energy range far from the Fermi level, we can no longer use the
approximate form given by Eq. (10.53). A complementary route is to start from the
Green function

1—n/2 n/2
/Jr /

GZ ~ )
@ 7 — € z—€—U

(10.55)
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Fig. 10.4 Tllustration of the renormalized density of states in the infinite-dimensional Hubbard
model with n = 1. The central peak derives from quasi-particles in the Fermi liquid, while the two
side peaks derive from the correlation in the atomic limit

which is relevant in the strong-coupling case. Because of the finite hopping in the
Hubbard model, G (¢ + i0,) with € ~ €y and €y + U should acquire the imaginary
part of the order of 1/Dy. Thus, together with the one given by Eq.(10.53),
there appear three peaks in the renormalized density of states pr(€). Figure 10.4
illustrates the situation. Since each numerator in Eq. (10.55) becomes about 1/2 for
n = 1, the magnitude of pg (¢) at each peak is about half of that given by Eq. (10.54).
In the extreme case of U > Dy, the width of the central peak is of the order of
Kondo temperature T with

U
Tx ~ Uexp <_ﬁ) , (10.56)

by reference to Eq.(6.18) with the replacement D — U. In this case the
renormalization factor is very small: ¢ = Tx/Dp < 1. In actual transition metal
systems for which the Hubbard model is commonly used, it is rare to have such
combination for magnitudes of the Coulomb repulsion and the bandwidth. In rare-
earth systems, on the other hand, the situation corresponding to the extreme case is
often realized as discussed in the next section.

10.5 Heavy Electrons

According to the Fermi liquid theory, the specific heat at low temperature is
determined by the density of states p*(u) at the Fermi level u of quasi-particles, as
shown in Eq. (4.16). With a given density of electrons, p*(u) is proportional to the
effective mass m™ as given by Eq. (4.5). It has been found in a number of f-electron
systems such as metallic rare-earth and actinide compounds that the specific heat
coefficient y is more than 100 times of that in simple metals such as Al and Cu.
It shows the presence of electrons with very large effective mass, which are called
heavy electrons, or heavy fermions.
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The Hubbard model is not sufficient to understand f-electron systems. In each
rare-earth ion, 4 f electrons are located inside the dominant amplitudes of 5d and
6s wave functions so that 4 f wave functions keep the strong local character as in
isolated atoms. On the other hand, broad energy bands originating from 5d, 6s and
surrounding ligand orbitals can partially hybridize with 4 f states. Similar situation
arises for 5 f electrons in actinide systems. The local character of 5 f electrons is
weaker than the 4 f case because of the larger spatial extent. If the relevant energy
level €  is close to the Fermi level, the hybridization causes fluctuating occupation
number of f electrons. In such a case, f electrons acquire a partially itinerant
character. Correspondingly the average occupation deviates from an integer. This
phenomenon is called valence fluctuation since the f occupation number is related
to valence of the ion. Note that valence fluctuation accompanies spin fluctuations in
addition to charge fluctuations. As the f-electron level goes away from the Fermi
level, charge fluctuations become less important. However, the spin fluctuations can
remain significant, and causes the Kondo effect at each site.

To simulate the situation described above, we consider the Anderson lattice
which consists of the periodic arrangement of impurity Anderson models. The
Hamiltonian Hyp, is given by

Ha = Y exchycno +V Y (cho fio + Vilpero)

ko ko
1 . .
+> (ef + EUnf&) nl (10.57)
io
where n i.’; = fl; fio 1s the number operator of f electrons at site i and spin o, with

o = —o. The operator fi, represents the Fourier transform of f;, .

In the impurity Anderson model, we have learned in Sect. 10.4 that the renor-
malization factor a, given by a ~ Ti/V?p,, can be very small if U > VZp,. In
f electron systems, this situation is often realized in actual systems. Hence if f
electrons become itinerant by hybridization, we obtain the estimate

m*/m ~ V2p.)Tg > 1. (10.58)

In this way, emergence of heavy electrons in f electrons is understood in terms of
the Kondo effect. On the other hand, the origin of heavy mass in d-electron systems
such as LiV,04 seems different, and frustrated intersite interactions should play
an important role [12, 13]. The heavy electrons show up not only as paramagnetic
metals but also as superconducting state, which was first found in CeCu;,Si, [14].
Here we restrict ourselves to the paramagnetic state and sketch the DMFT for the
Anderson lattice.
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Let us begin with the U = 0 case which can be easily solved. The Hamiltonian
is simply diagonalized by taking the Bloch states for both ¢ and f electrons. The
eigenvalues E4 (k) are the solution of

det (E —a =V ) =detg(k, E)y"' =0, (10.59)
-V E - €f

with the result

1
Ei(k) = (6k + Ef) + E\/(Gk — 6f)2 +4V2Z, (10.60)

N =

The two bands result from hybridization of the conduction band with energy €; and
the flat band deriving from f-states. Each band accommodates up to two electrons
per site with the spin degeneracy. Hence if the total electron number 7 is equal to
2, the ground state can be an insulator with the lower band completely filled. The
details of this insulating state is discussed in the next section. In this section we
assume a metallic ground state. Namely, the electron number per site should be
a non-integer. In actual systems, presence of other conduction bands, is a source
of non-integer number in the Anderson lattice. However, these bands are often not
included explicitly in the model.

The Green function with U = 0 is easily obtained as the matrix g(k, z) which
has appeared in Eq. (10.59). The f-electron component is given by

v2 7!
grk,z) = (z—ef— ) . (10.61)
7 — €k

The DMFT concentrates on the site-diagonal part Gf (z) of the renormalized f-
electron Green function, which is given by

_ 1
Grz) = —
9=y ; c—er— 27— V@~ )
=[t—ef—rr)—Z;] ", (10.62)

where the self-energy X' r(z) accounts for the interaction effect, and A r(z) char-
acterizes the cavity Green function. Following Eq. (10.47) we employ the spectral
resolution as

Af(z) = Aey +foo denf—(e)

oo Z—€

(10.63)
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Thus we define another hypothetical impurity Anderson model by
‘}2
npe) =~ Xk:a [e —e.0)]. (10.64)

The ingredients for the hypothetical impurity is the spectrum €. (k) of the conduction
band, fictitious hybridization \7, and the local level €7 = € 4+ A€ . The structure of
n 7 (€) is more complicated than that in the Hubbard model. Since a set of parameters
that allows analytic solution is difficult to find, one has to resort to numerical
methods in most cases.

The standard process of solution with a proper impurity solver goes as follows.
Suppose we can derive the self-energy X' ¢ (z) for system parameters associated with
a trial A r(z). Substitution of the resultant X' ¢(z) into the first line of Eq. (10.62)
defines a new A ¢ (z) in the second line, which is in general different from the initial
one. If they agree, the self-consistent solution is obtained. Otherwise, one iterates
derivation of X ¢(z) using a new A ¢ (z) until the convergence is achieved.

10.6 Kondo Insulators

In the Anderson lattice, charge fluctuations are suppressed with large U, and both
€y and € ¢ + U far from the Fermi level. Then f electrons are left with only the spin
degrees of freedom at each site. This is the same situation with the impurity case
when we have introduced the Kondo model in Sect. 6.1. The periodic lattice of such
Kondo centers is called the Kondo lattice. The Hamiltonian is given by

HiL =Y ecpocko +J Y Si-s5, (10.65)
ko i

where each site i accommodates a localized spin S; and a conduction-electron spin
sl?. The latter consists of conduction electrons as

1
c __ 2 : T
S = E CisO00'Cic!s
oo’

where ¢, is the Fourier transform of cg,. With i at the origin, the same quantity is
given by Eq. (6.11) in terms of c;ia and cy/,/.

Since the f-electrons in the Kondo lattice do not have the charge degrees of
freedom, the f-electron Green function cannot be defined properly. However, an
approach like the DMFT should be still applicable if we use the T-matrix of
conduction electrons instead of the f-electron Green function. Namely, we can
assume that the 7-matrix is dominated by the site-diagonal element. As the main
topic in this section, we shall show that the ground state is insulating if the number



10.6 Kondo Insulators 253

of conduction electron is one per site. At first sight this result looks contradicting
to the energy band theory, which demands that the partially filled conduction band
leads to the metallic ground state. As a continuation of the Anderson lattice, on
the other hand, the insulating ground state is reasonable since the sum of f- and
conduction electrons adds up to two per site. In contrast to ordinary band insulators,
the band gap in the Kondo lattice depends strongly on temperature 7', and vanishes
for T > Tx. Such insulating state is called the Kondo insulator. In contrast to the
Mott insulating state, the DMFT has no difficulty in describing the Kondo insulator
where the spin entropy vanishes by the local correlation due to Kondo effect.

We focus on the T-matrix 7(z) of conduction electrons at each site, which is
reduced to V2G 7(z) in the Anderson lattice as given by Eq. (10.62). In the DMFT,
G £(z) is simulated by the effective Anderson impurity, where the ground state is
the local Fermi liquid. According to the argument in Sect. 6.6, the impurity Green
function G (z) at T = 0 near the Fermi level is parameterized as

a
Gro)=—"t—, (10.66)
z— €5 +1A

where the renormalization factor a s relates the renormalized width A to the bare
one A = anpc by A=ua rA ~ Tx. Then the T-matrix takes the following form

A
Tpe z—&f +iA

1(z) = (10.67)

Note that the scattering strength A is the same as the width of the resonance. This
is consistent with the relation

Im £ (0) = —7pc|t(0)]%, (10.68)

and is equivalent to the unitarity of the S-matrix as discussed around Eq. (6.24).
The T-matrix given by Eq. (10.67) with the condition ny = 1, namely €; = 0, is
applicable to the Kondo lattice. Note that Kondo effect makes up the 7 -matrix of
the resonance type, even without charge degrees of freedom in localized spins. We
simply assume Eq.(10.67) as a reasonable final form without following the self-
consistent loop of the DMFT.

The self-energy X.(z) of conduction electrons in the Kondo lattice is obtained
from the 7-matrix by using the relation

1(z) = Xe(2) + Xe(2)8c(2)1(2), (10.69)

with g.(z) the site-diagonal part of the free Green function. If the conduction band
is symmetric about the Fermi level, we may approximate g.(z) ~ —imp. for the
energy range much smaller than the bandwidth. The real part vanishes as a result of
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momentum average for the symmetric density of states. Then we obtain
Z@ ' =t@ " —inpe = 2/ V?, (10.70)

with V defined by the relation A = rrf/z,oc. Note that X.(z) does not have an
imaginary part for real z, as a consequence of the unitarity constraint Eq. (10.68).
The renormalized Green function G (k, z) is related to the bare one g.(k, z) through
the Dyson equation

Gelk,2) ' =gk, ) ' = Zo(2) =2 — ex — V?/z. (10.71)

This Green function behaves as if each site had a localized f-electron level at the
Fermi level, even though there is no charge degrees of freedom for f-electrons. The
renormalized spectrum in this case is derived as

EL(k) = % (ek + /el + 4\72> , (10.72)

in the same way as Eq. (10.60). Figure 10.5 illustrates the resultant spectrum. Since
the Fermi level is zero, a completely filled band emerges corresponding to E_ (k).

According to the energy band theory, there must be two electrons per site to have
a completely filled band. However, we have only one electron per site. How can we
resolve this paradox? The resolution comes from the quasi-particle weight of the
spectrum. Namely, we rewrite the Green function as

a_(k) a (k)
T—E-(k)  Z—Eik)’

Ge(k,z) = (10.73)

Fig. 10.5 Schematic energy
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Fig. 10.6 Weight of a+
quasi-particles in hybridized
conduction bands

where the weights a4 (k) are given by

|
as(k) = 3 1+ —k |, (10.74)

,/6,%—1—4172

Figure 10.6 shows the weights for both branches. It is clear from Eq. (10.74) that the
sum rule a4 (k) +a_ (k) = 1 holds for each momentum. Namely, the total weight of
the spectrum is the same as that of a single band, although there are two branches.
With the symmetric weight above and below the Fermi level, the occupation number
per site of conduction electrons is given by

2
~ Xk:a_(k) =1, (10.75)

with the spin multiplicity 2. In the quasi-particle picture, on the other hand, the
number of filled quasi-particle states is 2 per site, since the weights a+ should
be replaced by unity for the Green function of quasi-particles. In this way the
reduced weight in the spectrum resolves the conflict with the energy band theory.
With increasing temperature, the resonance structure given by Eq. (10.67) becomes
obscure, and vanishes for 7 > Tk. Then the system becomes a metal. This is in
strong contrast with ordinary insulators where the energy gap is almost independent
of T.

Problems

10.1 Derive the central limit theorem as expressed by Eq. (10.33).

10.2 Derive the real part of the Green function given by Eq. (10.34) for the Gaussian
density of states.
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10.3 Derive the self-energy of the Falicov—Kimball model in the DFMT as given
by Eq. (10.42).

10.4 Derive the Fermi liquid constraint as given by Eq. (10.54).

Solutions to Problems

Problem 10.1

The lower-order moments are given by ((51.2)) = Dé/d and ((81‘.‘)) = 0@Y =
O(Dé /d?). Other moments are of higher order in 1/d with Dg fixed. Hence we
obtain

1 1 1
InM(x)=dIn [1 — EﬁDé +0 (d—zx“Dé)} = —ExzDé, (10.76)

which leads to Eq. (10.33).

Problem 10.2
We employ the representation

1

Z— €

= —i/ drexp[i(z — €)t], (10.77)
0

for Im z > 0. With pg(€) given by Eq. (10.31), we perform the integral over € first
to obtain

o0 1
g@) = —i/ dr exp (—Etz + izt) . (10.78)
0
Next we introduce the dimensionless variable ¢ = z/Dg, and change the integration

variable from 7 to y = (¢ + it Dg)/~/2. Then the resulting form is expressed as

ico

D6E(z) = —/2exp (-8/2) fg e (y2> . (10.79)

/

The integral range is decomposed into

ico ico c/N2
/ dy :/ dy —/ dy. (10.80)
¢/NV2 0 0
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In the case of z — € 410+ with real €, the first integral contributes a pure imaginary
number to the LHS. Hence we obtain with x = €/Dg

x/V2
DGReg(e +i04) = v2exp (—x2 /2) /0 dy exp (y2> , (10.81)

which gives Eq. (10.34).

Problem 10.3

We first derive A(z). In the case of the Lorentzian density of states for c-electrons,
integration in Eq. (10.26) leads to

G(2) = (10.82)

2+iA— 2 ()’

with Im z > 0. Hence comparison with Eq. (10.27) gives immediately the result
A(z) = —1A. On the other hand, taking the inverse of Eq. (10.27) and comparing
with Eq. (10.40), we obtain

(z—Mz—r—U)
z—r—(1—np)U

@) =7z-1-G@) '=z—1- (10.83)

In the rightmost side, we separate the constant term Un ¢ from the other contri-
butions that tend to zero as z goes to infinity. Then putting A = —iA, we obtain
Eq. (10.42).

Problem 10.4

In order to use the Friedel sum rule, we take the Green function G (z) of the
effective Anderson model, which is the same as the site-diagonal component G (z)
in the Hubbard model. Since the self-energy X' (0) is real at the Fermi level z = 0,
Eq. (10.49) leads to

ImGy(i04)' =D, =—|Gy (io+)|‘2 Im G 7 (i04) (10.84)

with O being positive infinitesimal. From the Friedel sum rule given by Eq. (9.56),
the complex number —G ¢ (i0.) should have the argument 7wn ¢ /2. Then we obtain

—Im Gy (i04) = |Gy (i04)]sin (wny/2). (10.85)

Comparison of Egs. (10.84) and (10.85) gives |Gf(i0+)} = sin(wnys/2)/Dy. By
identifying Gy = G and n = n in the Hubbard model, we obtain Eq. (10.54).
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